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Preface

This textbook offers an elementary introduction to the theory and numerics
of approximation methods, combining classical topics of approximation with
selected recent advances in mathematical signal processing, and adopting a
constructive approach, in which the development of numerical algorithms for
data analysis plays an important role.

Although the title may suggest otherwise, this textbook is not a result
of the current hype on big data science. Nevertheless, both classical and
contemporary topics of approximation include the analysis and representation
of functions (e.g. signals), where suitable mathematical tools (e.g. Fourier
transforms) are essential for the analysis and synthesis of the data. As such,
the subject of data analysis is a central topic within approximation, as we
will discuss in further detail.

Prerequisites. This textbook is suitable for undergraduate students who
have a sound background in linear algebra and analysis. Further relevant
basics on numerical methods are provided in Chapter 2, so that this textbook
can be used by students attending a course on numerical mathematics. For
others, the material in Chapter 2 offers a welcome review of basic numerical
methods. The text of this work is suitable for courses, seminars, and distance
learning programs on approximation.

Contents and Standard Topics. The central theme of approximation
is the characterization and construction of best approximations in normed
linear spaces. Readers are introduced to this standard topic (in Chapter 3),
before approximation in Euclidean spaces (in Chapter 4) and Chebyshev ap-
proximation (in Chapter 5) are addressed. These are followed by asymptotic
results concerning the approximation of univariate continuous functions by
algebraic and trigonometric polynomials (in Chapter 6), where the asymp-
totic behaviour of Fourier partial sums is of primary importance. The core
topics of Chapters 3-6 should be an essential part of any introductory course
on approximation theory.
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More Advanced Topics. Chapters 7-9 discuss more advanced topics
and address recent developments in modern approximation and its relevant
applications. To this end, Chapter 7 explains the basic concepts of signal
approximation using Fourier and wavelet methods. This is followed by a
more comprehensive introduction to multivariate approximation by meshfree
positive definite kernels in Chapter 8. The material in Sections 8.4-8.5 pro-
vides more recent results concerning relevant aspects of convergence, stability,
and update strategies for kernel-based approximation. Moreover, Section 8.6
presents basic facts on kernel-based learning. Lastly, Chapter 9 focuses on
mathematical methods of computerized tomography, exploring this impor-
tant application field from the viewpoint of approximation. In particular,
new convergence results concerning the approximation of bivariate functions
from Radon data are proven in Section 9.4.

For those who have studied Chapters 3-6, any of the three more advanced
topics in Chapters 7-9 could seamlessly be included in an introductory course
on approximation. Nevertheless, it is strongly recommended that readers first
study the Fourier basics presented in Sections 7.1-7.4, since much of the
subsequent material in Chapters 8-9 relies on Fourier techniques.

Exercises and Problem Solving. Active participation in exercise
classes is generally an essential requirement for the successful completion of a
mathematics course, and a (decent) course on approximation is certainly no
exception. As such, each of the Chapters 3-9 includes a separate section with
exercises. To enhance learning, readers are strongly encouraged to work on
these exercises, which have different levels of complexity and difficulty. Some
of the exercise problems are suitable for group work in class, while others
should be assigned for homework. Although a number of the exercise prob-
lems may appear difficult, they can be solved using the techniques explained
in this book. Further hints and comments are available on the website

www.math.uni-hamburg.de/home/iske/approx.en.html.

Biographical Data. To allow readers to appreciate the historical con-
text of the presented topics and their developments, we decided to provide
footnotes, where we refer to those whose names are linked with the corres-
ponding results, definitions, and terms. For a better overview, we have also
added a name index. The listed biographical data mainly relies on the online
archive MacTutor History of Mathematics [55] and on the free encyclopedia
Wikipedia [73], where more detailed information can be found.
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1 Introduction

Contemporary applications in computational science and engineering, as well
as in finance, require powerful mathematical methods to analyze big data sets.
Due to the rapidly growing complexity of relevant application data at limi-
ted computational (hardware) capacities, efficient numerical algorithms are
required for the simulation of complex systems with only a few parameters.
Both the parameter identification and the data assimilation are based on
high-performance computational methods to approzimately represent mathe-
matical functions.

This textbook gives an introduction to the theory and the numerics of
approximation methods, where the approximation of real-valued functions

f:2-—R

on compact parameter domains 2 C R?, d > 1, plays a central role.

But we do not only restrict ourselves to the approximation of functions.
We rather work with the more general assumption, where f lies in a linear
space F,i.e., f € F. For the construction of a concrete approximation method
for elements f € F, we first fix a suitable subset S C F, from which we seek
to select an approximation s* € S to f. But the selection of s* requires
particular care. For the ”best possible” representation of f by s* € S we are
interested in the selection of a best approximation s* € S to f,

5"~ f,

i.e., an element s* € S which is among all elements s € S closest to f.

In this introduction, we first explain important concepts and notions of
approximation, but only very briefly. Later in this chapter, we discuss con-
crete examples for relevant function spaces F and suitable subsets S C F.
For further motivation and outlook, we finally sketch selected questions and
results of approximation, which we will later address in more detail.

© Springer Nature Switzerland AG 2018 1
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2 1 Introduction

1.1 Preliminaries, Definitions and Notations

For the construction of best approximations to f € F, we necessarily need to
measure distances between f and its approximations s € S. To this end, we
introduce a norm for F, where throughout this text we assume that F is a
linear space (i.e., vector space) over the real numbers R or over the complex
numbers C.

Definition 1.1. For a linear space F, a mapping || -|| : F — [0, 00) is said
to be a norm for F, if the following properties are satisfied.

(a) |lu|l =0, if and only if u= 0 (definiteness)
(b) |lou|| = |a|||ul|| for all u € F and all & € R (or, o € C) (homogeneity)
(c) lu+v| <|ull+ ||v|| for all u,v € F (triangle inequality).

In this case, F with the norm || - ||, (F, |- ), is called a normed space.

For the approximation of functions, infinite-dimensional linear spaces F
are of particular interest. Let us make one relevant example: For a compact
domain 2 C RY, d € N,

€(92) :={u: 2 — R|u continuous on 2}

denotes the linear space of all continuous functions on 2. Recall that € (£2)
is a linear space of infinite dimension. When equipped with the mazimum
norm || - ||oo, defined as

lt]l oo == max |u(z)| for u € €(£2),

€(12) is a normed linear function space (or, in short: a normed space). The
normed space € ({2), equipped with the maximum norm || - ||, is complete,
ie., (€(9),]]ls) is a Banach space. We note this important result as follows.

Theorem 1.2. For compact 2 C R, (€(£2),|| - |ls) is a Banach space. [

Further important examples for norms on %'({2) are the p-norms || - ||,,
1 <p < o0, defined as

lullp == (/Q |u(z)|P dm) v for u € €(12).

Example 1.3. For 1 < p < o0, (¢(£2),] - |lp) is a normed space. &

We remark that the case p = 2 is of particular interest: In this case, the
2-norm || - |2 on €'(§2) is generated by the inner product (-,-),

(u,v) = /Q u(z)v(z) da for u,v € €(£2),
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via || - [l2 = (-,-)"/?, so that

ulla = / u(@)2dz  for u € €(0).
(9]

To be more general, a linear space F, equipped with an inner product
(,) : Fx F — Ris with || - | := (-,-)"/? is a normed space, in which case
we say that F is a Euclidean space.

Example 1.4. The normed space (€'(£2),] - ||2) is a Euclidean space. &

We analyze the approximation in Euclidean spaces in detail in Chapter 4.

As we will prove, the smoothness of a target function f to be approximated
takes influence on the resulting approzimation quality, where we quantify the
smoothness of f by its differentiation order k € Ny. For this reason, the linear
subspaces

€*(2) = {u: 2 — R|u has k continuous derivatives on 2} C €(12)
are of particular interest. The function spaces €% (§2) form a nested sequence
() CETHR) ) IR - CcEHN) C 6V () =F(N)
of infinite-dimensional linear subsets of € ({2), where

¢ (02) = ] ¢* ()

keNg

is the linear space of functions with arbitrary differentiation order on {2.

For the construction of approximation methods, finite-dimensional linear
subspaces § C F are useful. To this end, let {s1,...,s,} C S be a fixed
basis of S, where n = dim(S) € N. In this case, any s € S can uniquely be
represented by a linear combination

n
s = E Cij
j=1

by n parameters ci,...,c, € R. As we will see later, the assumption of
finite dimension for S will help simplify our computations, especially for the
coding and the evaluation of best approximations s* € S to f. But the finite
dimension of § will also be useful in theory, in particular when it comes to
discussing the existence of best approximations.

For the special case of univariate functions, i.e., for 2 = [a,b] C R com-
pact, we consider the approximation of continuous functions f € €[a,b] by
using algebraic polynomials. In this case, we choose S = P,,, for a fixed de-
gree n € Ny, so that P, is the linear space of all univariate polynomials of
degree at most n.
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For the representation of algebraic polynomials from P, the monomial
basis {1,z,22,...,2"} is particularly popular, where in this case any p € P,
is represented by a unique linear combination of the monomial form

p(x) = ap + a1z + aga® + ... 4 anz" for z € R
with real coefficients aq, ..., a,. Note that dim(P,) =n + 1.

Further relevant examples for infinite-dimensional linear spaces of uni-
variate functions F are the 2m-periodic continuous functions,

Gon = {u € €(R) | u(z) = u(x + 27) for all z € R} C ¢(R),
and their linear subspaces
Ca = C"(R) N Gon for k € No U {oc}.

Example 1.5. For k € Ng U {00} and 1 < p < oo, the function space %5,
equipped with the p-norm

1/p

27
lull, = (/ |u(a:)|pdx) for u € Gk
0

is a normed linear space. For p = 2 the function space %y, is Euclidean by
the inner product

2m
(u,v) := / u(z)v(zr) de for u,v € €y..
0

Finally, the function space €%, equipped with the maximum norm

lul|oo ;== max |u(z)] for u € %Qkﬂ
z€[0,27]

is a Banach space. &

The approximation of functions from %5, plays an important role in math-
ematical signal processing, where trigonometric polynomials of the form

n
T(z) = % +3 [a; cos(jz) + bysin(jz)]  forz € R
j=1
with Fourier coefficients ag, ..., an,b1,...,b, € R are used. In this case, we

choose § = 7, for n € Ny, where
T, = span {1,sin(z), cos(z), . ..,sin(nz), cos(nz)} C Car

is the linear space of all real-valued trigonometric polynomials of degree at
most n € Ny. Note that dim(7,,) = 2n + 1.

We will discuss further relevant examples for normed spaces (F, || - ||) and
approximation spaces S C F later. In this short introduction, we will only
touch a few more important aspects of approximation for an outlook.
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1.2 Basic Problems and Outlook

For the analysis of best approximations, the following questions are relevant.

e On given f € F, does there exist a best approximation s* € S for f?7

e Is a best approximation s* for f unique?

e Are there necessary/sufficient conditions for a best approximation s*?

e How can we compute a best approximation s* analytically or numerically?
The answers to the above questions depend on the properties of the linear

space F, its norm || - ||, as well as on the chosen approximation space S C F.

We will give satisfying answers to the above questions. In Chapter 3 we first

provide general answers that do not depend on the particular choices of F,
[l -], and S, but rather on their structural properties. Then we analyze the

special case of the Euclidean norm (in Chapter 4) and that of the maximum

norm || - ||, also referred to as Chebyshev norm (in Chapter 5).

Later in Chapter 6, we study the asymptotic behaviour of approximation
methods. In that discussion, we ask the question, how well we can approxi-
mate a target f € F by certain sequences of approximations to f. To further
explain on this, suppose f € F, the norm || - ||, and the approximation space
S are fixed. Then we can quantify the approximation quality by the minimal
distance

n=n(£.8) = inf|ls = £ = 15"~ fI

between f and S. In relevant application scenarios, we wish to approximate
f arbitrarily well. For fixed S, this will not work, however, since in that case
the minimal distance 7(f,S) is already the best possible.

Therefore, we work with nested sequences of approximation spaces

ScsS c...cS,CF for n € Ng

where we also regard the corresponding sequence of minimal distances

whose asymptotic behaviour we will analyze. Now if we wish to approximate
f € F arbitrarily well, then the minimal distances must necessarily be a zero
sequence, i.e.,

n(f,Sn) — 0 for n — co.

This leads us to the following fundamental question of approximation.
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Question: Is there for any f € F and any € > 0 one n € N satisfying

n(f,Sn) = llsp = fll <e,

where s) € S, is a best approximation to f from S,,7 &

If the answer to the above question is positive, then the union

S=JS.crF
n>0
is called dense in F with respect to the norm || - ||, or, dense subset of F.

We are particularly interested in the approximation of continuous func-
tions, where we first study the approximation of univariate continuous func-
tions (in Chapters 2-6), before we later turn to multivariate approximation
(in Chapters 8-9).

For an outlook, we quote two classical results from univariate approxi-
mation, which are studied in Chapter 6. The following result of Weierstrass
(dating back to 1885) is often referred to as the ”birth of approzimation”.

Theorem 1.6. (Weierstrass, 1885). For a compact interval [a,b] C R, the
set of algebraic polynomials P is dense in €|a, b] with respect to the mazimum
norm ||+ ||eo- In other words, for any f € €la,b] and e > 0 there is an algebraic
polynomial p satisfying

P = flloo,fab] = max, Ip(x) — f(z)| <e.

O

The above version of the Weierstrass theorem is an algebraic one. But
there is also a trigonometric version of the Weierstrass theorem, according
to which the set of trigonometric polynomials T is dense in %5, with respect
to the maximum norm || - ||oc. We will prove both versions of the Weierstrass
theorem in Section 6.1. Moreover, in Sections 6.3 and 6.4 we will, for f € %5,
analyze decay rates for the minimal distances

n) = inf ||T — d oo (fy Tn) = Inf ||T — flleo
W) = o 7= and (£, Ta) = nf |7~

with respect to both the Euclidean norm || - || and the maximum norm || - ||oo-
The latter will lead us to the Jackson theorems, one of which is as follows.

Theorem 1.7. (Jackson). For f € €¥. we have

k
noo(f,m<(2 d >-||f(k)||oo:(9(n_k) for n — .

(n+1)
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From this result, we see that the power of the approximation method does
not only depend on the approximation spaces 7, but also and essentially on
the smoothness of the target f. Indeed, the following principle holds:

The smoother the target function f € Gar, the faster is the convergence
of the minimal distances n(f, Tn), or, Neo(f, Tn) to zero.

We will prove this and other classical results concerning the asymptotic
behaviour of minimal distances in Chapter 6.

1.3 Approximation Methods for Data Analysis

Having studied classical topics of approximation (in Chapters 3-6) we will
address more recent developments and trends of approximation. To this end,
we develop and analyze specific approximation methods for data analysis,
where relevant applications in signal processing play an important role.

We first introduce (in Chapter 7) basic concepts of Fourier analysis. Fur-
ther, in Section 7.3 we prove the Shannon sampling theorem, Theorem 7.34,
which is a fundamental result of signal theory. According to the Shannon
sampling theorem, any band-limited signal f € L2(R) (i.e., f has limited fre-
quency density) can be recovered ezactly from its values taken on an infinite
discrete sampling mesh of constant mesh width. Our proof of the Shannon
sampling theorem will demonstrate the relevance and the fundamental im-
portance of the introduced Fourier methods.

Further advanced topics of approximation are comprising wavelets and
kernel-based methods for multivariate approximation. In this introductory
text, however, we can only cover a few selected theoretical and numerical
aspects of these multifaceted topics. Therefore, as regards wavelet methods
(in Section 7.5) we restrict ourselves to an introduction of the Haar wavelet.
Moreover, the subsequent discussion on basic concepts of kernel-based ap-
proximation (in Chapter 8) is based on positive definite kernels. Among our
addressed applications in multivariate data analysis are kernel-based methods
in machine learning (in Section 8.6). For further details on this subject, we
refer to our references in the following Section 1.4.

Another important application is the approximation of bivariate signals
in computer tomography, as addressed in Chapter 9, where we analyze theore-
tical aspects of this inverse problem rigorously from the viewpoint of approxi-
mation. This finally leads us to novel error estimates and convergence rates,
as developed in Section 9.4. The constructive account taken here provides a
new concept of evaluation methods for low-pass filters. We finally discuss the
implementation of the filtered back projection formula (in Section 9.5).
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1.4 Hints on Classical and More Recent Literature

Approximation theory is a vivid research area of mathematics with a long
history [55]. More recent developments have provided powerful numerical ap-
proximation methods aiming to address challenging application problems in
the relevant areas of data and computer science, natural science and engi-
neering. This has led to a large variety of diverse contributions to the approx-
imation literature by research monographs and publications that can hardly
be overviewed. In fact, it is obviously impossible to cover all relevant aspects
of approximation in broad width and depth in one textbook. For this ele-
mentary introduction, we decided to first treat selected theoretical aspects of
classical approximation, before we turn to more recent concepts of numerical
approximation.

For further reading, we refer to a selection of classical and contemporary
sources on approximation theory and numerical methods. Likewise, the list
of references cannot be complete, and in fact we can only give a few hints,
although the selection of more recent texts on approximation is rather limited.
As regards classical texts on approximation (from the second half of the last
century) we refer to [11, 12, 19, 50, 56, 70]. Further material on more advanced
topics, including nonlinear approximation, can be found in [9, 21, 43].

For a more recent introduction to approximation theory with accentuated
links to relevant applications in geomathematics we refer to [51]. A modern
account to approximation with pronounced algorithmic and numerical ele-
ments is provided in the modern teaching concept of [68].

Literature sources to more specific topics of approximation are dealing
with spline approximations [20, 36, 64, 65], wavelets [14, 18, 49] and ra-
dial basis functions [10, 24, 25, 27, 38, 72]. Since spline approximation is a
well-established topic in standard courses on numerical mathematics [57], we
decided to omit a discussion on splines in this work.
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2 Basic Methods and Numerical Algorithms

In this chapter, we discuss basic mathematical methods and numerical al-
gorithms for interpolation and approximation of functions in one variable.
The concepts and principles which we address here should already be known
from numerical mathematics. Nevertheless, the material of this chapter will
be necessary for our subsequent discussion. Therefore, a repetition of selected
elements from numerical mathematics should be most welcome.

For the sake of preparation, let us first fix a few notations. We denote
by f : [a,b] — R a continuous function on a compact interval [a,b] C R,
f € €[a,b]. Moreover,

X ={zo,21,...,2n} C [a,b] for n € Ny

is a set of |X| = n + 1 pairwise distinct interpolation knots. We collect the
function values f; = f(x;) of f on X in one data vector,

Ifx = (fo, f1, s fu) € R

For the approximation of f, we will later specify suitable linear subspaces of
continuous functions, § C ¥[a, b], of finite dimension dim(S) < n + 1.

We first consider linear least squares approximation. In this problem, we
seek an approximation s* € S to f which minimizes among all s € S the sum
of pointwise square errors on X, so that

st (@) = f@)P < Is(a) = f(a)? for all s € S. (2.1)

reX zeX

Moreover, we discuss numerical algorithms for interpolation, which could
be viewed as a special case of linear least squares approximation. To this end,
we first consider using algebraic polynomials, where & = P,,. To compute a
solution s € P,, of the interpolation problem sx = fx, i.e.,

s(x;) = f(zy) forall 0 < j <m, (2.2)

we develop efficient and numerically stable algorithms. Finally, we address
interpolation to periodic functions by using trigonometric polynomials, where
S = T,. This leads us directly to the discrete Fourier transform (DFT), which
will be of primary importance later in this book. We show how the DFT can
be computed efficiently by using the fast Fourier transform (FFT).

© Springer Nature Switzerland AG 2018 9
A. Iske, Approximation Theory and Algorithms for Data Analysis, Texts
in Applied Mathematics 68, https://doi.org/10.1007/978-3-030-05228-7_2
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2.1 Linear Least Squares Approximation

The following discussion on linear least squares approximation leads us to a
first concrete example of an approximation problem. As a starting point for
our investigations, we regard the minimization problem (2.1), whose solution
we wish to construct. To this end, we first fix a set B = {s1,...,8m} C €[a,b]
of m < n + 1 linearly independent continuous functions. This immediately
leads us to the linear approximation space

Cly--sCm ER 3 C €la,l]

m
S =span{si,..., S, } = g c;S;
i=1

with basis B and of dimension dim(S) = m. In typical applications of linear
least squares approximation the number n + 1 of given function values in fx
is assumed to be much larger than the dimension m of S. Indeed, we prefer
to work with a simple model for & which in particular is generated by only
a few basis functions B. We use the notation m < n + 1 to indicate that m
is assumed to be much smaller than n + 1.

But the following method for solving the minimization problem (2.1) can
be applied for all m < n + 1. We formulate the linear least squares approxi-
mation problem (2.1) more precisely as follows.

Problem 2.1. Compute from a given set X = {zo,...,2n} C [a,b] of n +1
pairwise distinct points and a data vector fx = (fo,- .., fn)T € R**! a con-
tinuous function s* € § = span{si, ..., sm}, for m < n+ 1, which minimizes
among all s € S the pointwise sum of square errors on X, so that

IIs% — fX||§ <lsx — fX||§ foralls e S. (2.3)
|

To solve the minimization of Problem 2.1 we represent s* € S as a unique
linear combination

st = Zc;sj (2.4)
j=1

of the basis functions in B. Thereby, the linear least squares approximation
problem can be reformulated as an equivalent minimization problem of the
form

|Be— fx]— min !, (2.5)
where the design matrix
s1(xo) -+ sm(xo)
B=DBpx:=| : € R(vH)xm

s1(xn) -+ Sm(xn)
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contains all evaluations of the basis functions from B at the points in X. To
solve the minimization problem (2.5), we regard for the multivariate function
F:R™ — [0,00), defined as

F(e) = HBc—fXHg = (Bc—fX)T(Bc—fX) = CTBTBC—2CTBfo+f§fx,

its gradient
VF(c) =2BTBc - 2B7 fx

and its (constant) Hessian! matrix
V?F(c) = 2B"B.

Recall that any local minimum of F' can be characterized via the solution
of the linear equation system

BTBc = BT fx, (2.6)
referred to as Gaussian? normal equation.If B has full rank, i.e., rank(B) =
m, then the symmetric matrix BT B is positive definite. In this case, the Gaus-
sian normal equation (2.6) has a unique solution ¢* = (c},...,c;,)T € R™
satisfying

F(c*) < F(c) for all c € R™\ {c"}.

The solution ¢* € R™ yields the sought coefficient vector for s* in (2.4).
Hence, our first approximation problem, Problem 2.1, is solved.

However, our suggested solution via the Gaussian normal equation (2.6)
is problematic from a numerical viewpoint: If B has full rank, then the spec-
tral condition numbers of the matrices BT B and B are related by (cf. [57,
Section 3.1])

ko(BTB) = (kao(B))?.

Therefore, the spectral condition number xo(B” B) of the matrix BT B grows
quadratically proportional to the reciprocal of the smallest singular value of
B. For matrices B arising in relevant applications of linear least squares
approximation, however, its smallest singular value is typically very small,
whereby the condition number xo(BT B) of BT B is even worse. In fact, the
condition number of linear least squares approximation problems is, especially
for very small residuals ||Bc — fx||2, very critical, so that a solution via the
Gaussian normal equation (2.6) should be avoided for the sake of numerical
stability (see [28, Section 6.2]). A more comprehensive error analysis on linear
least squares approximation can be found in the textbook [7].

Instead of this, a numerically stable solution for the linear least squares
approximation problem works with a QR factorization

! Lupwic Orto HESSE (1811-1874), German mathematician
2 CARL FRIEDRICH GAUSS (1777-1855), German mathematician and astronomer
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B=QR (2.7)

of the design matrix B € R+)xm where Q € RTD*(7+1) i an orthogonal
matrix and R is an upper triangular matrix of the form

S11 **° Sim

R= {S} = Coot | eRODXm, (2.8)
Smm

0

Note that matrix B has full rank, rank(B) = m, if and only if no diagonal
entry sgi, 1 < k < m, in the upper triangular matrix S € R™>*" vanishes.

A numerically stable solution for the minimization problem (2.5) relies on
the alternative representation

F(c) = ||Be— fxlls = |QRe — fx|l3 = |Re — QT fx|I3, (2.9)

where we use the isometry of the inverse Q! = Q7 with respect to the
Euclidean norm || - ||2, i.e.,

1QT yll2 = |lyll2 for all y € R

Now the vector QT fx € R"*! can be partitioned into two blocks g € R™
and h € R*17™ 5o that

QT fx = {ﬂ e R, (2.10)

Therefore, the representation for F'(c) in (2.9) can be rewritten as a sum
of the form
F(c) =ISc—gl3 + I3, (2.11)

where we use the partitioning (2.8) for R and that in (2.10) for QT fx. The
minimum of F(c¢) in (2.11) can finally be computed via the solution of the
triangular linear system

Sc=g

by a backward substitution. The solution ¢* of this linear system is unique,
if and only if B has full rank.

In conclusion, the described procedure provides a numerically stable algo-
rithm to compute the solution ¢* of the minimization problem (2.5), and this
yields the coefficient vector ¢* of s* in (2.4). For the approzimation error, we
obtain

F(c*) = |IBe* — fx |13 = Inll2

This solves the linear least squares approximation problem, Problem 2.1.

For further illustration, we discuss one example of linear regression.
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Fig. 2.1. (a) We take 26 noisy samples fx = fx +ex from f(z) = 1+ 3z. (b) We
compute the regression line s*(z) = ¢j + ¢z, with ¢f = 0.9379 and ¢] = 3.0617, by

using linear least squares approximation (cf. Example 2.2).
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Example 2.2. We assume a linear model, i.e., we approximate f € €Ja,b]
by a linear function s(x) = co+c1, for cp,c1 € R. Moreover, we observe noisy
measurements fx, taken from f at n+ 1 sample points X = {zg,21,...,Zn},
so that B
flxj) = f(zj) +e;  for0<j<m,

where ¢; is the error for the j-th sample. We collect the error terms in one
vector ex = (£0,€1,...,6n)7 € R™™!. Figure 2.1 (a) shows an example for
noisy observations (X, fx), where

fx = fx +ex.

We finally display the assumed linear relationship between the sample
points X (of the input data sites) and the observations fx (of the target
object). To this end, we fix the basis functions s; = 1 and s2(z) = x, so that
span{si, sa} = P1. Now the solution of the resulting minimization problem
in (2.5) has the form

|Be — fx||2 — min! (2.12)
ceR2

with the design matrix B € R("*D*2 where

pr— |1 11 € R2X(n+1)
To Tl Ty '

The minimization problem (2.12) can be solved via a QR decomposition of
B in (2.7) to obtain a numerically stable solution ¢* = (cj, )T € R2. The
resulting regression line is given by s*(x) = ¢}y + ¢z, see Figure 2.1 (b).

2.2 Regularization Methods

Next, we develop a relevant extension of linear least squares approximation,
Problem 2.1. To this end, we augment the data error

nx(frs) = llsx — fx|3
of the cost function by a regularization term, given by a suitable functional
J: S5 — R,

where J(s) quantifies, for instance, the smoothness, the variation, the energy,
or the oscillation of s € S. By the combination of the data error nx and the
regularization functional J, being balanced by a fixed parameter a > 0, this
leads us to an extension of linear least squares approximation, Problem 2.1,
giving a regularization method that is described by the minimization problem

lsx — fxl|I5 +aJ(s) — Iréiéll (2.13)
S
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By choice of the regularization parameter o, we aim to compromise be-
tween the approximation quality nx(f,s) of a solution s¥ € S for (2.13)
and its regularity, being measured by J(s}). We can further explain this as
follows. On the one hand, for very small values « the error term nx(f, s) will
be dominant over the regularization term J(s), which improves the approxi-
mation quality of a solution s’ for (2.13). On the other hand, for very large
values « the regularization term J(s) will be dominant. In this case, however,
we wish to avoid overfitting of a solution s%. But the selection of J : S — R
requires particular care, where a problem-adapted choice of J relies on spe-
cific model assumptions from the application addressed. In applications of
information technology, for instance, regularization methods are applied for
smoothing, deblurring or denoising image and signal data (see [34]).

Now we discuss one relevant special case, where the functional J : § — R
is being defined by a symmetric positive definite matrix A € R™*™. To
further explain the definition of J, for a fixed basis B = {s1,...,8mn} of S,

each element -
s = Z cjs; €S
=1

is mapped onto the A-norm (i.e., the norm being induced by A)
leff == ¢" Ac (2.14)

of its coefficients ¢ = (c1,...,cm)T € R™,

Starting from our above discussion on linear least squares approximation,
this particular choice of J leads to a class of regularization methods termed
Tikhonov® regularization. We formulate the problem of Tikhonov regu-
larization as follows.

Problem 2.3. Under the assumption @ > 0 and A € R™*™ gymmetric
positive definite, compute on given function values fx € R™"! and design
matrix B = (s;(2k))o<k<nii<j<m € RHDXm 4y < 4+ 1, a solution for the
minimization problem

IBe — £ + allels — min! (2.15)

O

Note that Problem 2.3 coincides for o« = 0 with the linear least squares
approximation problem. As we show in the following, the minimization prob-
lem (2.15) of Tikhonov regularization has for any o > 0 a unique solution,
in particular for the case, where the design matrix B has no full rank. We
further remark that the linear least squares approximation problem, Prob-
lem 2.1, has for rank(B) < m ambiguous solutions. However, as we will show,

3 ANDREY NIKOLAYEVICH TIKHONOV (1906-1993), Russian mathematician
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the solution s}, € S converges for o N\, 0 to a norm minimal solution s* of
linear least squares approximation.
Now we regard, for fixed a > 0, the cost function F, : R™ — [0, 00),

Fo(c) = |Be = fxlls +alle|i = " (BTB + ad) ¢ — 2¢" BT fx + fx fx.

its gradient
VE,(c)=2(B"B+aA)c—2B" fx

and the (constant) positive definite Hessian matrix
V?F, =2(BTB +a4). (2.16)

Note that the function F, has one unique stationary point ¢}, € R™ satisfying
the necessary condition VF,(c) = 0. Therefore, ¢* can be characterized as the
unique solution of the minimization problem (2.15) via the unique solution
of the linear system

(B"B+ad)c;, =B fx,

ie, ¢ = (BTB + aA) ! BT fx. Due to the positive definiteness of the Hes-
sian V2F, in (2.16), ¢ is a local minimum of F,. Moreover, in this case F,
is convex, and so ¢}, is the unique minimum of F,, on R™.

Now we explain how ¢, can be computed by a stable numerical algorithm.
By the spectral theorem, there is an orthogonal matrix U € R™*™ satisfying

A=UAUT,
where A = diag(A1,...,A\n) € R™*™ is a diagonal matrix containing the
positive eigenvalues A1, ..., A\, > 0 of A. This allows us to define the square

root of A by letting
A2 =UAVPUT,
where A2 = diag(v/A1, ..., v/An) € R™*™ Note that the square root A'/?
is, like A, also symmetric positive definite, and we have
T 2
alle)|i = acl Ac = <\/5A1/20) (\/EA1/20> = H\/aAl/QcH .
2
This implies

2

B
IBe- felallelly = 3o fx g+ Ivaael = || 2hus]e- | %]

2

Using the notation

B
Ba = [\/&A1/2

we can reformulate (2.15) by the linear least squares approximation problem

} € R((n+1)+m)xm and gx = {fg} e ROD+m
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|Bac — x| — min!, (2.17)

whose solution ¢, can be computed by a stable algorithm via a QR factori-
zation of B, as already explained in the previous section for the numerical
solution of the linear least squares approximation problem, Problem 2.1.

Next, we aim to characterize the asymptotic behaviour of s}, for a N\, 0
and for a — oco. To this end, we first develop a suitable representation for
the solution ¢, to (2.15). Since A is symmetric positive definite, we have

1Be — fxll3 + alle|i = [ BATY2AY2e — fx |5+ af AT 2]3.
By using the notation

C = BA~Y/? ¢ R(nt)xm and b= AY?c e R™

we can rewrite (2.15) as

1Cb — £ I3 + allb)l — min! (2.18)

For the solution of (2.18), we employ the singular value decomposition of C,
c=vIwT,

where V = (v1,...,0n41) € ROTUVXOHD and W = (wy,...,w,,) € R™*™
are orthogonal, and where the matrix X' has the form

01 O
= c R(n+l)><m

Or

0 0

with singular values o1 > ... > o, > 0, where r = rank(C) < m.
But this implies

ICb — fxll3 + allbll = [VEWTb — fxlI3 + allblf3
= [EWTb = VT fx |3 + o W3

and, moreover, we obtain for a = Wb € R™ the representation

1Cb — fxI3 + allb]l3 = [|¥a = VT fx[3 + ollal3

r n+1 m
=2 (oia; —v fx)?+ >0 (0 fx)* +a) al.
j=1 j=r+1 j=1

For the minimization of this expression, we first let
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aj =0 forr+1<j5<m,

so that it remains to solve the minimization problem

T
a; — vl )2 2 in !
Z [(0;a; v; fx) —|—an] — o, min ! (2.19)
j=1
Since all terms of the cost function in (2.19) are non-negative, the minimiza-
tion problem (2.19) can be split into the r independent subproblems

gj(aj) = (oja; — vJTfX)2 + aa? — mi%! for1<j<r (2.20)
ajé

with the scalar-valued cost functions g; : R — R, for 1 < j < r. Since
gi(a;) =2((05 + a)a; — ;0] fx) and g7 (a;) =2(c7 + @) >0
the function g; is a convex parabola. The unique minimum a; of g; in (2.20)
is given by
9

a;:mvjrf)( forall1<j<nr.
J

Therefore, for the unique solution b* of (2.18) we have

,
o
b* =Wa" = E . vffij.
i=1

J?—ﬁ—@z

From this we obtain
b* — 0 fora— o

and
T

1
b*—)bé::Z;v]Twaj:C’Jer for a \(0
g=1 7

for the asymptotic behaviour of b*, where C* denotes the pseudoinverse of C.
Therefore, bj is the unique norm minimal solution of the linear least squares
approximation problem

Cb— fx||3 — min!
ICb = fxllz — jmin

Therefore, for the solution ¢* = A~1/2b* to (2.15) we get

¢t —0 fora— o

and
¢ — oy =AY for o\, 0,

where cf; € R™ denotes that solution of the linear least squares problem
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_ 2 n'!
1Be — fx|lz — min!

which minimizes the norm || - || 4. For the solution s¥ € S of (2.13), we obtain
sy — 0 fora — 0

and
sk —r sy for a0,

where si; € S is that solution for the linear least squares problem

- 2 in!
lsx = fxllz — min!

whose coefficients ¢* € R™ minimize the norm | - || 4.

2.3 Interpolation by Algebraic Polynomials

In this section, we work with algebraic polynomials for the interpolation of a
continuous function f € €Ja,b]. Algebraic polynomials p : R — R are often
represented as linear combinations

p(z) = Z apr® = ag + a1x + asx® + ... + apz” (2.21)
k=0

of monomials 1,z,22,..., 2" with coefficients ag,...,a, € R. Recall that
n € Ny denotes the degree of p, provided that the leading coefficient a,, € R
does not vanish. We collect all algebraic polynomials of degree at most n in
the linear space

P, :=span{l,z, 2, ... 2"} for n € Np.
Now we consider the following interpolation problem.

Problem 2.4. Compute from a given set X = {zg,...,z,} CRof n+1
pairwise distinct points and a data vector fx = (fo,...,fn)T € R**! an
algebraic polynomial p € P, satisfying px = fx, i.e.,

p(x;) = f; forall 0 <j <mn. (2.22)
]

If we represent p € P, as a linear combination of monomials (2.21), then
the interpolation conditions (2.22) lead to a linear system of the form

2
ap + a1z + asxf + ... + anxl = fo

2
ap + a171 + ax] + ... +anxl = fi

2
ap + a1y + a2z, + ... + anxy = fu,
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or, in the shorter matrix-vector notation,

VX A= fX (2.23)
with coefficient vector a = (ag,...,a,)? € R""! and the Vandermonde®
matrix

1 zg ac% Soxg
1ap 22 ... 2
Vi =|. T e ROFDXGY, (2.24)

Now the interpolation problem px = fx in (2.22) has a unique solution, if
and only if the linear equation system (2.23) has a unique solution. Therefore,
it remains to investigate the regularity of the Vandermonde matrix Vx, where
we can rely on a classical result from linear algebra.

Theorem 2.5. For the determinant of the Vandermonde matrix Vx , we have
det(Vx) = H () — xj).
0<j<k<n

Proof. We prove the statement by induction on n € N, where we only use ele-
mentary properties of the determinant, in particular its linearity with respect
to the matrix rows.

Initial step: For n = 1 we have det(Vx) = x1 — o for X = {zo, 21}

Induction hypothesis: Assume the statement is true for n points {x1,...,z,}.
Induction step: For X = {xg,x1,...,2,} we have
r n—1 _n n
lzg ...z lzo 1 z ... zj
n— n n
1z, ...zy " 27 0x1—2o ... 27 — )
det(Vx) =det | . . .| =det
-1 n n
IR 7 A s 0z —x0 ... 25 — )
T1 — Zo 7 — xg
= det :
| Tn — Tq .. Ty, — Ty
21 — 20 23 — 2011 o — woxt
= det
2 n n—1
Tp — To Ti — ToTn Ty — Tox,
12 . :cl_l
=(x1 —x0) ...  (xn — o) - det : :
lx, ... xﬁ‘l

* ALEXANDRE-THEOPHILE VANDERMONDE (1735-1796), French mathematician
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= (xl — 230) CI (xn — xo) . det(VX\{xO})

=(z1—xg) ... (xn —x0) - H (zr — ;)

1<j<k<n
= ] @—=),
0<j<k<n
which already completes our proof. |
We can conclude that for any set X = {xg,21,...,2,} of n + 1 pairwise

distinct interpolation points the Vandermonde matrix Vx is regular. This
gives an answer to our initial question for the existence and uniqueness of a
solution to Problem 2.4. We summarize our discussion on this as follows.

Corollary 2.6. The interpolation problem (2.22), Problem 2.4, has a unique
solution p = py x € Py, whose coefficients with respect to its monomial repre-
sentation in (2.21) are given by the solution of the linear system (2.23). M

We remark that the computation of the coefficient vector a in (2.23) is
rather problematic. This is because heterogeneous distributions of interpo-
lation points X typically yield ill-conditioned Vandermonde matrices V.
Moreover, the computation of the coefficients in a € R*™! via (2.23) is too
costly. Therefore, we prefer to avoid the linear system (2.23) for the solution
of Problem 2.4, mainly for the sake of numerical stability and computational
efficiency (see [28, Section 4.2]).

In fact, the above method for the solution to Problem 2.4 via (2.23) is
rather naive. We remark that the solution to the interpolation problem (2.22)
does not require a linear system at all. By choosing a suitable polynomial basis
we can immediately give the solution to Problem 2.4.

To this end, we consider the Lagrange® polynomials

Lj(z) = (@—20) .. (x—zj1) (T —xjy1) ... - (@ —xp)
weo Ti T Tk
k)

Any L; is a polynomial of degree n, L; € Py, for 0 < j < n, and we have

1 fork=j .
; = < <
Li(zx) {O for k # forall 0 < j,k < n.
Therefore, the Lagrange polynomials Lg, ..., L,, are a basis of the polynomial

space P,. Moreover, the solution p € P,, to the interpolation problem (2.22)
is in its Lagrange representation given as

® JosEPH-LOUIS LAGRANGE (1736-1813), mathematician and astronomer
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p() = foLo(z) + .+ faln(®) = 3 fiL;(x). (2.25)
j=0

Now let us make a first and very simple example.

Example 2.7. For two distinct interpolation points in X = {x,z1} the two
corresponding Lagrange polynomials Ly, L1 € Py are
r1 — T Tr — X

Lo(z) = p— and Li(z) = p—

for x € R.

Note that Ly + Ly = 1. The Lagrange representation of the unique inter-
polation polynomial p € P; satisfying px = fx, for given function values
fx = (fo, f1)T € R?, is given by the affine combination

T — T—z
p(z) = . - fo + O'fl forz € R
Tr1 — Xo Ir1 — Xo
of the function values fy and fi. &

Now let us turn to a concrete interpolation problem.

Example 2.8. In this example, we consider interpolating the trigonometric
function f(x) = cos(x) by a cubic polynomial for the set of interpolation
points X = {0, 7,37 /2,2r}. This yields the data vector fx = (1,—1,0,1)T,
see Figure 2.2 (a). The cubic Lagrange polynomials for the points in X are

)
0—m

(z — m)(x = 3n/2)(x - 2w> _ 1 J
P = o= —sem0—2m) ~ 3 77 <9”_2”> e
_@-0@=38r/)@=2m) 2 ([ 3\
Ll(m)_( —0)(r — 3n/2)(7 —271) 73 ( 2 )( )
L) (x — 0)(a — m)(x — 2) -8 - m(a—27)

(3w/2 —0)(37/2 — w)(37/2 — 2m) 33

(- 0)(z—7)(x—37/2) 1 3
L) = Gr = er —m@r —3n2) ~ o f@ ™ (”“2”)'

The function graphs of Lg, L1, Lo, L3 are shown in Figures 2.3 and 2.4.
The unique solution to the interpolation problem px = fx is

p(x) = Lo(z) — L1(x) + L3 ()
3

:—ﬁ-(a@—w) (m—2W> (z —2m)
;.x(xgw)(x%r)
+ = oe—) (x—‘;’w)

The function graph of p is shown in Figure 2.2 (b). &




2.3 Interpolation by Algebraic Polynomials

05F
0
05
R
Il Il Il Il Il Il
0 1 2 3 4 5 6
(a) f(x) = cos(z) and data X, fx
]
05h
0
05
-1 F
Il Il Il Il Il Il
0 1 2 3 4 5 6

(b) Interpolant p € Ps satisfying px = fx
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Fig. 2.2. For X = {0,7,37/2,27} and fx = (1,—1,0,1)7 the cubic polynomial

p = Lo — L1 + L3 solves the interpolation problem px = fx from Example 2.8.



24 2 Basic Methods and Numerical Algorithms
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141
12}
ik
08
06
04t
02
o °
02} \/
Il Il Il Il Il Il
0 1 2 3 4 5 6

Li(z) = % - x(z — 3m)(x — 2m)

Fig. 2.3. The Lagrange polynomials Lo, L1 € P3 for X = {0, 7,37 /2,27}.
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Fig. 2.4. The Lagrange polynomials Lo, Ls € P3 for X = {0, 7,37 /2,27}.
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Although the Lagrange representation in (2.25) leads us directly to the
solution of the interpolation problem (2.22), this Lagrangian interpolation
scheme is not our preferred solution in practice. In fact, from a numeri-
cal viewpoint, the evaluation and updating of the interpolation polynomial
in (2.25) is far too costly (see [28, Section 4.2] and [57, Section 8.2]).

An efficient and numerically stable method to evaluate interpolation poly-
nomials is based on a recursive representation, which we explain in the fol-
lowing discussion. To this end, py ; € P; denotes, for 0 < j < k < n, the
unique polynomial of degree at most j satisfying the interpolation conditions

Prjlxe) =fo  forallk—j<l<k (2.26)

For fixed « € R the values py ;(x) can be computed recursively. This is done
by using the AitkenS lemma.

Lemma 2.9. For the interpolation polynomials py ; € P; satisfying (2.26)
we have the recursion

pro(x) =fiu for0<k<n

T — Tk
Pr,j(®) = prj—1() + ———(Pr-1,j-1(2) — Pr,j—1(2))
Tk—j — Tk

Lk—j — T
= ————DPk;-1(7) +
p—— G

r — T .
——pp—1,j-1(x)  fork>j>0.
Tk—j — Tk

Proof. We prove the statement by induction on j > 0.
Initial step: For j =0 we have pyo = fr, € Py, for 0 <k < n.
Induction hypothesis: Suppose p j—1 € P;j_1 interpolates the data

(Th—jt1s frmjtr1)s - - s (s fr)

and pr_1,—1 € Pj_1 is the interpolation polynomial for the data
(Th—js fo—j)s - -5 (Th—1, fr—1)-

Induction step (j —1 — j): Note that the right hand side of the recursion,

T — Tk

q(x) == prj—1(z) + (Pr—1,j-1(%) — pr,j—1(x)),

Tk—j — Tk

is a polynomial of degree at most j, i.e., ¢ € P;. From the stated recursion
and by using the induction hypothesis we can conclude that ¢, as well as py, ;,
interpolates the data

(@h—js fe—j)s s (T f)-

Therefore, we have ¢ = py ; by uniqueness of the interpolant py, ;. |

5 ALEXANDER CRAIG AITKEN (1895-1967), New Zealand mathematician
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By the recursion of the Aitken lemma, Lemma 2.9, we can, on given in-
terpolation points X and function values fyx, recursively evaluate the unique
interpolation polynomial p = p,, ,, € P, at any point = € R. To this end, we
organize the values py ; = pi j(x), for 0 < j < k < n, in a triangular scheme
as follows.

Jo="Do,0
fi= P10 P1,1
fo= P20 P2,1 P2,2

fn = Pn,0 Pn,1 Pn,2 " Pn,n

The values in the first column of the triangular scheme are the given function
values pi.o = f, for 0 < k < n. The values of the subsequent columns can be
computed, according to the recursion in the Aitken lemma, from two values in
the previous column. In this way, we can compute all entries of the triangular
scheme, column-wise from left to right, and so we obtain the sought function
value p(z) = pn n.

To compute the entry pg; we merely need (besides the interpolation
points x,_; and xj) the two entries pr_1j—1 and pg j—1 from the previ-
ous column. If we compute the entries in each column from the bottom to
the top, then we can delete, in each step one entry, py ;—1, since py j—1 is no
longer needed in the subsequent computations.

This leads us to the Newille”-Aitken algorithm, Algorithm 1, giving a
memory-efficient variant of the Aitken recursion in Lemma 2.9. The Neville-
Aitken algorithm operates on the input data vector fx = (fo,..., fn)? re-
cursively as shown in Algorithm 1.

Algorithm 1 Neville-Aitken algorithm

1: function NEVILLE-AITKEN(X,fx, )
2: input: Interpolation points X = {zo,...,Zn};

3: Function values fx = (fo,..., fa)T € R™";
4: Evaluation point z € R for p € Py;
5: for j=1,...,ndo
6: for k=mn,...,j do
7 let
o= ot —— T (feer = fi);
Iﬁkfj — Tk
8: end for
9: end for

10: output: p(z) = fn.
11: end function

" Eric HAROLD NEVILLE (1889-1961), English mathematician
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2.4 Divided Differences and the Newton Representation

Now we use the Aitken recursion in Lemma 2.9 to elaborate a suitable repre-
sentation for interpolation polynomials. To this end, we consider for a fixed

set X = {z0,...,7,} of interpolation points the Newton® polynomials
k—1
wi(z) = H(x — ;) € Py for 0 <k <n. (2.27)
§=0

For the Newton polynomials we have

0 fOI‘Z<k7
ol — 4 k=1
k(e) H(xe—xjﬁéo for £ > k.
3=0

The Newton polynomials are obviously linearly independent, so that they
are a basis for the polynomial space P,,. Therefore, for any vector of function
values fx = (fo,..., fn)T € R*"L the interpolation polynomial p, € P, to
fx has unique Newton coefficients bg,b,...,b, € R, so that

pula) = brwr(@)
k=0
=bot+bi(x—x0)+...+bp(x—20) ... (T —Tp-1). (2.28)

The form of the polynomial p,, in (2.28) is called Newton representation.
Next, we turn to the computation of the Newton coefficients in (2.28).
We start with the following scheme involving the function values of p,, on X.

fo=pn(x0) = bo
J1 = pn(z1) = bo + b1 (21 — 20)
fa = pn(x2) = by + b1 (22 — 20) + ba(x2 — o) (22 — 21)

fo=pn(xn) =bo+ ... +by(xn —20) .. (T — Tp_1).

Note that the Newton coefficients by of p,, can be determined recursively by

1

k-1
R — - biw; for k=0,...,n. 2.2
or (o) fr jzo jw; (@) or 0,...,n (2.29)

Further note that for the computation of b, we only need the first k+ 1 data

8 Sir Isaac NEWTON (1643-1727), English philosopher and scientist
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(x07f0), (l‘l’ f1)7 EE) (xka fk)

This gives the Newton representation an important advantage concer-
ning updating: If we add one datum (41, fnt1) to X,, = {zo,...,2,} and
fx,, then it will be rather simple to update the interpolation polynomial p,,
in (2.28). In fact, for the interpolation polynomial p,; € P,y1 from data
Xnt1 ={20,...,Zn,Tps1} and fx, ., we have the representation

Pry1(7) = pn(x) + bny1 H(I = 2) = pn(T) + bprrwny1(2),
k=0

where under the additional interpolation condition p,11(Zn11) = fay1 we
immediately get

b _ fn+1 _pn(‘rn+1)
n+1 — .
W7z+1(xn+1)

Now in order to develop a systematic scheme for computing the Newton
coefficients of interpolation polynomials we introduce divided differences.

Definition 2.10. On given data X = {xg,...,2,} C R and fx € R*""! [et
p(x) = Z arz® € P, (2.30)

be the unique interpolation polynomial satisfying px = fx. Then, the leading
coefficient a, € R of p in (2.80) is called the n-th divided difference of
f with respect to X, where we use the notation

apn, = [To, ..., 2] (f). (2.31)

The linear mapping [xo, ..., x,] : €(R) — R is referred to as the divided
difference operator, or the difference operator, with respect to X. ()

Before we discuss relevant properties of divided differences, we first make
a remark for further clarification.

Remark 2.11. Note that the n-th divided difference [z, ..., z,](f) in Defi-
nition 2.10 is the leading coefficient of the interpolation polynomial p for f
on X with respect to its monomial representation (2.30). We remark that
the leading coefficient of p with respect to its monomial representation (2.30)
coincides with the leading coefficient of p with respect to its Newton repre-
sentation in (2.28) so that we have

p(z) = [zo,.. ., a)(f)2" + an—1$n71 + ... +Faxr+ao (2.32)
with the coefficients ag, ..., a,_1 of the monomial representation of p and

p(x) = [wo, ..., 20| (f)wn(z) + bp—1wn—1(z) + ... + brwi(x) + by (2.33)
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with the coefficients by, . .., b,—1 of the Newton representation. This proper-
ty follows directly from the structure of the Newton polynomials wy € Py
in (2.27), with the leading Newton polynomial

wp(z) = ﬁ(x —x;) € Py

Jj=0

as a product of the n linear factors z — z;, for 0 < j < n — 1. Indeed, note
that the leading coefficient of w,, (with respect to the monomial basis) is one.
Therefore, the leading coefficients of p, as in the Newton representation (2.33)
and in the monomial representation (2.32), must be equal.

In hindsight, we could as well have introduced the n-th divided difference
[%0, ..., 2zp](f) in Definition 2.10 as the leading coefficient b,, of the interpo-
lation polynomial p in its Newton representation in (2.28). Nevertheless, we
have decided to follow the common standard from the literature. We finally

remark that in the following recursive evaluation of [z, ..., z,](f) by divided
differences (of a smaller order than n), the monomial representation (2.32)
of the interpolation polynomial p will be quite useful. O

In our discussion so far, we have not made any assumptions on the or-
dering of the interpolation points in X. Since the interpolation polynomial
p is, on given data fx, always unique, we can conclude that the leading co-
efficient a,, of p in its monomial representation (2.30) is independent of the
interpolation points’ order in X. We formulate this observation as follows.

Proposition 2.12. For X = {xg,...,z,} and fx € R"*! the divided
difference [z, ..., xz,)(f) is independent of the order of interpolation points
X0y .-, Xp in X, i.e., for any permutation o of the indices {0, ...,n} we have

[l’o,...,.’bn](f) = [x0(0)7"'7:r0(n)](f)'
|

As we show now, all coefficients in the Newton representation (2.28) of
the interpolation polynomial p are divided differences.

Theorem 2.13. For X = {xg,...,2,} and fx € R*1

n

p(z) = Z[xm ooz (f) - wr(z) € Py (2.34)

k=0
is the unique interpolation polynomial satisfying px = fx-
Proof. We prove the statement by induction on n.

Initial step: For n = 0 we have p = fo = [zo](f) for X = {zo} and fp € R.

Induction hypothesis: Assume that, on given data X = {xq,...,2,—1} and
fX € Rn7 n > ]-7
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n—1

p= Z[xo,...,wk](f) “wi € Ppo1

k=0
is the unique interpolation polynomial in P,,_; satisfying px = fx.

Induction step (n—1 — n): On given data X = {zg,...,7,} and fx € R**!
the unique interpolation polynomial p € P, has, according to Remark 2.11,
the representations (2.32) and

p(@) = [xo, - 2] (f) - wn(®) + gn-1(2) (2.35)

with ¢,—1 € Pp—_1, where the latter follows directly from (2.33). Since

qn—l(xk) = p(ﬂfk) - [:L'Oa v axn](f) wn(xk) = p(xk)a
——
=0
for all 0 < k < n — 1, we see that the polynomial ¢,_1 € P,_1 is the
unique interpolation polynomial to f from P,_; on the interpolation points

Zg,-..,ZTn_1. By the induction hypothesis, ¢,_1 has the representation
n—1
dn—1 = 2[9007 o ,!L‘]{;}(f) W
k=0

This in combination with (2.35) completes our proof already, since

n

p= [gco,...7xn](f)~wn+i[m0,...,xk](f)-wk = [zo,. - zk] (f) - wi-
k=0

k=0
|

We finally turn to the computation of the divided differences. To this end,
we rely on the Aitken recursion in Lemma 2.9.

Theorem 2.14. For X = {xg,...,2,} and fx € R"! the recursion

[mj,-~-7$k](f) _ [Z‘j-t,-l,...,l‘k](i‘z:[xx'j,...,xk_l](f)
[z;] (f) = f(z;) for0<j<n

for0<j<k<n

holds.

Proof. For n > k > 5 >0, let p; 1, € Pr—; be the unique interpolation poly-
nomial to f from Pi_; on the interpolation points {z;,...,x)}. Moreover,
for k > j, let pj41,x € Pr—j—1 be the unique interpolation polynomial to f on
{zj+1,..., 2} and pj 1 € Pr_;_1 be the unique interpolation polynomial
to f on {l‘j, ce ,xk_l}.

Then, by the Aitken recursion in Lemma 2.9, we have the representation
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(zj —2)pjp1e(x) — (Th — fE)Pj,kq(x)'

. - 2.36
pia(®) — (2.36)
If we compare the leading coefficients in (2.36), then we get
—|Tjt1y--,T + T, ..., T
[‘Tjwu,xk](f) _ [ Jj+1 k](f) [ J k 1](f)
Tj — Tk
_ e m](F) = (g, mea ] (F)
Tk — Ty
forn >k > j>0. For j =k we get [z,](f) = f(z;), for 0 < j < n. |

Example 2.15. For X = {z0,2:} C R and fx = (fo, f1)T € R?, the first
order divided difference yields the difference quotient

[21](f) = [zl (f) _ fr = fo

1 — T T —xo

[zo, z1](f) =

If f is differentiable at xg, i.e., f € €' (zo—&, 20 +¢), for € > 0, then we have

lim [2o,2z1](f) = f'(20).

Tr1—o
Therefore, we allow coinciding interpolation points for f € €', where we let
[z, 2](f) = f'(=).
¢

By the recursion in Theorem 2.14 we can view the n-th divided difference
[0, ..., x,](f) as a discretization of the n-th derivative of f € ™. We will
be more precise on this observation later in this section.

Table 2.1. Organization of divided differences, on input data X = {zo,...,Zn}

and fx = (fo,..., fn)T € R™! in a triangular scheme.
X| fx
zo| Jfo

T f1 [xo,xl}(f)
z2|  fa [z1, 22](f) [wo, 21, 22](f)

Tn fn [xnflvm"](f) [xn*%mn*hxn}(f) [Jlo,,:En](f)

On given points X = {x,...,7,} and values fx = (fo,..., fn)? € R+
we can evaluate all divided differences [z},...,2%](f), for 0 < j < k < n,
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by using the efficient and stable recursion of Theorem 2.14. To this end, we
organize the divided differences in a triangular scheme, as shown in Table 2.1.
The organization of the data in Table 2.1 reminds us of the triangular
scheme of the Neville-Aitken algorithm, Algorithm 1. In fact, to compute
the Newton coefficients [z, ..., zx](f) in (2.34), we can (similarly as in Al-
gorithm 1) process the data in Table 2.1 by a memory-efficient algorithm
operating only on the data vector fx = (fo,..., fn)?, see Algorithm 2.

Algorithm 2 Computation of Newton coefficients [zo, ..., zg](f)

1: function DIVIDED DIFFERENCES(X,fx)

2 input: interpolation points X = {zo,z1,...,Zn};

3: function values fx = (fo, fi,..., fn)" € R*
4: for j=1,...,ndo
5
6

for k=mn,...,jdo
let

Je = Jo =St ;
Tk — Tk—j

7 end for

8: end for

9:  output: (fo,..., f) = (leol(f), [0, 21)(F), - [w0,..., 2] ()T € R,

0: end function

For further illustration, we make an example that is linked to Example 2.8.

Example 2.16. We consider interpolating the function f(x) = cos(x) on
interpolation points X3 = {0, 7,37/2,27}. By fx, = (1,—1,0,1) we get the
following divided differences in the triangular scheme of Table 2.1, for n = 3.

X3 fxs
0 1
T -1 —%
3 2 8
™l 0 T g
or| 1 20 —3%
The Newton polynomials wy, . ..,ws for the point set X3 are given by

=1, wi(@)=z wz)=alz—m) wg(x)zm(x—ﬂ')(x—;’ﬂ').

Therefore, the cubic polynomial
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is the unique interpolation polynomial in Ps satisfying px, = fx..

The leading coefficient of the interpolation polynomial ps in its Newton
representation (2.37) coincides with that of its monomial representation (see
Remark 2.11). The leading coefficient of ps with respect to its monomial
representation can also be obtained by the sum of the coefficients of its La-
grange representation (see Example 2.8), i.e.,

1 2 1 4

33 w3 g3 373’

On the downside, the approximation quality of the cubic interpolation
polynomial ps for f on Xj is rather bad, see Figure 2.5 (a), where we find
lps — flloo,j0,27] =~ 1.1104 for the approximation error. To improve on the
approximation quality we add one interpolation point z4 = 7/4 and so we
obtain Xy = {0, 7,37/2,2m,w/4} for the updated set of interpolation points
and fx, = (1,-1,0,1,1/+/2) for the updated data vector of function values.
To compute the interpolation polynomial py € P4 we update the triangular
scheme (see Table 2.1, for n = 4) as follows.

X4 fx,

0 1

T -1 —%

3 0 = 32

2r| 1 2 0 — a5

T 1 4(01—v2)  8(2+5v2) _ 32(2+5v2) _ 16(16+5v2)
4 V2 V27 35v272 105v/273 105v/2m4

Therefore, the quartic (i.e., degree four) polynomial

pa(z) = ps(z) - Wm ~) (2= 37) o= 2m)

is the unique interpolation polynomial in Py satisfying px, = fx,, where the
approximation error [|ps — flloo,[0,27] = 0.0736 of py € P, is much smaller
than that of p3 € Ps, see Figure 2.5 (b). O

Next, we develop a very useful representation for divided differences,
termed the Hermite?-Genocchi'® formula, whereby divided differences can
be viewed as mean values of derivatives of f over a simplex spanned by the
interpolation points. In the following formulation for the Hermite-Genocchi
formula, we regard the n-dimensional standard simplex

n
A, = {(Al,...,An)T ER" [N\, >0for 1<k<nand ) A< 1}. (2.38)
-\ k=1
9 CHARLES HERMITE (1822-1901), French mathematician
10 ANGELO GENoCcHI (1817-1889), Ttalian mathematician
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05+

-05

0 1 2 3 4 5 6

(a) ps with approximation error ||ps — f||oo,j0,2+] &~ 1.1104

0.5

-0.5 -

0 1 2 3 4 5 6

(b) ps with approximation error ||ps — fllc,[0,2+) = 0.0736

Fig. 2.5. (a) The cubic polynomial ps € Ps interpolates the trigonometric function
f(z) = cos(z) on X3 = {0,7,37w/2,27}. (b) The quartic polynomial py € Py
interpolates f(z) = cos(z) on X4 = {0, m,37/2,2m,w/4} (see Example 2.16).
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Theorem 2.17. For f € €™, n > 1, the Hermite-Genocchi formula
n
[$0aaxn](f):/ f(n) <$0+Z)\k($k—$0)> d)‘>
An k=1
holds, where A, is the n-dimensional standard simplex (2.38) in R™.

Proof. We prove the Hermite-Genocchi formula by induction on n.

Initial step: For n = 1, we have Ay = [0, 1] and so

I (@0 + M(z1 —20)) dN = !

Aq 1 — Xo

(f(z1) = f(z0)) = [w0, 71](f)-

Induction hypothesis: Suppose the Hermite-Genocchi formula holds for n > 1.
Induction step (n —1 — n): For dA = dA; - - - d\,—1 we have

/ £ (m + Z)\k Tk — x0)> dAdA,
A,
1— E;fll Ak n—1

n+zk 1 k(wk wn)
= / / F™(2)dz
Ty — X0 An_1 T
n—1

0+ X102t Me(zE—20)
1
= (n—1) A\ _ d\
T, — 2o l/An_l f (a:n + Z k(xk xn))

k=1

n—1
—/ f(n_l) (1‘0 + Z )\k(xk - x0)> d)\‘|
An—1 k=1

dA

s ixo ([T, 21, Tp1] (f) = [0y - - -, —1](f))
= oy ) o))
= [zo, ..., zn](f).

Now we can state further properties of divided differences. The following
results are direct consequences from the Hermite-Genocchi formula, Theo-
rem 2.17, and the standard mean value theorem of integration.
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Corollary 2.18. The divided differences satisfy the following properties.
(a) For f € €™, n >0, we have

fO (7
[0, -, za)(f) = n'( ) for some T € [Tmin, Tmax)s
where Tmin = Ming<p<n Tk ANd Tmax = MAXo<k<n Tk-
For xg = ... = x,, we have
S (o)
[0, .-+, zn](f) = T

(b) For p € Pn_1, we have [xg,...,2,](p) =0 forn > 1.
|

The discretization of higher order derivatives by divided differences is
consistent with the standard product rule of differentiation. We show this by
proving the Leibniz!! rule.

Corollary 2.19. For arbitrary points xg, . ..,T, and f,g € €™, n € Ny, the
Leibniz formula

n

[xo,...,xn](f-g) = Z['x()v"')xj}(f) . [xj)"'7$n](g) (2'39)

j=0
holds.
Proof. Suppose that X = {xq,...,2,} is a set of pairwise distinct points.
Moreover, let py € P, be the unique interpolation polynomial for f on X

and p; € P, be the unique interpolation polynomial for g on X. Then, p¢
and p, have the representations

n n

pr :Z[xo,...,xk}(f)wk and pgzz:[xj,...,xn](g)fuj

k=0 =0

with the Newton polynomials

k—1 n
wi(z) = H(m —xy) € P, and  wj(z) = H (= Zm) € Pn—j
=0 m=j+1

for 0 < k,j < n, where we have used the independence of the divided diffe-
rences on the order of the interpolation points in X (cf. Proposition 2.12).
Now the product

" GorrrrIED WILHELM LEIBNIZ (1646-1716), German philosopher and scientist
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n

Di=Dy Py = Z [zo, .., zx](f)wg - [z, ..., z0](9) @j (2.40)
k,j=0

interpolates the function f - g on X. For the Newton polynomials wy and w;
we have
wi(2;) - wj(z;) =0 for all 0 < i < n,

for k > j, so that the polynomial p in (2.40) has the representation

n

p=3 [0 arl(f) - e, 2al(g)wn - 3y

k,j=0
k<j

Since wy, - Wj € Pptk—j, for all 0 < k,j < n, we have p € P,,. Therefore, p is
the unique interpolation polynomial in P,, for f-g on X, and so we obtain
the stated representation

n

o, xn](f - 9) =[x, (f) - [, 2] (9) (2.41)
§=0
for the case of pairwise distinct points xg, ..., ZTy.

By the Hermite-Genocchi formula, Theorem 2.17, the representation

@os- - 2] (h) = /A () <x0 T x0)> d) (2.42)
m k=1

holds for h € ™. Therefore, the divided differences [z, ..., z]|(h) are for
h € €™ continuous in X, since the integrand A" in (2.42) is continuous in
X. Since f-g € €™, we can conclude that the representation (2.41) holds for
arbitrary point sets X = {zg,...,z,}. |

Remark 2.20. For coincident points g = ... = x,, the Leibniz formula
(2.39), in combination with Corollary 2.18 (a), yields the identity

(f - 9)!™ (o) F9( Io) 9" (o)
n! ]ZO (n—j)!

and so

(f-9) " (o) =Y

j=0

Zn:( )fm 20) 0" (x0),

j=0

e f(])(l-o) g ") (z0)

which is the standard product rule for higher derivatives. O
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From Corollary 2.18 (a) we see that divided differences are also well-
defined for coincident interpolation points, provided that f has sufficiently
many derivatives. In particular, for the case of coincident interpolation points,
all coefficients in the Newton representation (2.34) are in this case well-defined
(cf. Example 2.15). Now we extend the problem of Lagrange interpolation,
Problem 2.4, to the problem of Hermite interpolation. In the case of Hermite
interpolation, the interpolation conditions contain not only point evaluations
of f, but also derivative values of f. In this case, we require coincident inter-
polation points. To be more precise, we formulate the Hermite interpolation
problem as follows.

Problem 2.21. Let X = {xg,...,2,} be a set of n + 1 pairwise distinct
interpolation points. Moreover, suppose we are given N = g+ 1 + ... + tin
Hermite data

O () for 0 </l < ppand 0 <k <n (2.43)

for f € €™ 1, where m = maxy, yug and pp € N for 0 < k < n.
Then, the Hermite interpolation problem for (2.43) requires determining
a polynomial p € Py _1 satisfying the Hermite interpolation conditions

PO () = £ (xp) for 0 <€ < pg and 0 < k < n. (2.44)
|

Note that Lagrange interpolation, Problem 2.4, is by up =1, 0 < k < n,
and N = n+ 1 a special case of Hermite interpolation. Further note that the
Hermite data in (2.43) necessarily need to contain, for every interpolation
point z; € X, all derivatives

f(il?k%f'(xk),-~.,f(“’“*1)(:ck) for k=0,...,n.

In the following solution to Hermite interpolation, Problem 2.21, we first
add interpolation points to X, such that the resulting point set Y contains the
interpolation points z; multiple times, namely according to its multiplicity
g of the Hermite data in (2.44). This leads us to the extended point set

Y = {xo,...,xo,xl,...,xl,...,xn,...,xn} ={yo,...,Yyn-1} (2.45)
———— —— ——
wo-fold  pi-fold tn-fold
containing N = pg + g1 + ... + pn interpolation points (including their
multiplicities), where zo = yo = ... = y,,—1 and
T = yl£0+--~+ltk—1 =...= yﬂ0+---+ﬂk—1 fOI' 1 S :ZC S n.

We can solve the Hermite interpolation problem, Problem 2.21, as follows.
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Theorem 2.22. The problem of Hermite interpolation, Problem 2.21, has
a unique solution p € Pn_1. For the extended set of interpolation points
Y ={yo,...,yn—1} in (2.45) and the divided differences

[y077yk](f) fOT‘OSk<N

the interpolation polynomial p has the Newton representation

N

@) = 3 [or- o+ 9l (Fon (a). (2.46)
k=0

=

Proof. The linear mapping L : Py_; — R, defined as

p— L(p) = (p(zo)a s ap(u071)(x0)7 s 7p(xn)7 s 7p('un71)(xn))T € ]RNv

is injective, due to the fundamental theorem of algebra. Further, due to the
dimension formula of linear algebra, L is also surjective, and so L is bijective.

The Newton representation (2.46) for p follows directly from our solu-
tion (2.34) to Lagrange interpolation, Problem 2.4, which holds in particular
for the case of coincident interpolation points (with using our results on di-
vided differences for coincident interpolation points). |

Again, we can organize the divided differences of the Newton represen-
tation (2.46) in a triangular scheme (as in Table 2.1). Moreover, we can use
the recursion of Algorithm 2 to compute the scheme’s entries, where for the
case of coincident interpolation points yr = yx—; (see line 6 in Algorithm 2)
we insert the corresponding derivative value fU)(y)/j!.

For further illustration, we finally discuss the following example.

Example 2.23. We consider interpolating the sinc function f(x) = sin(z)/x.
We have

x cos(z) — sin(z) 2

2

f’(x) = and f”(x) _ 2sin(z) — 2z cos(z) — x Sin(x)'

T 3

For the interpolation of f, we work with the Hermite data

FO) =1, £0) =0, f(m) =0, f(m) =~ ["(x) = 25, f(2m) =0.

This gives the extended set of interpolation points Y = {0,0, 7, m, 7, 27 }.

We display the divided differences of the Newton representation (2.46) in
a triangular scheme (as in Table 2.1 for n = 5) as follows, where we mark the
inserted derivative values f()(y;)/4! by a box, respectively.
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Given the above divided differences, we see that the polynomial

1 1 1
ps(z) =1— =a*+ =2z —7) — —2*(xr —7)3 € Ps
w2 73 4o

is the unique solution to the posed Hermite interpolation problem. &

2.5 Error Estimates and Optimal Interpolation Points

In this section, we develop error estimates, i.e., upper bounds on the difference
f(z) —p(x) for x € [a, b] (2.47)

between f and the interpolation polynomial p. In the following discussion, we
regard the problem of Lagrange interpolation, Problem 2.4, as a special case of
Hermite interpolation, Problem 2.21. To unify the notations of Problems 2.4
and 2.21 we denote by Y = {yo,...,yn—1} C [a,b] the extended set of
interpolation points, where for the case of Hermite interpolation we allow
coincident interpolation points, according to Problem 2.21 and as in (2.45).
We denote the unique solution to the Hermite interpolation problem by py_1.
In particular, the Newton representation (2.46) holds for py_1 € Pn—1.

We can represent the error in (2.47) as follows.
Theorem 2.24. Let py_1 € Pny_1 be the solution to the Hermite interpola-

tion problem, Problem 2.21. Then we have the pointwise error representation

N-1

F@) =pxno1(@) = o, oyv—1.al(f) [T (@ —ww)  forzeR. (248)
k=0

Proof. The error representation in (2.48) is obviously fulfilled for any = € Y.
Indeed, in this case, we have f(z) = py_1(z), and, moreover, the Newtonian
knot polynomial

wy (@)= [] (@ - ) (2.49)
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vanishes at every interpolation point from Y.

Now for z € R\Y, we extend Y by the interpolation point x. Moreover, we
let py € Py denote the unique polynomial in Py which satisfies the Hermite
conditions (2.44) and the additional interpolation condition py(z) = f(z).
In this case, we have the representation

N-1

pn (@) =prn-1(®) + [Yo, - yn—1,2|(f) H (@ —yw)

k=0

and so

N-1
(@) —py-a(z) = f(z) - <pN(=’f) = [Yo, - yn—1,2|(f) H (z — yk))

N-1

:[yOM"?nyla H x_yk
k=0

Theorem 2.24 immediately yields the following upper bound for the in-
terpolation error f — p in (2.47) on the interval [a, b], where we combine the
representation in (2.48) with the result of Corollary 2.18 (a).

Corollary 2.25. Let p € Py_1 denote the unique solution to the Hermite
interpolation problem, Problem 2.21. Then we have for f € € the pointwise
error estimate

N—-1
150 =) < 3 g [ T -l (250
k=0
inx € [a,bl. [ ]

As a direct consequence of Corollary 2.25, the uniform error estimate

1/ oo
||f_pHoo < TN

wy oo for f € €N a,b] (2.51)
follows from the pointwise error estimate in (2.50) for any compact interval
[a,b] C R containing the set of interpolation points Y, i.e., Y C [a, b].

To reduce the interpolation error in (2.51), we wish to minimize the maxi-
mum norm |lwy || of the knot polynomial wy under variation of the inter-
polation points in Y C [a, b]. Without loss of generality, we restrict ourselves
to the interval [a,b] = [—1,1]. This immediately leads us to the nonlinear
optimization problem

lox floc 1,1y —  min ! (2.52)
|X |=n+1
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As we show in this section, the minimization problem in (2.52) has a
unique solution X* C [—1, 1] consisting of n+1 pairwise distinct interpolation
points. This explains our chosen notation X =Y and n = N — 1, which is
in accordance with the Lagrange interpolation problem, Problem 2.4. We
formulate the minimization problem in (2.52) more precisely as follows.

Problem 2.26. Determine for n € Ny a set X* = {«f,...,z5} C [-1,1]
of n 4+ 1 interpolation points, which minimizes the maximum norm of the
corresponding knot polynomial wx« on [—1, 1], so that the upper bound

sos=1,1] < llewx [loc,(=1,1] (2.53)
holds for all point sets X = {zg,...,x,} C [~1,1] of size | X| =n+ 1. O

[l

For the solution of the minimization problem, Problem 2.26, we work with
the Chebyshev polynomials

T, (z) = cos(narccos(z)) for n € Ny, (2.54)
where in the subsequent discussion we rely on their following properties.
Theorem 2.27. The Chebyshev polynomials are generated by the recursion

Thi1(z) = 22Ty (x) — T—1(x) forneN (2.55)
with the initial values To =1 and Ty (x) = x.

Proof. The initial values Ty = 1 and 77 (x) = x are obviously consistent with
Definition (2.54). For ¢ = arccos(z), we find the representation

cos((n + 1)¢) = 2 cos(¢) cos(ng) — cos((n — 1))
from standard trigonometric identities, which implies the recursion (2.55). B

Corollary 2.28. Forn € Ny, the Chebyshev polynomial T, 11 is an algebraic
polynomial of degree n + 1 with leading coefficient 2™, so that an identity of
the form

Tpir(z) = 2"z 4 g, () (2.56)
holds for some q, € P,.

Proof. We prove the identity (2.56) by induction on n € Ngy. For n = 0, the
statement is trivial. Under the induction hypothesis for n € Ny, the statement
in (2.56) follows, for n + 1, directly from the recursion in (2.55). [

Corollary 2.29. The n+1 zeros of the Chebyshev polynomial Ty, 11 € Ppy1
are, for n € Ny, given by the Chebyshev knots

2k +1
* = - <k <n. .
xj = cos <2n+27r) €[-1,1] for0<k<n (2.57)

Moreover, all extrema of Ty,11 on [—1,1] are attained at the n+ 2 points

k
= cos T — <k<n+1 .
Y = COS (n 1 ) €[-1,1] for0<k<n+1 (2.58)
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Proof. For 0 < k < n, we have
T41(xy) = cos((n + 1) arccos(zy,))

2k +1

= cos ((n + 1)2(711—1)7r> = Cos ((Zk + 1)%) =0.

The n + 1 Chebyshev knots zj in (2.57) are obviously pairwise distinct.
Therefore, the Chebyshev polynomial T}, 11 € Pp41\{0} has no further zeros.
As regards the extrema of T, 11, we have [T}, 41/o0,[=1,1) < 1 and, moreover,

it () = cos <<n 4 1) arccos (cos (nif))) — cos(km) = (1),

so that all n 42 points in Y = {yo,...,yns1} C [—1,1] are extremal points
for Tp,+1 on [—1,1]. Since T},41 is a polynomial of degree n + 1, its derivative
T} . has at most n zeros. Therefore, T}, has at most n extrema in the open
interval (—1,1) and at most n + 2 extrema in the closed interval [—1, 1]. But
this implies that Y already contains all zeros of T},+1 on [—1,1]. [

Table 2.2. Monomial form of the Chebyshev polynomials T, € P,, n=1,...,12.

Ti(z) ==

To(z) = 22° — 1

Ts(z) = 42° — 3z

Ti(z) = 8z* —8z> + 1

Ts(z) = 162° — 202° + 5z

To(z) = 322° — 482" +182% — 1

Tr(z) = 642" — 1122° + 562° — Tz

Ts(z) = 1282° — 2562° + 160z* — 322° + 1
To(z) = 2565° — 5762" + 432z° — 1202° + 9z

Tio(x) = 5122" — 12802° 4 11202° — 400z + 502 — 1
T (z) = 1024z" — 281627 + 281627 — 12322° 4 2202° — 11z

Tia(z) = 2048z"% — 61442 + 69122° — 35842° + 8402 — 722° 4 1
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Fig. 2.6. Chebyshev polynomials T}, € P, and their n knots, for n =1,...,12.
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Figure 2.6 shows the graphs of the Chebyshev polynomials T, € P,,
for n = 1,...,12, along with their Chebyshev knots (2.57). Moreover, the
monomial representations of T;,, for n = 1,...,12, are in Table 2.2.

Corollary 2.30. Forn € Ny, let X* = {x,...,x5} C [-1,1] denote the set
of Chebyshev knots in (2.57). Then the corresponding knot polynomial wx
has the representation

wx* =27"Thy1. (2.59)

Proof. The knot polynomial wx in (2.49) has for any point set X leading
coefficient one, in particular for the set X* of Chebyshev knots. By the
representation in (2.56), the polynomial 27"T,,;1 € P,+1 has also leading
coefficient one. Therefore, the difference

qn = WX+ — 27”Tn+1

is an algebraic polynomial of degree at most n, i.e., g, € Py. Since g, (z*) = 0,
for x* € X*, the polynomial ¢, has at least n + 1 zeros, and so ¢, =0. N

Now we can solve the minimization problem in (2.52), Problem 2.26.

Theorem 2.31. For n € Ny the Chebyshev knots X* = {z,..., x5},

2k +1
xz:cos( 77) €[-1,1] for0 <k <n,
n

are the unique solution of the minimization problem (2.52).

Proof. By Corollary 2.30 the knot polynomial wx+ = 27T, 41 € Ppyq is
a multiple of T}, 1. Moreover, due to Corollary 2.29 all extrema of wx+ on
[—1,1] are attained at the n + 2 points Y = {yo,...,Yyn+1} in (2.58), where
we have [|wx+||oo,[—1,1) = 27" and

wx«(yr) = 27" (-1)F for 0<k<n+1.

Now assume that for a point set X = {zg,...,2,} C [-1,1] its knot
polynomial wx € P, 41 satisfies

lwx loo,~1,1) < lwx=[loo,(-1,1) = 27" (2.60)

Then we have wx (yr) < wx=(yx), for all even indices k € {0,...,n} and
wx (Yr) > wx~(yx), for all odd indices k € {1,...,n}. Therefore, the difference

W =wx* —wWx

has in any of the n + 1 intervals (y1,%0), (Y¥2,91), -, (Yn+1,Yn) at least one
sign change, i.e., w has at least n + 1 zeros. Since the knot polynomials
wx,wx~ € Ppy1 have leading coefficient one, respectively, we see that their
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difference w = wx+ —wx € P, is a polynomial of degree at most n. But this
implies w =0, i.e.,
wx = wx+ € Pnii,

in contradiction to (2.60). We can finally conclude that the Chebyshev knots
X* = {z§,...,x5} C [-1,1] are the unique solution to the minimization
problem in (2.52), Problem 2.26. [ |

2.6 Interpolation by Trigonometric Polynomials

In this section, we consider the interpolation of periodic functions.
Definition 2.32. A function f : R — R is said to be periodic, if
fl@)=flz+1T) forallz e R (2.61)

for some T > 0. In this case, f is called a T-periodic function. A minimal
T > 0 satisfying (2.61) is called the period of f. O

By (2.61) any T-periodic function f is uniquely determined by its func-
tion values on the interval [0,7"). In the following discussion, we restrict our-
selves to 2m-periodic functions. This is without loss of generality since any
T-periodic function f can be transformed into a 27-periodic function by sca-
ling its argument with a scaling factor T/(27), i.e., the function g : R — R,
given as

T
glx)=f (271- x) for all z € R,

is 2m-periodic, if and only if f has period T. We collect all continuous and
2m-periodic functions in the linear space

o ={f €FCR)| f(z) = f(x + 2m) for all z € R}.

Now let us turn to the interpolation of periodic functions from %5,. To
this end, we first fix a linear space of interpolants, where it makes sense to
choose a finite-dimensional subspace of %5,. Obvious examples for functions
from %5, are the trigonometric polynomials cos(jx), for j € Ny, and sin(jx),
for j € N. In fact, trigonometric polynomials are suitable choices for the
construction of interpolation spaces contained in %,,. To be more precise on
this, we give the following definition.

Definition 2.33. For n € Ny, we denote by
TR = spang{1,cos(j-),sin(j-) |1 < j < n} C Con (2.62)

the linear space of real trigonometric polynomials of degree at most n.

O
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Clearly, 7,® is a finite-dimensional linear space, and, moreover, any real-
valued trigonometric polynomial 7' € T,® can be represented as a linear com-
bination

T(x) = % + Z [ak cos(kx) + by, sin(kx)) (2.63)
k=1

with coefficients ao, . .., an, b1,...,b, € R, the Fourier'? coefficients of T. We
will provide supporting arguments in favour of the chosen form in (2.63) for
the interpolating functions, i.e., as a linear combination of the 2n 4 1 (basis)
functions in (2.63).

In the following formulation of the interpolation problem we can, due to
the 27w-periodicity of the target function f € %, restrict ourselves without
loss of generality to interpolation points from the interval [0, 27).

Problem 2.34. Compute from a given set X = {xg,z1,...,22,} C [0,27) of
2n+1 pairwise distinct interpolation points and corresponding function values
fx = (fo, fi,---, fan)T € R?"*L a real trigonometric polynomial T € T
satisfying Tx = fx, i.e.,

T(x;) = f; for all 0 < j < 2n. (2.64)
O

For the solution to Problem 2.34, our following investigations concerning
interpolation of complex-valued functions will be very useful. To this end, we
distinguish between real (i.e., real-valued) trigonometric polynomials, as for
TR in (2.62), and complez (i.e., compler-valued) trigonometric polynomials.
In the following, the symbol i denotes as usual the imaginary unit.

Definition 2.35. For N € Ny, the linear space of all complex trigonometric
polynomials of degree at most N is given as

Tx = spang{exp(ij-) |0 < j < N}. (2.65)
O
Theorem 2.36. For N € Ny, the linear space Tlg has dimension N + 1.

Proof. A complex-valued trigonometric polynomial p € 7 can be written as
a linear combination of the form

N
p(x) = Z cpet® (2.66)
k=0
with complex coefficients cg, ...,cny € C.

12 JeAN BapTISTE JOSEPH FOURIER (1768-1830), French mathematician, physicist
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We can show the linear independence of the generating function system
{e* |0 < k < N} by a simple argument: For p = 0 we have

27 ) N ) N 27 )
0= / e "M E cpe*® dz = E Ck / e F=m)T 4o — 97c,,
0 k=0 k=0 0

form=0,...,N, whereby ¢cp =... =cy =0. |
By the Euler'® fomula
e'” = cos(z) + isin(x) (2.67)

we can represent any real trigonometric polynomial T € T,X in (2.63) as a
complex trigonometric polynomial p € 7—1(\(7: of the form (2.66). Indeed, by
using the Euler formula (2.67) we find the standard trigonometric identities

cos(r) = % (e +e7 ™) and sin(z) = % (el —e™i7) (2.68)

and so we obtain for any 7' € T,® the representation

T(x) = % + Z [ag, cos(kz) + by, sin(kz))

a " [a : . b . .
20+Z|:2k (elkz+e 1km)+27]z(elkmie 1k:1:):|

) i [ak ; lbk eikm i ag 42* lbk eik1:|

I
o
o
@

2n
ik _ e inw § :Ck,nelkl-
k=0

with the complex Fourier coefficients
1 1

1
Co = 500, Ck = §(ak —ibg), c— = §(ak +ibg) fork=1,...,n. (2.69)

Let us now draw an intermediate conclusion.

Proposition 2.37. Any real trigonometric polynomial T € T, in (2.63) can
be represented as a product

T(x) = e "p(x),
where p € Ty is a complex trigonometric polynomial of the form (2.66), for

N = 2n. Moreover, the Fourier coefficients of p are uniquely determined by

1 1
Chk = i(ak—i—ibk), Cp = %, Cnik = i(ak—ibk) fork=1,...,n, (2.70)

where we have applied a periodification to the coefficients ¢y in (2.69). |

'3 LEONHARD EULER (1707-1783), Swiss mathematician, physicist, and astronomer
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Note that the mapping (2.70) between the real Fourier coefficients ay, by
of T and the complex Fourier coefficients ¢ of p is linear,

(ag,...,an b1,...,bp)T € C" M (o, ..., con) € CNFL,

Moreover, this linear mapping is bijective, where its inverse is described as

ag = 2co, ag = Cpik + Cn—k, b =i(Cnyk —Cn—k) fork=1,... n. (2.71)
The Fourier coefficients ag, ..., an,b1,...,b, are real, if and only if
Cn+k = Cn—k forall k=0,...,n.

By the bijectivity of the linear mappings in (2.70) and (2.71) between the
complex and the real Fourier coefficients, we can determine the dimension of
T.®. The following result is a direct consequence of Theorem 2.36.

Corollary 2.38. For n € Ny, the linear space T,X has dimension 2n+1. B

Now let us return to the interpolation problem, Problem 2.34. For the case
of complex trigonometric polynomials, we can solve Problem 2.34 as follows.

Theorem 2.39. Let X = {xo,...,zn} C [0,27) be a set of N + 1 pairwise
distinct interpolation points and fx = (fo,..., fn)T € CN*! be a data vector
of complex function values, for N € Ng. Then there is a unique complex
trigonometric polynomial p € TS satisfying px = fx, i-e.,

p(zr) = fx for all0 < k < N. (2.72)
Proof. We regard the linear mapping L : 7'](\1,: — CN*1, defined as
p €Ty — px = (p(x0), ..., p(zn))" € CVH,

which assigns every complex trigonometric polynomial p € 7}(\[,: in (2.66) to
the data vector px € CN+L,

By letting 2z, = e+ € C, for 0 < k < N, we obtain N +1 pairwise distinct
interpolation points on the boundary of the unit circle, where we have

N N
_ ijor _ J
p(z) = E c;elTr = E CiZ
§=0 §=0

If L(p) = 0, then the complex polynomial p has at least N + 1 zeros. But
in this case, we have p = 0, due to the fundamental theorem of algebra.
Therefore, the linear mapping L is injective. Due to the dimension formula,
L is also surjective, and thus bijective. This already proves the existence and
uniqueness of the sought polynomial p € 7. |
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We finally turn to the solution of the interpolation problem, Problem 2.34,
by real trigonometric polynomials. The following result is a direct consequence
of Theorem 2.39.

Corollary 2.40. Let X = {xq,...,Tan} C [0,27) be a set of 2n+ 1 pairwise
distinct interpolation points and fx = (fo,..., fon)? € R?"*1 be a data vector
of real function values, for n € Ny. Then there is a unique real trigonometric
polynomial T € T} satisfying Tx = fx.

Proof. Let p € T, be the unique complex trigonometric interpolation poly-
nomial satisfying p(zy) = e™** f, for 0 < k < 2n, with Fourier coefficients
cj, for 0 < j < 2n. Then we have

2n

q(z) == e*"p(z) = Z i@n—j)z — ZCQn SeliT for x € [0, 2m)

Jj=0
and, moreover, since fr € R,

2inxy

q(zr) =e p(z) = €™ fi, = p(ap) for all 0 < k < 2n.

Therefore, the complex trigonometric polynomial ¢ € ’T‘% is also a solution
to the interpolation problem g(xy) = €™ f;, for all 0 < k < 2n. From the
uniqueness of the interpolation by complex trigonometric polynomials we get

q = p, and so in particular
¢j=tan;  forall0<j<2n. (2.73)

The Fourier coefficients of the interpolating real trigonometric polynomial
T € TR can finally be obtained by the inversion of the complex Fourier
coefficients in (2.71). Note that the Fourier coefficients ag, ..., an, b1,...,bn
of T are real, due to (2.73). |

2.7 The Discrete Fourier Transform

In this section, we explain interpolation by trigonometric polynomials. More
specifically, we discuss the special case of N € N equidistant interpolation
points

2
xk:WWkG[OJW) for 0 <k<N-—1.

As we will show, the required Fourier coefficients can be computed efficiently.
In the following discussion, we denote the values of the target function f
by fx = f(zk), for 0 <k < N — 1. Moreover, we use the notation

wy = e2™/N for N € N. (2.74)

for the N-th root of unity.
For further preparation, we make a note of the following observation.
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Lemma 2.41. For N € N the N-th root of unity wy has the property
N—
Z E=RI =5, forall0<0,k<N-—1. (2.75)
j=0

Proof. Let 0 < £,k < N — 1 Note that for ¢ = k the statement in (2.75) is
trivial. For ¢ # k we have w k 21, so that we can use the standard identity

N-1 £—k)N i(l—
(Zk) Wz(v ) _1_62 (b—k) _ 0
wN -k T ek -
= wy  —1 wy —1
of geometric series. This already completes our proof for (2.75). |

Now we are in a position where we can already give the solution to the
posed interpolation problem at equidistant interpolation points.

Theorem 2.42. For N € N equidistant points x; = 2x¢/N € [0,27), for
0 < ¢ < N —1, and function values fx = (fo,..., fn_1)T € CN the Fourier
coefficients of the complex trigonometric interpolation polynomial p € T1§71
satisfying px = fx are given as

1
1 .
= > Sy for0<j<N-1 (2.76)
k=0

Proof. By using Lemma 2.41, we obtain the identity

%Zf Jklgawfz‘fkiz (Zk)]:fg

forall =0,...,N —1. |

p(ze)

Therefore, the linear mapping in (2.76) yields an automorphism
n:CY — Y,

which maps the data vector fx = (fo,..., fv—1)T € CV on the Fourier coef-
ficients ¢ = (co,...,cn_1)T € CV of the complex trigonometric interpolation
polynomial p € T_, satisfying px = fx. The bijective linear mapping Ay,
called discrete Fourier analysis, is represented by the matrix

1/
Ay = 7( J ) CN*N, 2.77
N “N 0<j,k<N—1 < ( )

We can characterize the inverse of Ay as follows. The linear mapping

At CV — P,
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which assigns every vector ¢ = (cg,...,cn_1)T € CV of Fourier coefficients,
for a complex trigonometric polynomial

N-1
p(z) =Y ¢l € Ty i,
§j=0

to the complex values
N—-1 N—-1 ‘
v =plzr) = cjeltr = i fork=0,...,N—1,
p J J¥N
j=0 j=0

i.e., px = fx, is called discrete Fourier synthesis. Therefore, the linear
mapping Ajvl is the inverse of Ay, being represented by the matrix

Ayt = (wih NxN, 2.
N (wN>ogj,k§N—1 €€ (2.78)

The discrete Fourier analysis and the Fourier synthesis are usually referred
to as discrete Fourier transform and discrete inverse Fourier transform. In
the following discussion, we derive an efficient method for computing the
discrete (inverse) Fourier transform. But we first give a formal introduction
for the discrete (inverse) Fourier transform.

Definition 2.43. The discrete Fourier transformation (DFT) of
z=(2(0),2(1),...,2(N-1)T eCV

is defined componentwise as
N—1 '
2) = a(k)wy’" for0<j<N-1, (2.79)
k=0

and the inverse discrete Fourier transform (IDFT) of
2= (2(0),2(1),...,2(N —1)T ec¥

is defined componentwise as
z(k) = é(j)w%C for0<k<N-—-1.

O

The discrete Fourier transform (DFT) and the inverse DFT are repre-
sented by the Fourier matrices Fiy = NAy and FJQI = AR,I/N7 ie.,
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Fy = (w;,jk c (CN><N

1 ”
ol b (w] ) e CNXN.
N N \"N Jo<jk<n-—1

Therefore, with using the notations in Definition 2.43, we have

)ogj,ng—1

2=Fyz and 2z= Fﬁlé for all z,2 € CV.
This finally leads us to the Fourier inversion formula
z:FglFNz for all z € CV.
Now let us make one simple example for further illustration.

Example 2.44. We compute the DFT 2 € C%'2 of the vector z € C>'2 with
components z(k) = 3sin(27 - 7k/512) — 4 cos(27 - 8k/512). To this end, we
regard the Fourier series (from the Fourier inversion formula)

511

whereby we obtain the unique representation of z € C*'2 in the Fourier basis
{ezmg‘k/512 ’O <j< 511}_
On the other hand, the Euler formula yields the representation

(k) = 3sin(277k/512) — 4 cos(2m8k/512)
_ 3 (e2fri7k/512 _ ef2wi7k/512) 4 (627ri8k:/512 +672wi8k/512>

2i
_ _7316%1719/512 + %EQﬂi(77+512)k/512 _ 9e2mi8k/512 _ o 2mi(—8+512)k/512
1

=5 (_3 9561 - e2™Tk/512 _ ()9 . o2mi8Kk/512

—1024 - 27i504k/512 | 3 95a; . e27ri505k/512) .
Therefore, we have
5(7) = —768i, 2(8) =—1024, 2(504) = —1024, %(505) = 768i,

and, moreover, 2(j) = 0 for all j € {0,...,511} \ {7,8,504,505}. Thereby,
the vector z € C®'2 has a sparse representation by the four non-vanishing
Fourier coefficients 2(7), £(8), £(504) and 2(505) (see Figure 2.7). O
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Fig. 2.7. Sparse representation of z(k) = 3sin(27 - 7k/512) — 4 cos(27 - 8k/512)

with amplitude spectrum |2(j)| (see Example 2.44).
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Remark 2.45. A componentwise computation of the DFT 2 (or of the
IDFT) according to Definition 2.43 requires asymptotically O(N?) steps,
namely O(N) steps for each of the N components. O

In the remainder of this section, we explain how to compute the DFT
by an efficient algorithm, termed the fast Fourier transform (FFT), de-
signed by Cooley!* and Tukey!® [16]. The Cooley-Tukey algorithm is based
on a recursion according to a common (political) principle divide et impera
(Latin for divide and conquer) of Machiavelli'® dating back to 1513.

The recursion step of the Cooley-Tukey algorithm relies on the identity

Wiy = WN,
being applied as follows.
For N=2" n>1,and 0 <j < N — 1 we have
N-1

2G) =Y 2(k)wy™
k=0
ka] + Z

I
M

k even k odd
N/2—1 N/2—1

_ Z 2(2k 2k]+ Z (2% + 1 (2k+1)
k=0
N/2—1 N/2 1

= 2(2k)wy™ + Wi 2(2k + Dwy®M.
k=0 k=0

This already yields for M = N/2 the reduction

M-1 'M—l
3(j) = 22k +wy Y 22k + DwyM
k=0 k=0
M-1 M-1
—k
= Z u(k) wN/; +wy? Z v wN/g
k=0 k=0
M—-1 M-1
= u(k)w ] +wy Z v _kj
k=0 k=0

for 7 =0,..., N — 1, where
u(k) = 2(2k) and w(k)=2z2(2k+1) for k=0,1,...,M — 1.

14 James W. CooLEY (1926-2016), US American mathematician
15 JouN WILDER TUKEY (1915-2000), US American mathematician
16 N1ccoLO DI BERNARDO DEI MACHIAVELLI (1469-1527), Florentine philosopher
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Therefore, we can, for any input vector z € C of length N = 2M, reduce
the computation of its DFT 2 to the computation of two DFTs of half length
M = N/2 each. Indeed, the DFTs of the two vectors u,v € CM yields the
DFT of z by .

£(j) = a(j) + wy’ ().

From this basic observation, we can already determine the complezity, i.e.,

the asymptotic computational costs, of the fast Fourier transform (FFT).

Theorem 2.46. For N = 2", n € N, the discrete Fourier transform of a
vector z € CN is computed by the FFT in asymptotically O(N log(N)) steps.

Proof. In the first reduction step the DFT of z € CV with length N is de-
composed into two DFTs (for u,v € CN/2) of length N/2 each. By induction,
in the m-th reduction step for the current 2™ DFTs of length N/2™, each
of these DFT can be decomposed into two DFTs of length N/2m*1. After
n = log, (V) reduction steps we have N atomic DFTs of unit length. But the
DFT for a vector z of unit length is trivial: In this case, we have 2(0) = z(0)
for z = 2(0) € C!, and so the recursion terminates. Altogether, N log,(N)
steps are performed in the recursion. |

We finally discuss one relevant application of the fast Fourier transform.
In this application, we consider solving a linear equation system of the form

Cr=0» (2.80)
efficiently, where C is a cyclic Toeplitz matriz.

Definition 2.47. A cyclic Toeplitz!” matrix has the form

Co CN—1'"" C2 (1
C1 Co - . C2
: . : NxN
C = : Cc1 e CN-—-1 - e Ccx
CN—2 - € CN-1
LCN-1CN—-2 "+ (O Co
where ¢ = (co,...,cn—1)T € CN is called the generating vector of C. (O

The following observation is quite important for our solution to (2.80).

Proposition 2.48. Let C be a cyclic Toeplitz matriz with generating vector
c € CN. Then C is diagonalized by the discrete Fourier transform Fy, so
that
FnCFy! = diag(d),
where the eigenvalues d = (dy, ..., dx_1) € CN of C are given by the discrete
Fourier transform of c, i.e.,
d= FNC.

7 Orro ToEPLITZ (1881-1940), German mathematician
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Proof. For the entries of the Toeplitz matrix C' = (Cji)o<j,k<nN—1, We have
Cjk: :c(jfk)modN fOI'OSj,kSN—l

We recall the definition of the Fourier matrices

1

and Fy' —(w]k) ,
N 0<j,k<N-—1

—jk
Py = ("),
0<j k<N -1

where wy = e2™/N For 0 < ¢ < N — 1 we let

il
w® = ~ @ osjen €CY

denote the ¢-th column of Fy ! By using the identity

w](\’;*j)l _ (w(k—j) mod N)’Z

N
we obtain
N— N-1
1 1
0) ke je (k—j)¢
(CW( ] N E C(j—k)mod N " WN _NWN C(j—k)mod N " Wn
k=0 k=0
N-1 1 N-1
j ¢ —mi 4 —ml
= ngv Cmmod N - WN T = ngv Cmwy = Ndeg7
m=0 m=0
where

dgchka/k for0</<N-1

is the /-th component of d = Fiyec.
Therefore, w® is an eigenvector of C' with eigenvalue dy, i.e.,

Cw® = dgw(e) for0</<N-1,

whereby
CFy' = Fy'diag(d)

or
FnCFy! = diag(d).

Now we finally regard the linear system (2.80) for a cyclic Toeplitz matrix
C € CNXN with generating vector ¢ € CV. By application of the discrete
Fourier transform Fy to both sides in (2.80) we get the identity

FNCFy'Fya = Fyb.
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Using Proposition 2.48 leads us to the linear system
Dy =r, (2.81)
where we let y = Fyz and r = Fnb, and where D = diag(d) for d = Fyec.

Now the matrix C' is non-singular, if and only if none of its eigenvalues in d
vanishes. In this case

T
To TN-1 N
=(—,..., eC
Y (do dN—1>

is the unique solution of the linear system (2.81). By backward transformation
with the inverse discrete Fourier transform F&l, we finally obtain the solution
of the linear system (2.80) by

T = Fﬁly.

We summarize the proposed solution for the Toeplitz system (2.80) in Al-
gorithm 3. Note that Algorithm 3 can be implemented efficiently by using the
fast Fourier transform (FFT): By Theorem 2.46 the performance of the steps
in lines 5,6 and 8 of Algorithm 3 by the (inverse) FFT costs only O(N log(N))
operations each. In this case, a total number of only O(N log(N)) operations
are required for the performance of Algorithm 3. In comparison, the solution
of a linear equation system (2.80) via Gauss elimination requiring O(N?) ope-
rations is far too expensive. But unlike in Algorithm 3, the Toeplitz structure
of the matrix C is not used in the Gauss elimination algorithm.

Algorithm 3 Solution of linear Toeplitz systems Cz = b in (2.80)

1: function TOEPLITZ-SOLUTION(c,b)

2: input: generating vector ¢ € CV of a non-singular
3: cyclic Toeplitz matrix C € CV*¥;

4 right hand side b € C¥;

5 compute DFT d = Fng;

6: compute DFT r = Fnb;

7 let y := (ro/do,...,rn—1/dn-1)";

8: compute IDFT z = Fy'y

9: output: solution z € CV of Cz = b.

10: end function
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3 Best Approximations

In this chapter, we analyze fundamental questions of approximation. To this
end, let F be a linear space, equipped with a norm || - ||. Moreover, S C F be
a non-empty subset of F. To approximate one f € F\ S by elements from S
we are interested in finding a s* € S, whose distance to f is minimal among
all elements from S. This leads us to the definition of best approzimations.

Definition 3.1. Let F be a linear space with norm ||-||. Moreover, let S C F
be a non-empty subset of F. For f € F, an element s* € S is said to be a
best approximation to f from S with respect to (F,|-|), or in short: s* is
a best approximation to f, if

Is* = f1l = int lls — fI.

Moreover,
= = inf ||s —
n=n(f,S) 811615 s = £l

is called the minimal distance between f and S. O

In the following investigations, we will first address questions concerning
the existence and uniqueness of best approximations. To this end, we develop
sufficient conditions for the linear space F and the subset S C F, under which
we can guarantee for any f € F the existence of a best approximation s* € S
for f. To guarantee the uniqueness of s*, we require strict convexity for the
norm || - |.

In the following discussion, we develop suitable sufficient and necessary
conditions to characterize best approximations. To this end, we first derive
dual characterizations for best approximations, giving conditions for the ele-
ments from the topological dual space F' of linear and continuous functionals
on F.

This is followed by direct characterizations of best approximations, where
we use directional derivatives (Gateaux derivatives) of the norm ||-||. On that
occasion, we consider computing directional derivatives of relevant norms
explicitly.

To study the material of this chapter (and for the following chapters)
we require knowledge of elementary results from optimization and functional
analysis. Therefore, we decided to explain a selection of relevant results. But
for further reading, we refer to the textbook [33].

© Springer Nature Switzerland AG 2018 61
A. Iske, Approximation Theory and Algorithms for Data Analysis, Texts
in Applied Mathematics 68, https://doi.org/10.1007/978-3-030-05228-7_3
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Before we address theoretical questions concerning the existence and
uniqueness of best approximations, we first discuss one elementary example,
which will illustrate relevant scenarios and phenomena.

Example 3.2. For F = R? let S = {z = (1,22)|2 < |z]2 < 3} C R?
be a concentric circle around the origin. Moreover, let f, = («,0) € R?, for
a € R. Now we wish to best-approzimate f, (according to Definition 3.1) by
elements from S. To do so, we first need to fix a norm on R?. To this end,
we work with three different norms on R?:

e the l-norm || - ||1, defined as ||z||1 = |z1| + |z2| for x = (21, 22);
e the Euclidean norm || - ||2, defined as ||z[|3 = |z1|* + |22|?;
e the maximum norm || - ||, defined as ||z||cc = max(|z1], |z2]).

We let S; = S;(fa) denote the set of best approximations to f, with
respect to || - || = || - ||, at minimal distances 1, = ny(fa,S), for p = 1,2, 00.
For the construction and characterization of best approximations to f, we
distinguish different cases (see Fig. 3.1).

Case (a): Suppose a > 3. In this case, we have

np:in£||s—fa||p:a—3 for p=1,2, 0,
s€

where
IIs = fallp > irel‘fs||s—fa||p:a—3 for all s € S,

i.e., there is no best approximation to f, from §, and so §; = 0.

Case (b): Suppose « € (0,2). In this case, we have

V8 —a? —«

m=m=2—-«a and Noo = 5

and, moreover, S = {(2,0)} for p = 1,2 and 8% = {(V8_§“2+“,iv8_32_“) }

Case (c): Suppose a = 0. In this case, we have
771277222 and 7700:\[2

where 57 = {(42,0), (0,£2)}, 53 = { € S |Ja/]> = 2}, S%, = {(=V3, £2)}.
Therefore, there exists, for any of the three norms || - ||,, p = 1,2, 00, a best
approximation to fy. In either case, however, the best approximations are
not unique. For || - ||z there are even uncountably many best approximations
to fo.

Case (d): For a € [2,3) we have f, € S and so S; = {fa} with 1, = 0.

For any other case, i.e., for a < 0, we can analyze the set of best approx-
imations by using one of the (symmetric) cases (a)-(d). O
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Fig. 3.1. Approximation of f, = (o, 0) € R?, for a = 4, 1,0, by elements from the
approximation set S = {x = (1,22) |2 < ||z|]2 < 3} C R? and with respect to the
norms || - ||, for p = 1,2, 00 (see Example 3.2).
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3.1 Existence

In the following discussion, the notions of compactness, completeness, and
continuity play an important role. We assume that their definitions and fur-
ther properties are familiar from analysis. Nevertheless, let us recall the con-
tinuity of functionals. Throughout this chapter, F denotes a linear space with
norm || - ||.

Definition 3.3. A functional ¢ : F — R is said to be continuous at
u € F, if for any convergent sequence (up)neny C F with limit u € F, i.e.,

lun —u|| — 0 forn — oo,

we have
o(un) — p(u)  forn — oco.

Moreover, ¢ is called continuous on F, if ¢ is continuous at every u € F.

O

Now recall that any continuous functional attains its minimum (and its
maximum) on compact sets. Any compact set is closed and bounded. The
converse, however, is only true in finite-dimensional spaces.

For the discussion in this section, we need the continuity of norms. This
requirement is already covered by the following result.

Theorem 3.4. Fvery norm is continuous.

Proof. Let F be a linear space with norm | - ||. Moreover let v € F and
(Un)nen C F be a convergent sequence in F with limit v, i.e.,

|vm —v|| — 0 for n — oo.
Now, by the triangle inequality for the norm || - ||, this implies
Nvnll = [Jo]|] < ||lon —v|| — 0 for n — o0

and therefore

lonll — |lv||  for n — oo,
ie., ||-] is continuous at v € F. Since we did not pose any further conditions
on v € F, the norm || - || is continuous on F. |

The above result allows us to prove a first elementary result concerning
the existence of best approximations.

Theorem 3.5. Let S C F be compact. Then there exists for any f € F a
best approximation s* € S to f.
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Proof. For f € F the functional ¢ : F — [0, 00), defined as
p) = lv—f] for v € F,

is continuous on F. In particular, ¢ attains its minimum on the compact set
S, i.e., there is one s* € S satisfying

p(s*) =lls" = fll <lls = fll=w(s)  forallseS.

From this result, we can further conclude as follows.

Corollary 3.6. Let F be finite-dimensional, and S C F be closed in F.
Then there exists for any f € F a best approximation s* € S to f.

Proof. For sg € S and f € F the non-empty set
So=8n{veFlllv=fll<llso—fll} S

is closed and bounded, i.e., Sy C F is compact. By Theorem 3.5 there is one
best approximation s* € Sy to f from Sy, so that

IIs* = fll < lls = fll for all s € Sp.
Moreover, for any s € S\ Sy we have the inequality
ls = fII > llso — fll = [Is* = flI,
so that altogether,
Is* = fI < lls—f  foralls€s,
ie., s* € §y C S is a best approximation to f from S. [ |

Corollary 3.7. Let S C F be a closed subset of F. If S is contained in a
finite-dimensional linear subspace R C F of F, i.e., S C R, then there exists
for any f € F a best approzimation s* € S to f.

Proof. Regard, for f € F, the finite-dimensional linear space
Ry =span{f,ri,...,rn} C F,

where {r1,...,7,} be a basis of R. Then there exists, by Corollary 3.6 a best
approximation s* € S to f € Ry, where in particular,

|s* = fll < |ls = fll for all s € S.
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The result of Corollary 3.7 holds in particular for the case R = S.

Corollary 3.8. Let S C F be a finite-dimensional subspace of F. Then there
exists for any f € F a best approximation s* € S to f. |

In the above results concerning the existence of best approximations, we
require that S C F is contained in a finite-dimensional linear space. For
the approximation in Euclidean spaces F, we can refrain from using this
restriction. To this end, the following geometric identities are of fundamental
importance.

Theorem 3.9. Let F be a Fuclidean space with inner product (-,+) and norm
|-l = (-,-)*/2. Then the parallelogram identity

v+ w|®+ [Jv — w||® = 2||v|* + 2||wl|? for allv,w e F (3.1)
holds. If F is a Euclidean space over the real numbers R, then the polarization
identity

1
(v,w) = 1 ([lv +w|* = [Jv—wl|?) for all v,w € F. (3.2)

holds. If F is a Fuclidean space over the complex numbers C, then the
polarization identity holds as

(v, w) = i (o +wl* = llv — wl|* +il|v + iw]|* — iflv — iw]?) (3.3)
for all v,w € F.
Proof. Equations (3.1),(3.2) follow directly from the identities
lvtw|? = (vEw,vtw) = (v,v)£2v,w) + (w,w) = ||Jv||> £2(v, w) + ||w|>.

Likewise, the polarization identity (3.3) can be verified by elementary calcu-
lations. ]

For the geometric interpretation of the parallelogram identity, we make the
following remark.

For any parallelogram the sum of square lengths of the four edges coincides
with the sum of the square lengths of the two diagonals (see Fig. 3.2).

For the statement in Theorem 3.9, the converse is true, according to the
theorem of Jordan' and von Neumann? [40].

Theorem 3.10. (Jordan-von Neumann theorem, 1935).

Let F be a linear space with norm || - ||, for which the parallelogram iden-
tity (3.1) holds. Then there is an inner product (-,-) on F, so that
(v,v) = ||v||? forallv e F, (3.4)

i.e., F is a Fuclidean space.

! PASCUAL JORDAN (1902-1980), German mathematician and physicist
2 JoHN VON NEUMANN (1903-1957), Hungarian-US American mathematician
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Fig. 3.2. On the geometry of the parallelogram identity (see Theorem 3.9).

Proof. Let F be a linear space over R. By using the norm || - || of 7 we define
a mapping (-, ) : F x F — R through the polarization identity (3.2), i.e., we
let
1
(v,w) := 1 (Jlv +w|* = [[v — wl|?) for v,w € F.

Obviously, we have (3.4) and so (-,-) is positive definite. Moreover, (-,-) is
obviously symmetric, so that (v, w) = (w,v) for all v,w € F.

It remains to verify the linearity
(au+ Bv,w) = a(u,w) + B(v,w) for all a, 8 € Ryu,v,w € F. (3.5)
To this end, we note the property
(—v,w) = —(v,w) for all v,w € F, (3.6)
which immediately follows from the definition of (-, -). In particular, we have
(0,w)=0 for all w € F.

Moreover, by the parallelogram identity (3.1) we obtain

(llu+wl® = flu = w]]* + [Jo + w]|* — o — w|*)

)

N =

(u, w) + (v, w)

2

—H;u+M—w

w;w+m+w

]

which, for v = 0, implies
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1
(u,w) =2 <2u,w) for all w,w € F (3.7)

and thereby the additivity
(u,w) + (v,w) = (u+v,w) for all u,v,w € F. (3.8)
From (3.7),(3.8) we obtain for m,n € N the identities
m(u,w) = (mu,w) for all u,w € F
%(u,w) = <2lnu7w) for all u,w € F
by induction on m € N and by induction on n € N, respectively.
In combination with (3.6) and (3.8) this implies the homogeneity
(au, w) = a(u,w) for all u,w e F (3.9)

for all dyadic numbers o € Q of the form
" a
a=mty op  formeZneNa {01} 1<k<n.
k=1

Since any real number @ € R can be approximated arbitrarily well by
a dyadic number, the continuity of the norm || - || implies the homogeneity
(3.9) even for all @ € R. Together with the additivity (3.8) this implies the
linearity (3.5). Therefore, (-,-) is an inner product over R.

If F is a linear space over C, then we define (-,-) : F x F — C through
the polarization identity (3.3), for which we then verify the properties of an
inner product for (-,-) in (3.2), by analogy. |

Given the above characterization of Euclidean norms by the parallelogram
identity (3.1) and the polarization identities (3.2),(3.3), approximation in
Euclidean spaces is of particular importance. From the equivalence relation
in Theorems 3.9 and 3.10, we can immediately draw the following conclusion.

Corollary 3.11. FEwvery inner product is continuous.

Proof. Let F be a Euclidean space over R with inner product (-, -). Moreover,
let (vn)nen € F and (wy,)nen C F be convergent sequences in F with limit
elements v € F and w € F. From the polarization identity (3.2) and by the
continuity of the norm || - || = (-,-)'/2, from Theorem 3.4, we have

1
(Vn, W) = 1 (”vn + me2 = [lon — wm||2>

1
s 2+l — o —wl?) = @w)  forn,m oo,

For the case where F is a Euclidean space over C, we show the continuity
of (+,) from the polarization identity (3.3), by analogy. |



3.1 Existence 69

Now we return to the question for the existence of best approximations. In
Euclidean spaces F we can rely on the parallelogram identity (3.1). Moreover,
we need the completeness of F. On this occasion, we recall the following
definition.

Definition 3.12. A complete Euclidean space is called Hilbert® space. O
Moreover, let us recall the notion of strictly convex sets.

Definition 3.13. A non-empty subset K C F is called convex, if for any
u,v € IC the straight line

[u,v] = { A u+ (1= XNv]|Xe0,1]}
between u and v lies in K, i.e., if [u,v] C K for all u,v € K.
If for any u,v € K, u # v, the open straight line
(u,v) ={du+ (1 —=Xv|Xe(0,1)}
is contained in the interior of IC, then KC is called strictly convex. O

Now we prove an important result concerning the existence of best ap-
proximations in Hilbert spaces.

Theorem 3.14. Let F be a Hilbert space with inner product (-,-) and norm
-1l = (-,-)Y2. Moreover, let S C F be a closed and convex subset of F. Then
there exists for any f € F a best approximation s* € S to f.

Proof. Let ($p)neny C S be aminimal sequence in S, i.e.,
llsn — fll — n(f,S) forn — oo

with minimal distance n = n(f,S) = infses ||s — f]|.
From the parallelogram identity (3.1) we obtain the estimate

2
Sn + Sm

Isn = smll* = 2llsn = FII* + 2llsm = fII* = 4| =

—f

< 2llsn = fI? + 2llsm — FII* — 4n*.
Therefore, for any € > 0 there is one N = N(¢) € N satisfying
I$n — smll <€ for all n,m > N,

i.e., (Sn)nen is a Cauchy® sequence in the Hilbert space F, and therefore
convergent in F. Since S is a closed set, the limit element s* lies in S, and
we have

n=lim s, = fll = [Is" = fl,
n—oo
i.e., s* € § is a best approximation to f. |

3 DavID HILBERT (1862-1943), German mathematician
* AucusTIN-Louts CAUCHY (1789-1857), French mathematician
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Remark 3.15. The required convexity for S is necessary for the result of
Theorem 3.14. In order to see this, we regard the sequence space

i lzk|? < oo} (3.10)

k=1

62 = EQ(R) = {l‘ = (xk)keN CR

consisting of all square summable sequences of real numbers. The sequence
space £2, being equipped with the inner product

o0
(z,9) = Y Ty for # = (z1)ren, ¥ = (y)hen € 2
k=1

is a Hilbert space with the £?-norm

o0

Z |z |2 for 2 = (zx)ren € 02
k=1

]|z =

Now we regard the subset

1
S= {x(k) = <1+k> ek

where e, € ¢2 is the sequence with (ex); = 0j&, for j,k € N. Note that the
elements z(*) € S are isolated in 2, and so S is closed. But S is not convex.
Now we have 7(0,S8) = 1 for the minimal distance between 0 € ¢* and S,
and, moreover,

keN}cﬁ,

[z®) — 0y > 1 for all z®) € S.

Hence there exists no 2(*) € S with unit distance to the origin.

Finally, we remark that the result of Theorem 3.14 does mot generalize
to Banach spaces. To see this, a counterexample can for instance be found
in [42, Section 5.2]. O

3.2 Uniqueness

In the following discussion, the notion of (strict) convexity for point sets,
functions, functionals and norms plays an important role. Recall the relevant
definitions for sets (see Definition 3.13) and for functions (see Definition 3.20),
as these should be familiar from analysis.

Now we note some fundamental results, where F denotes, throughout this
section, a linear space with norm || - ||. We start with a relevant example for
a convex set.
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Theorem 3.16. Let S C F be convex and f € F. Then the set
ST =8 (f,8)={s"eS|ls"—fll=infls - fll} cS

of best approzimations s* € S to f is conver.

Proof. Let s7,s5 € §* be two best approximations to f € F. Then, for any
element

sy =AsiT+(1—=XN)ss €ls],s5]CS for XA € [0, 1] (3.11)
we have
l[sX = fII = [IAsT + (1 = A)s3) = (A+ (1 = )
= AT = )+ (@ =) (s2 = Nl
S Allst = fll 4+ (1= Nlls3 = /Il
= Ang s £l 4+ (1= ) inf s — f]
= Inf |ls — f],
e, sy = Ast 4+ (1 —N)s5 € [s7, s3], for A € [0, 1], lies in S*. |
*
1
.
7
/
P
/ | *
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Fig. 3.3. S is not convex and for s* ¢ S we have ||s*—f|| < n(f,S), cf. Remark 3.17.

We continue with the following remarks concerning Theorem 3.16.

Remark 3.17. If S C F is in the situation of Theorem 3.16 not convex,
then any element s* € [s}, s5] is at least as close to f € F as s} and s} are,
ie.,

Is* = fll <n=n(fS) for all s* € [s7, s3].

Eventually, one s* € [sf, s3] could even lie closer to f than s}, s}, so that
[Is* — f|l <m, as the example in Figure 3.3 shows. O
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Remark 3.18. For a convex subset S C F, and in the case of non-unique
best approximations, we can explain the situation as follows. If there are
at least two best approximations si # s3 to f, then all s* € [s], s3] are
contained in the set of best approximations &*, and so the distance between
f and elements in [s}, s3] is constant, i.e.,

[s* = fll =n(f,8)  forall s € [s], s3]

To further illustrate this, let us make one simple example.

Example 3.19. For S = {x € R? | ||z||w < 1} and f = (2,0), the set S* of

best approximations to f from S with respect to the maximum norm || - ||oo
is given by
S*={(1,a) eR?*|ae[-1,1]} CS

with the minimal distance
n(f,8) = inf [|s = fllo = 1.

For s7,s3 € S* every element s* € [s7, s3] lies in S* (see Figure 3.4). &

1.5

0.5

-1.5

Fig. 3.4. S* = {(1,a) e R’|a € [-1,1]} is the set of best approximations to
f=1(2,0) from S = {x € R? | ||2]|cc < 1} with respect to ||-|lco (see Example 3.19).
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Next, we recall the definition for (strictly) convex functions.

Definition 3.20. A function f : [a,b] — R is called convex on an interval
[a,b] C R, if for all z,y € [a,b] the inequality

FOz+ 1 =Ny <Af(x)+ (1 —=XNf(y) for all X € [0,1]

holds; f is said to be strictly convex on [a,b], if for all z,y € [a,b], x # vy,
we have

fOz+ 1 =Ny) <Af(x)+ Q=N f(y) for all X € (0,1).
O

An important property of convex functions is described by the Jensen®

inequality [39], whereby the value of a convex function, when evaluated at a
finite convex combination of arguments, is bounded above by the correspond-
ing convex combination of functions values at these arguments.

Theorem 3.21. (Jensen inequality, 1906).
Let f : [a,b] — R be a convex function, and {x1,...,z,} C [a,b] a set of
n > 2 points. Then, the Jensen inequality

n

f Nz | <D N f(xg)  forall ;€ (0,1) with Y A =1
1 j=1

j= j=1

holds. If f is strictly convex, then equality holds, if and only if all points
coincide, i.e., x1 = ... = Xy,.

Proof. We prove the statement of Jensen’s inequality by induction on n.
Initial step: For n = 2, the statement of Jensen’s inequality is obviously true.
Induction hypothesis: Assume the statement holds for n points {x1,...,2,}.

Induction step (n — n+1): For n+ 1 points {z1,...,Zn, Tpy1} C [a,b] and

Ao A Angr € (0,1) with » X =1 = Anps

=1
we have

n+1 n
s
f Z Nz | =1 (1= A1) Z ﬁxj + At 1Tt
Jj=1 j=1 "

<@A=X)f [ D2 17#

\ zj | + A1 f(Tns1)
n+1

j=1

® JOHAN LUDWIG JENSEN (1859-1925), Danish mathematician
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by the convexity of f. By the induction hypothesis, we can further conclude
n

f Zl_ijx <Zl_ : ZM‘% (3.12)

j=1 rL+1 rL+1 rL+1

and thus, altogether,

n+1 n+1

DAy | DN (). (3.13)

If f is strictly convex, then equality holds in (3.12) only for z; = ... =,
(by induction hypothesis), and, moreover, equality in (3.13) holds only for

J
T = —x,,
n+1 Z; 1_ )\n+1 J
]_
thus altogether only for 1 = ... =z, = z,,41. [ |

Next, we introduce the convexity for functionals.

Definition 3.22. A functional ¢ : F — R is said to be convex on F, if
for all u,v € F the inequality

e(Au+ (1 = M) < Ap(u) + (1 — A)p(v) for all X € [0,1] (3.14)
holds. O

Remark 3.23. Every norm |- || : F — [0, 00) is a convex functional on F.
Indeed, for any u,v € F we find the inequality

A+ (1= Nol| < Ml + (1= No]  forall A€ [0,1] (3.15)

due to the triangle inequality and the homogeneity of || -||. Moreover, equality
n (3.15) holds for all pairs of linearly dependent elements w,v € F with
u = aw for positive scalar a > 0, i.e., we have

[[Aav + (1 — X)v|| = Aav]] + (1 = A)||v]] for all A € [0,1] (3.16)
by the homogeneity of | - ||. O
We introduce the notion of a strictly convex norm classically as follows.

Definition 3.24. A norm || - || is called strictly convex on F, if the unit
ball B = {u € F|||lu|]| £ 1} C F s strictly convex. O

As we will show, not every norm is strictly convex. But before we do
so, our ”classical” introduction for strictly convex norms in Definition 3.24
deserves a comment.



3.2 Uniqueness 75

Remark 3.25. Had we introduced the strict convexity of ¢ : F — R in
Definition 3.22 in a straightforward manner through the inequality

o(Au+ (1= X)v) < Ap(u) + (1 — A)e(v) for all A € (0,1), (3.17)

then no norm would be strictly convex in this particular sense! This important
observation is verified by the counterexample in (3.16). O

When working with strictly convex norms | - || (according to Defini-
tion 3.24), we can exclude non-uniqueness of best approximations, if S C F
is convex. To explain this, we need to further analyze strictly convex norms.
To this end, we first prove the following useful characterization.

Theorem 3.26. Let F be a linear space with norm || -||. Then the following
statements are equivalent.

(a) The norm || - || is strictly convez.

(b) The unit ball B={u € F|||u|| <1} C F is strictly convez.

(c) The inequality ||u + v|| < 2 holds for all u # v, with ||u]| = |jv] = 1.

(d) The equality ||u+ v = ||u|| +||[v||, v # 0, implies u = av for some a > 0.

Proof. Note that the equivalence (a) < (b) holds by Definition 3.24.

(b) = (c): The strict convexity of B implies ||(u + v)/2|| < 1 for u # v with
[lu]| = |jv]| = 1, and so in this case we have ||u + v|| < 2.

(¢) = (d): For u = 0 statement (d) holds with o = 0. Now suppose u,v €
F\ {0} satisfy ||ju + v|]| = |Ju|l + ||v||. Without loss of generality, we may
assume ||ul| < ||v|| (otherwise we swap u and v). In this case, in the sequence
of inequalities

= Tl ™ o HUII [ [l o]l
u v v v lw + v]| 1 1
>\|+\ \‘\: |7~ ol M
ul [l lall [l il lull o]

_ el ol (1 1 )II =2
[[ul lall vl

equality holds everywhere, in particular

From (c) we can conclude u/||u|| = v/||v|| and therefore

u + v
[l ol

U= Qv for o = I ||>0

(d) = (b): Suppose u,v € B, u # v, i.e., ||ul| <1 and |jv]| < 1. Then we find
for any A € (0, 1) the inequality
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[Au+ (1 = Mol < Alull + (1 = Mol <1,
provided that ||u|| < 1 or |[v|| < 1. Otherwise, i.e., if ||u|]| = ||v|| = 1, we have
[Aull +[[(1 = Xol = Ajuf + (1 = Mflo]f =1 for A € (0,1).

If ||Au+ (1 — A)v|| = 1, then we have Au = (1 — A)v for one o > 0 from (d).
Therefore, we have u = v, since ||u|| = ||v||. This, however, is in contradiction
to the assumption u # v. Therefore, we have, also for this case,

A+ (1—Xv| <1 for all A € (0,1).
|

Next, we make explicit examples of strictly convex norms. A first simple
example is the absolute value | - |, taken as a norm on R.

Remark 3.27. The absolute value |-| is a strictly convex norm on R. Indeed,

in the equivalence (c) of Theorem 3.26 we can only use the two points u = —1
and v = 1, where we have |u + v| = 0 < 2. But note that the absolute value,
when regarded as a function |- | : R — R is not strictly convex on R. ]

Further examples are Euclidean norms.

Theorem 3.28. FEvery Fuclidean norm is strictly convex.

Proof. Let F be a linear space with Euclidean norm | - || = (-,-)"/2. By
Theorem 3.9, the parallelogram inequality (3.1) holds in F, and so
2 a2 2 2
U;U u2v :||u2|| —|-HU2” for all u,v € F.
For u,v € F, u # v, with ||u|| = ||v|| we thus have
2
u—+v 9 9
< =
5 [[ull® = [l
or, ||lu+v|| <2 for ||ul]| = |v|| = 1.
By statement (c) in Theorem 3.26, we see that || - || is strictly convex. B

Next, we regard the linear space of all bounded sequences,

> = éoo(R) = {I = (zk)keN CcCR

sup | < oo},
keN

equipped with the £°°-norm

|z|loo := sup |xg| for z = (xg)pen € £°.
keN
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Moreover, we regard for 1 < p < oo the linear subspaces

Z |zk|? < oo} c e, (3.18)

P =(P(R) = {33 = (xr)keny CR
k=1

equipped with the /P-norm

[} 1/p
]l == (Z Il‘klp> for z = (zx)ren € €.
k=1

To further analyze the ¢P-norms we prove the HélderS inequality.

Theorem 3.29. (Holder inequality, 1889).
Let 1 < p,q < oo satisfy 1/p+1/q = 1. Then, the Hélder inequality

lzylly < [lzllpllylly — for allz € 7,y € 49, (3.19)
holds with equality in (3.19), if and only if either x =0 or y =0 or

1 Kl
|zg|P™ = alyg|  with a = P
1yllq

>0 fory #£0. (3.20)

Proof. For 1 < p,q < oo with 1/p+1/q¢=1let

r = (rr)keny € P and Yy = (yr)ren € 1.

For z = 0 or y = 0 the Holder inequality (3.19) is trivial. Now suppose
x,y # 0. Then, we find for k£ € N the estimate

1 P a 1 P 1 q

pllzly  qllylla P lzll>/ q llyllg
by the Jensen inequality, Theorem 3.21, here applied to the strictly convex
function —log : (0,00) — R. This yields the Young” inequality

1P\ /P g\ l/a 1 I | q
B _<|xk) (|yk|> o Llal” Ly (3.22)

Izllpllylly — \ Mz lylla )~ pllzlz  qllylla’

Moreover, by Theorem 3.21, we have equality in (3.21), and therefore equality
in (3.22), if and only if
[zk” [kl
=l Nyl

By ¢ =p/(p — 1) we see that (3.23) is equivalent to

(3.23)

5 HOLDER, OTTO (1859-1937), German mathematician
T WiLLIAM HENRY YOUNG (1863-1942), English mathematician
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1/(p—1)

2l \llyllg

Therefore, we have equality in (3.22), if and only if (3.20) holds. Summing
up both sides in the Young inequality (3.22) over k, we find

7RI LlzeP |~ Llyel? 11
Z” Z* R 7= t,=b

ololvly = 2= lelE 2= q ]

and this already proves the Holder inequality (3.19), with equality, if and
only if (3.20) holds for all £ € N. |

Now we can show the strict convexity of the /P-norms, for 1 < p < oc.
Theorem 3.30. For 1 <p < oo, the {P-norm || - ||, on P is strictly convex.

Proof. For 1 < p < o0, let 1 < ¢ < oo be the conjugate Holder exponent of p
satisfying 1/p+1/q = 1.
For
= (v)ren and Y= (Y)ken € £,

where = # y and ||z||, = ||y|l, = 1, we wish to prove the inequality
Iz +yll, <2, (3.25)

in which case the norm || - ||, would be strictly convex by the equivalence
statement (c) in Theorem 3.26.

For si, := |2k + yk[P~! and s := (sg)ken € €7 we have

oo
lz +yl5 = >l + yllsl

k=1
o0

< > (awllskl + lywllsxl) (3.26)
k=1

< lzllpllsllg + lyllplisllq: (3.27)

where we applied the Hélder inequality (3.19) in (3.27) twice.
By p= (p — 1)q, we have

B
q

[e'e) 1/q %) %
lIsllq = (Z £ +yk|(p1)q> = <Z ok + ykp> = [z +ylp™
k=1

k=1
and this implies, in combination with (3.27), the Minkowski® inequality

8 HERMANN MINKOWSKI (1864-1909), German mathematician and physicist
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lz+ylly < llzll, +lyll, — forallz,ye ¢,

in particular,
[z +yll, <2 for [|lz[l, = [lyll, = 1.
If ||z +y||, = 2 for ||z||, = |ly||, = 1, then we have equality in both (3.26)
and (3.27). But equality in (3.27) is by (3.20) equivalent to the two conditions
1

Isllq”

lzp Pt = alsp] and  |yrlP! = alsk with a =

which implies
|zk] = |yl for all k € N.

In this case, we have equality in (3.26), if and only if sgn(zx) = sgn(y), for
all k € N, i.e., equality in (3.26) and (3.27) implies z = y.

Therefore, the inequality (3.25) holds for all z # y with ||z|, = ||ly|l, = 1.
|

Remark 3.31. Theorem 3.30 can be generalized to LP-norms,

1/p
nmu:(/|mmwm> for u € L7,
R4

for 1 < p < oo, where L? = LP(RY) is the linear space of all functions
whose p-th power is Lebesgue® integrable. Indeed, in this case (in analogy to
Theorem 3.29) the Hélder inequality

[luv]lr < |lullpllv]lq for all w € LP,v € LY

holds for 1 < p,q < oo satisfying 1/p+ 1/¢ = 1. This implies (as in the proof
of Theorem 3.30) the Minkowski inequality

lutolly < lfully + [0, for all u,v e L?,

where for 1 < p < co we have equality, if and only if u = av for some o > 0
(see [35, Theorem 12.6]). Therefore, the LP-norm || - ||, forr 1 < p < oo, is
by equivalence statement (d) in Theorem 3.26 strictly convex. ]

We can conclude our statement from Remark 3.31 as follows.

Theorem 3.32. For 1l < p < oo, the LP-norm ||- ||, on L? is strictly convex.
O

But there are norms that are not strictly convex. Here are two examples.

9 HENRI LEON LEBESGUE (1875-1941), French mathematician
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Example 3.33. The ¢*-norm || - [|; on ¢! in (3.18), defined as
2l = |kl for x = (zx)ken € ',
k=1

is not strictly convex, since the unit ball B; = {z € ¢! ||jz|; <1} C ¢! is not
strictly convex. Indeed, for any pair of two unit vectors e;, ey, € €%, j # k, we
have |le;|l1 = |lex]l1 =1 and

IAe; + (1 —=Negli=A+(1-N) =1 for all A € (0,1).

Thus, by Theorem 3.26, statement (b), the /-norm ||-|; is not strictly convex.
Likewise, we show that for the linear space £>° of all bounded sequences
the £*°-norm || - || oo, defined as

]l = suplax|  for z = (x)ren € £,
keN

is not strictly convex. This is because for any e; € ¢, k € N, and the
constant sequence 1 = (1)gen € €°°, we have |leg|lco = ||1]|cc = 1 and

e + (1 =M1l =1 for all A € (0,1).

¢
Example 3.34. For the linear space %([0,1]?) of all continuous functions
on the unit cube [0, 1]¢ C R%, the maximum norm || - ||, defined as
o = for u € €([0,1]%),
[l  ax |u(z)] or u € ¢([0,1]9)

is not strictly convex. To see this we take a continuous function u; € %([0,1]%)
satisfying ||u1]|ooc = 1 and another continuous function uy € %([0,1]) satis-
fying |luz||eo = 1, so that |u;| and |ug| attain their maximum on [0, 1]¢ at one
point z* € [0, 1], respectively, i.e.,

[ur]loo = max |ui(2)] = [ur(27)] = |uz(e”)] = max [us(z)] = [Juzllec = 1.

z€[0,1]4 z€[0,1]¢
This then implies for uy = Aug + (1 — Nug € (ug,us), with A € (0, 1),
[ux(@)] < Aug ()] + (1 = A)]ue(x)] <1 for all z € [0, 1]¢

where equality holds for x = a*, whereby ||uy||s = 1 for all A € (0,1).
In this case, the unit ball B = {u € €([0,1]%) | ||ul/cc < 1} is not strictly
convex, i.e., || - || is not strictly convex by statement (b) in Theorem 3.26.
To make an explicit example for the required functions u; and us, we take

the geometric mean u, € €([0,1]) and the arithmetic mean u, € €([0,1]%),
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ug(z) = Yx1 ... T < w = uq(2),
for x = (21,...,24) € [0,1]%. Obviously, we have |[ug| s = ||talloc = 1, where
ug and u, attain their unique maximum on [0,1]% at 1 = (1,...,1) € [0, 1]¢.

Now we consider the Euclidean space R?, for d € N, as a linear subspace of
the sequence space P, 1 < p < 0o, via the canonical embedding i : R? < ¢,

= (z1,...,29)T € RY— i(z) = (z1,...,24,0,...,0,...) € £P.

This allows us to formulate the following statements concerning the strict
convexity of the P-norms || - ||, on R%.

Corollary 3.35. For the (P-norms || - ||, on RY, defined as

d

ol =D laal for 1< p oo and el = s, o

the following statements are true.

(a) For 1< p < oo, the P-norms || - ||, are strictly convex on R%,
(b) For d > 1, the {*-norm || - ||1 is not strictly convex on R%.
(¢c) For d > 1, the {*-norm || - ||« is not strictly convex on R<. |

Remark 3.36. In statements (b), (c) of Corollary 3.35, we excluded the case
d = 1, since in this univariate setting the norms || - [|; and || - || coincide
with the strictly convex norm |- | on R (see Remark 3.27). O

Now we formulate the main result of this section.

Theorem 3.37. Let F be a linear space, equipped with a strictly convex norm
Il - |l. Moreover, assume S C F is conver and f € F. If there exists a best
approximation s* € S to f, then s* is unique.

Proof. Suppose si,s5 € S are two different best approximations to f from
S, ie., s7 # s5. Then we have

*_ = *_ =1 f —
lsi = fll = lls3 = fll = inf [|ls = 1
which, in combination with the strict convexity of the norm || - ||, implies
51 —|— 55

: <llsi=fl=lss = £l (328)

1=

f)+(5§—f)H

Due to the assumed convexity for S, the element s* = (s} + s3)/2 lies in S.
Moreover, s* is closer to f than s and s3, by (3.28). But this is in contra-
diction to the optimality of s] and s3. |
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We remark that the strict convexity of the norm ||-|| gives, in combination
with the convexity of S C F, only a sufficient condition for the uniqueness
of the best approximation. Now we show that this condition is not necessary.
To this end, we make a simple example.

Example 3.38. We regard the maximum norm |- ||« on F = R2. Moreover,
we let f=(0,1) € R? and S = {(a, @) | € R} C R?. Then, s* = (3,1) €S
is the unique best approximation to f from S with respect to || - ||, although
| |loo is mot stricty convex (see Figure 3.5). O

0.5

-0.5

-1.5

Fig. 3.5. s* = (3,3) € S = {(o,a) |a € R} is the unique best approximation to
f=1(0,1) wr.t. || - |Joo, although || - ||ec is mot strictly convex (see Example 3.38).

We finally summarize our discussion concerning the uniqueness of best ap-
proximations, where we note three immediate conclusions from Theorem 3.37.

Corollary 3.39. Let F be a FEuclidean space and S C F be convex. Then
there is for any f € F at most one best approrimation s* € S to f. |

Corollary 3.40. Let S C L be convex for 1 < p < oco. Then there is for
any f € LP at most one best approzimation s* € S to f w.r.t. | |- [

Corollary 3.41. Let S C {P be convex for 1 < p < co. Then there is for any
f € 4P at most one best approzimation s* € S to f w.r.t. |- |p. |
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We finally formulate an important result concerning the approximation
of continuous functions from €[—1, 1] by approximation spaces S C ¢[—1, 1]
that are invariant under reflections of the argument (in short: reflection-
invariant), i.e., for any s(z) € S the function s(—x) lies also in S. For exam-
ple, the linear space P, of all algebraic polynomials of degree at most n € Ny
is reflection-invariant. For the following observation, the uniqueness of the
best approximation plays an important role.

Proposition 3.42. Let f € €[—1,1] be an even function and, moreover, let
S C €[-1,1] be a reflection-invariant subset of €[—1,1]. If there exists a
unique best approzimation sy € S to f with respect to the LP-norm || - ||, for
1 <p < oo, then s, to f is an even function.

Proof. Let f € ¥[—1,1] be an even function, i.e., f(z) = f(—z) for all
€ [-1,1]. Moreover, let s* € S be the unique best approximation to f with

P
respect to [ - ||, for 1 < p < oo. We regard the reflected function r, for s,
defined as
r,(z) = s,(—z) for z € [-1,1].
By our assumption we have r in S.
Case p = oo: For the distance between 77 and f with respect to || - ||co,
Ir% = flleo = max |ri (z) = f(z)| = max |ri (—z)— f(-z)]
ze[—1,1] z€[—1,1]
= max |[s5,(z) — f(2)] = [[s% = flloo = 100 (f, S),
ze[—1,1]
we obtain the minimal distance between f and S with respect to | - ||co,

ie., ri, € § is the best approximation to f. Now the uniqueness of the best
approximation implies our statement s (z) = r% (), or, si (z) = s (—x)
for all z € [-1,1], i.e., 8%, is an even function on [—1,1].

Case 1 < p < co: In this case, we regard the distance between r; and f
in the LP-Norm,

1 1
Iy = £ = [ @) = s@pds = [ lrje) = f(-a)rae
1
= / |sp(@) = f(@)[Pde = ||s;, = fI} = m, (£, S),

-1

whereby we get the minimal distance n,(f,S) between f and S with respect
to || - ||p. Again, by the uniqueness of the best approximation we obtain the
stated result by

sp(z) =rp(z) = s,(—7) for all z € [-1,1].
|

For an alternative proof of Proposition 3.42, we refer to Exercise 3.74.
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3.3 Dual Characterization

In this section and in the following section, we develop necessary and suf-
ficient conditions to characterize best approximations. We begin with dual
characterizations. To this end, let F be a normed linear space. We introduce
the topological dual, or, the dual space of F as usual by

F={p:F—R ‘ ¢ linear and continuous} .

The elements from the linear space F’ are called dual functionals. On
this occasion, we recall the notions of linearity, continuity and boundedness
of functionals. We start with linearity.

Definition 3.43. A functional ¢ : F — R is called 1inear on F, if

o(au + Bv) = ap(u) + Be(v) for allu,v € F and all a, B € R.

O

We had introduced continuity already in Definition 3.3. Next, we turn
to the boundedness of functionals. In the following discussion, F denotes a
linear space with norm || - ||.

Definition 3.44. A functional ¢ : F — R is said to be bounded on F, if
there exists a constant C = C, > 0 satisfying

lo(w)] < Clull for allu € F. (3.29)
We call such a constant C' upper bound for ¢. O

Now we can introduce a norm for the dual space F’, by using the norm
| - || of F. To this end, we take for any functional ¢ € F’ the smallest upper
bound C' = C, in (3.29). To be more precise on this, we define by

|o(u)]

lell = sup = sup |p(u)
uEF ||UH uEF
u£0 lul=1
a mapping || - || : F* — R. As it can be verified by elementary calculations,

Il - |l is a norm on F’, according to Definition 1.1. In other words, the dual
space F' is a linear space with norm || - ||.

The following result for linear functionals is quite important.

Theorem 3.45. For a linear functional ¢ : F — R, the following state-
ments are equivalent.

(a) ¢ is continuous at one ug € F.
(b) @ is continuous on F.
(¢) ¢ is bounded on F.
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Proof. (a) = (b): Let ¢ be continuous at ug € F, and, moreover, let (u,)nen
be a convergent sequence in F with limit v € F. Then we have

p(un) = @(un—utuo)+p(u—uo) — (uo)+p(u—uo) = p(u) for n — oo.
Therefore, ¢ is continuous at every u € F, i.e., ¢ is continuous on F.
The implication (b) = (a) is trivial, so the equivalence (a) < (b) is shown.

(¢) = (b): Let ¢ be bounded on F, i.e., we have (3.29) for some C > 0. This
implies p(u,) — 0, n — oo, for every zero sequence (uy,)pen in F, and so
¢ is continuous at zero. By the equivalence (a) < (b) is ¢ continuous on F.

(b) = (¢): Let ¢ be continuous on F. Suppose ¢ is not bounded on F. Then,
there is a sequence (u,)nen in F satisfying

lunl| =1 and |e(ug)| >n for all n € N,

since otherwise there would exist an upper bound N € N for ¢ (i.e., ¢ would
be bounded). In this case, the sequence (v, )nen, defined as

Uy = forn € N,
o (un)|
is a zero sequence in F by
1
lop]| = ——— — 0 for n — oo,
oo (un)|

and so, by continuity of ¢, we have
o(vp) — ©(0) =0  for n — oo.
But this is in contradiction to |¢(v,)| =1 for all n € N. [

Now we are in a position where we can formulate a sufficient condition
for the dual characterization of best approximations.

Theorem 3.46. Let S C F be a non-empty subset of F. Moreover, let f € F
and s* € S. Suppose that ¢ € F' is a dual functional satisfying the following
properties.

(a) [lel =1.
(b) (s = f)=|s"— flI.
(c) p(s —s*) >0 forall s €S.

Then s* is a best approzimation to f.

Proof. For s € S, we have ¢(s — f) < ||s — f]|, due to (a). Moreover, we have

Is = fll > @(s = f) = o(s = s") + o(s" = f) > ||s* ~ f|

by (b) and (c). Therefore, s* is a best approximation to f. [
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Note that the above characterization in Theorem 3.46 only requires S to
be non-empty. However, if we assume & C F to be convex, then we can show
that the sufficient condition in Theorem 3.46 is also necessary. To this end, we
need the following separation theorem for convex sets, which can be viewed
as a geometric implication from the well-known Hahn!'?-Banach'' theorem
(see [33, Section 16.1]) which was proven by Mazur'? in [3].

Theorem 3.47. (Banach-Mazur separation theorem, 1933).

Let K1,y C F be two non-empty, disjoint and conver subsets in a normed
linear space F. Moreover, suppose K1 is an open set. Then there exists a
separating functional o € F' for K1 and Ko, i.e., we have

o(ur) < (uz) for all uy € Ky, us € Ko.
0

On the Banach-Mazur separation theorem, we can formulate a sufficient
and necessary condition for the dual characterization of best approximations.

Theorem 3.48. Let S C F be a convex set in F. Moreover, suppose f €
F\S. Then, s* € S is a best approximation to f, if and only if there exists
a dual functional p € F' satisfying the following properties.

(a) lloll = 1.
(b) o(s* = f) = lls" = [l
(c) (s —s*) >0 forallseS.

Proof. Note that the sufficiency of the statement is covered by Theorem 3.46.

To prove the necessity, suppose that s* € S is a best approximation to f.
Regard the open ball

By(f) ={ue Flllu—fl <ls*=flI} € F

around f with radius n = [|s* — f]|. Note that for 1 = B, (f) and Ko = S
the assumptions of the Banach-Mazur separation theorem, Theorem 3.47, are
satisfied. Therefore, there is a separating functional ¢ € F’' with

p(u) < p(s) for all u € B,(f) and s € S. (3.30)

Now let (un)nen C By(f) be a convergent sequence with limit element s*,
ie., u, — s* for n — oco. By the continuity of ¢, this implies

P(un) — ¢(s7) = inf o(s),
seS
10 HANS HAHN (1879-1934), Austrian mathematician and philosopher

' STEFAN BANACH (1892-1945), Polish mathematician
12 SraNisEaw MAzUR (1905-1981), Polish mathematician
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ie., p(s*) < p(s) for all s € S, and so ¢ has property (c).

To show properties (a) and (b), let v € F with ||v|| < 1. Then, u = nv+ f
lies in B, (f). With (3.30) and by the linearity of ¢, we have

o) = (=lr) <o (=)

loll = sup o) < (22

This implies

o<1 il
and, moreover, by using the continuity of ¢ once more, we have
(™= f) . "
lell = = = p(s* = 1) =llel-lls* = £l
If we finally normalize the length of ¢ # 0, by scaling ¢ to unit norm, i.e.,
||l = 1, then ¢ satisfies properties (a) and (b). [ |

3.4 Direct Characterization

In this section, we develop necessary and sufficient conditions for the mini-
mization of convex functionals. We then apply these conditions to norms to
obtain useful characterizations for best approximations. To this end, we work
with Gateauz'® derivatives to compute directional derivatives for relevant
norms. In the following discussion, F denotes a linear space.

Definition 3.49. For a functional ¢ : F — R,
1
’ R TN .
o (u,v) = }Ll{‘% . (p(u+ hv) — @(u)) foru,ve F (3.31)

is said to be the Gateaux derivative of ¢ at u in direction v, provided that
the limit on the right hand side in (3.31) exists. O

For conver functionals ¢ : F — R we can show that the limit on the
right hand side in (3.31) exists.

Theorem 3.50. Let ¢ : F — R be a convex functional. Then, the Gdteaux
derivative ¢, (u,v) exists for all u,v € F. Moreover, the inequality

—¢ (u, —v) < ¢ (u,v) for allu,v € F

holds.

13 RENE GATEAUX (1889-1914), French mathematician



88 3 Best Approximations

Proof. Let ¢ : F —> R be a convex functional. We show that for any u,v € F
the difference quotient D, ,, : (0,00) — R, defined as

Duu(h) = % (o(u+hv) —p(w)  for b >0, (3.32)

is a monotonically increasing function in h > 0, which, moreover, is bounded
below. To verify the monotonicity, we regard the convex combination
ho — hq hy

u~+ —(u+ hov) for ho > h1 > 0.
ho ho

u+ hiv =

The convexity of ¢ then implies the inequality

ha — hy

o(u+ hiv) <
ha

h
() + 370 (u+ hyv)
2
and, after elementary calculations, the monotonicity

Du(hy) = h%(so(u + hyv) — p(u)) < ,L%(sa(u + hov) — (u) = Dy olho).

If we now form the convex combination

ha
u =
hi + ho

hi
hi =+ he

(U — hlv) + (u + hQ’U) for ]’Ll, ho > 0,

we obtain, by using the convexity of ¢, the inequality

(u — hyv) +

2 hl
< h
plu) < hi + hs 14 h1 + ho P+ hov)

and, after elementary calculations, we obtain the estimate

=Dimalln) = - (p(u = o) = o(u)
< h%(so(u +hov) = p(w) = Dyn(ha).  (3.33)

This implies that the monotonically increasing difference quotient D, , is
bounded from below for all u,v € F. In particular, D,, _, is a monotoni-
cally increasing function that is bounded from below. Therefore, the Gateaux
derivatives ¢’ (u,v) and ¢/, (u, —v) exist. By (3.33), we finally have

1

=5 (plu —hv) —p(u)) < —¢ (u, —v) < ¢l (u,0) < = (p(u+hv) = p(u))

==

for all h > 0, as stated. |

Now we note a few elementary properties of the Gateaux derivative.
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Theorem 3.51. Let ¢ : F — R be a convex functional. Then the Gateaux
derivative ', of ¢ has for all u,v,w € F the following properties.

(a) ¢\ (u,av) = a!, (u,v) for all a« > 0.

(b) ¢ (u,v +w) < @l (u,0) + ¢ (u,w).

(c) ¢ (u,-) : F — R is a convex functional.
(

Proof. (a): The case o = 0 is trivial. For o > 0 we have

#y(u,av) = fim 3 ((u + hav) — p(w)

. 1 _ 12
o Jim 7= (plu+ hav) = p(w)) = agy (u,v).

(b): The representation
1 1
u+h(v+w)= i(u + 2hv) + i(u + 2hw),
in combination with the convexity of ¢, implies
1
/ I - _
i (u, v+ w) = Jim o (p(u+ h(v + w)) = p(u)

1/1 1
< lim — | = 2 = 2 -
< Jim (2@(u+ hv) + 2<p(u+ hw) go(u))

= lim o (p(u+ 2h) — p(u)) + Jim - (p(u+ 2hu) — (w)
= ¢ (u,v) + ¢, (u, w).
(c): For u € F, the Gateaux derivative ¢/, (u,-) : F — R is convex, since
¢ (u, Ao+ (1= Mw) < ¢ (u, Av) + @ (u, (1 = Mw)
= A (u,0) + (1 = Ay (u, w)
holds for all A € [0, 1], by using properties (a) and (b). |

Remark 3.52. By the properties (a) and (b) in Theorem 3.51, we call the
functional ¢’ (u,-) : F — R sublinear. We can show that the sublinearity of
¢’ (u,-), for all w € F, in combination with the inequality

@l (u,v —u) < p(v) — @(u) for all u,v € F,
implies the convexity of ¢. To see this, we refer to Exercise 3.80. g

Now we show further elementary properties of the Gateaux derivative.
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Theorem 3.53. Let ¢ : F — R be a continuous functional. Suppose that
for u,v € F the Gateauz derivative ', (u,v) exists. Moreover, suppose that
F :R — R has a continuous derivative, i.e., F € €1 (R). Then the Gdteauz
derivative (F o @), (u,v) of the composition F oy : F — R exists at u in
direction v, and, moreover, the chain rule

(Fow), (u,0) = F'(p(u)) - ¢y (u,0) (3.34)
holds.
Proof. For z := ¢(u) and xp, := p(u + hv), for h > 0, we let

F(Z‘h) — F(Jf)
G(zp) = Th —

F'(z) for z, = x.

for xj, # x,

By the continuity of ¢ we have x;, — x for h N\, 0. Since F € €*(R) this
implies

P/(@) = lim Glar) = lim Gle(u+ hv)) = F'(p(w)

Trp—x
Moreover, we have
F(zp) — F(x) = G(xp)(zn — ) for all A > 0.

This finally implies

(Fop) (uv) = Jimy % (Fp(u + hv)) = Fp(u)))

— K% % (F(zp) — F(z))

. 1
= Jim G(zn) - lim 2 (zn — )
. .1
= Jim G(p(u+ hv)) - Jim, (p(u+ hv) —p(u))
= F'(p(u)) - ¢y (u,0),
proving both the existence of (F o ¢)’, (u,v) and the chain rule in (3.34). W

We now formulate a fundamental sufficient and necessary condition for
the characterization of minima for convex functionals.

Theorem 3.54. Let ¢ : F — R be a convexr functional. Moreover, let
K C F be convex and ug € K. Then the following statements are equivalent.

(a) ¢(uo) = infuex p(u).
(b) ¢y (ug,u —ug) >0 for all u € K.
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Proof. (b) = (a): Suppose ¢', (ug, u—ug) > 0 for u € K. Then we have, due to
the monotonicity of the difference quotient Dy, y—y, in (3.32), in particular
for h =1,

0 < ¢y (w0, u — uo) < @(uo + (u —uo)) — ¢(uo) = (u) — p(uo)
and thus ¢(u) > ¢(uo).
(a) = (b): Suppose p(uo) = infycx (1),
Then for v € K and small enough h > 0 the inequality

(o + b — o) — (o) > 0

holds, since, due to convexity of K, we have
uo 4+ h(u —ug) = hu+ (1 —h)ug € K for all h € (0,1).

This finally implies
.1
@ (uo, u — ug) = }{1{‘% E(@(Uo + h(u —ug)) — ¢(uo)) > 0.

Now we wish to use the conditions from Theorem 3.54 to derive direct
characterizations of best approximations to f € F. To this end, we regard
the distance functional ¢y : 7 — R, defined as

o) =|v— £l for v € F.

Note that the distance functional ¢y is, as a composition between two
continuous functionals, namely the translation about f and the norm || ||, a
continuous functional. Moreover, s : F — R is convex. Indeed, for A € [0, 1]
and v1,vy € F we have

wr(Avr + (1 = XN)vg)
= [[Avr + (1 = Moz = fll = [[AMvr = ) + (1 = A)(v2 = f)]
< Ao = fIF 4+ (1= Nlve = fll = Apg(v) + (1 = A)pg(v2).
Therefore, ¢ has a Gateaux derivative, for which the chain rule (3.34) holds.
Now the direct characterization from Theorem 3.54 can be applied to the
distance functional ¢¢. This leads us to a corresponding equivalence, which
is referred to as Kolmogorov'* criterion.

For the Gateaux derivative of the norm ¢ = || - || : F — R we will
henceforth use the notation

Iy (u,v) == ¢! (u,v) for u,v € F.

14 ANDREY NIKOLAEVICH KOLMOGOROV (1903-1987), Russian mathematician
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Corollary 3.55. (Kolmogorov criterion).
For f € F, S C F convez, and s* € S the following statements are equivalent.

(a) s* is a best approximation to f.
) I'.(s* — f,s—s*) >0 forall s €S.

Proof. Using p(u) = ||lu — f|| in Theorem 3.54, we see that s* € S is a best
approximation to f, if and only if

ol (s s —s7) = Jimy %(w(S* +h(s —5%)) —p(s7))

= Jimy 5 (lls™ + hls —s7) = fll = lIs™ = f1I)

1
Jim, 7 Uls™ = F+h(s =T = lIs™ = f1)

I (s = fis—s") >0 for all s € S.

Remark 3.56. For proving the implication (b) = (a) in Theorem 3.54 we
did not use the convexity of K. Therefore, we can specialize the equivalence
in Corollary 3.55 to establish the implication

| (s* = f,s—s*)>0forallse S = s"is best approximation to f
for subsets S C F that are not necessarily convex. |

Now we use the Gateaux derivative to prove a characterization concerning
the uniqueness of best approximations. To this end, we introduce a sufficient
condition, which will be more restrictive than that of (plain) uniqueness.

Definition 3.57. Let F be a linear space with norm ||-||, S C F be a subset
of F, and f € F. Then s* € S is said to be the strongly unique best
approximation to f, if there is a constant a > 0 satisfying

s = fll = lls" = Fll =z els = 57 foralls €S.

O

Relying on our previous investigations (especially on Theorem 3.54 and
Corollary 3.55), we can characterize the strong uniqueness of best approxi-
mations for convex subsets & C F directly as follows.

Theorem 3.58. Let F be a linear space with norm ||-|| and S C F be convex.
Moreover, suppose f € F. Then the following statements are equivalent.

a) §° &€ 1S 1& e 51&7()” y unlque €S app rrmation .
S h gl D t TO. t 0 1&()
ere 18 one o > Salsy’m,g S — ,S_S al||ls—Ss all s € .
D Th 7 o] () 1 > o7 ll S
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Proof. Suppose f € F and s* € S. For f € F we regard the convex distance
functional ¢ : § — [0, 00), defined as p(s) = ||s — f]| for s € S. Now any
element in S\ {s*} can be written as a convex combination of the form

s*+h(s—s")=hs+(1—h)s" €S with s € S\ {s*} and 1 > h > 0.
Thereby, we can formulate the strong uniqueness of s*, for some « > 0, as

11
ls = s*[| h

By the monotonicity of the Gateaux derivative, this is equivalent to

(p(s* 4+ h(s—5") —p(s*)) >a forallse S\ {s*} and h > 0.

/ * * . 1 * * * *
— = —_ — — > —
P55 = 5) = lim = (o(s" 4 h(s = 57) = (%) 2 alls = 5|

for all perturbation directions s — s* € S, or, in other words, we have
I (s* = fos —s") > afls — s for all s € S.
|

Next, we add an important stability estimate to our discussion on strongly
unique best approximations. The following result is due to Freud'®.

Theorem 3.59. (Freud).
For a linear space F with norm || - || and a subset S C F, let s3 € S be the
strongly unique best approximation to f € F with constant o > 0. Moreover,
let s; € S be a best approzimation to g € F. Then the stability estimate
2
lsg = s3ll < ~llg = /I
holds.
Proof. By the strong uniqueness of s%, we have the estimate
l[sg = fIl = lls} = fIl = allsg = sl

which further implies the inequalities

* * 1 * *
lsg = szl = —(llsg = £ = lls7 = £l

1 * *

< ~isg =gl +llg = £l = llsy = £1D
1 * *

< sy =gl +llg = Il = lls3 = £II)
1., . .

< —lsy = FIL+1f =gl +llg = I = lisF = f1)
2

=29~ /1.

which already proves the stated stability estimate. |

15 Giza FREUD (1922-1979), Hungarian mathematician
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Remark 3.60. If the best approximation s; € S is for any g € F unique,
then the mapping g — s is well-defined. Further, due to the Freud theorem,
Theorem 3.59, this mapping is continuous at all elements f € F which have
a strongly unique best approximation s} € S.

If every f € F has a strongly unique best approximation st € S, such
that their corresponding constants ay > 0 are on F uniformly bounded away
from zero, i.e., if there is some ag > 0 satisfying ay > ag > 0 for all f € F,
then the mapping f — s% 1s, due to the Freud theorem, Theorem 3.59, by

* * 2
Hsgfsflléojollgff\l for all f,g € F,

Lipschitz continuous on F with Lipschitz constant 2/ag (see Definition 6.64).
O

Next, we will explicitly compute Gateaux derivatives for relevant norms
I - ||. But first we make the following simple observation.

Remark 3.61. For the Gateaux derivative of ¢(u) = ||lul| at u = 0, we have
I(0,v) = tim T (o + Al = [Jo]}) = [lo]
T TR0k -
for any direction v € F. O

Now we compute Gateaux derivatives for Euclidean norms.

Theorem 3.62. The Gateauz derivative of any Euclidean norm ||-|| is given
as

Iy (u,v) = (|u”,u) for allu € F\ {0} andv € F.
u
Proof. Let F be a Euclidean space with norm || - || = (-,-)'/2.
For ¢(u) = ||u|| the chain rule in (3.34) holds in particular for F(x) = 22,
ie.,
(||2)/Jr (u,v) = 2||ul| - |’y (u,v) for all u,v € F. (3.35)

Moreover, we have

1
() (u,0) = lim + (fu+ hol? — [Jul?)
+ hN\O R

.1 2 20012 2
= Jim 5 (lul* + 2h(u,v) + A [lv]]* = Ju]?)

1 201,112
= }111{‘% 7 (2h(u,v) + A*||v]|?)
= 2(u,v).

This implies, for u # 0 with (3.35),
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||/+(Uav)= <”Z,v> for all v € F.

|
The Gateaux derivative of the absolute value | - | is rather elementary.
Lemma 3.63. For the absolute-value function |- | : R — [0,00), we have
't (z,y) = ysgn(z) for allz #0 and y € R.
Proof. First, note that for z # 0 we have
|z + hy| = |z| + hy sgn(x) for hly| < |z|. (3.36)

This implies

% (2, y) %(Ix+hy| = l=[) |z + hysgn(z) — |2|) = ysgn(z).

. 1
:}ILI{% _fll,l\oﬁ(
[ ]

By using the observation (3.36), we can compute the Gateaux derivatives
for all LP-norms || - ||p, for 1 < p < oo, on the linear space

€ (12) = {u: 2 — R|u continuous on 2}

of all continuous functions on a compact domain 2 C R%, d > 1. We begin
with the maximum norm | - ||oo on €'(£2), defined as

lu]loo = max lu(z)| for u € €(92).

Theorem 3.64. Let 2 C R? be compact. Then, for the Géteaux derivative

of the mazimum norm || - || = || - |leo on €(£2), we have
low o) = max  o(e)sen(u())
(@) =lulloo

for any u,v € €(£2),u #0.

Proof. Suppose u € €(£2), u# 0, and v € €(12).
7>": We first show the inequality

I (w0) > max (@) sgn(u(a)).
[u(z)[=]ullco

Suppose x € 2 with |u(z)| = ||u||eo. Then, by (3.36) we have the inequality
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(bl — ulle) 2 3 (Ju() + ho(a)] ~ Ju(z))

_ %(|u(m)\ + ho(e) sen(u(x)) — [u(z)])

= v(z) sgn(u(z))
for hlv(z)| < Ju(z)|, which by h N\, 0 already implies the stated inequality.
7 <”: To verify the inequality
!/
L) S s ) sn(u(e)

we regard a strictly monotonically decreasing zero sequence (hy)gen of posi-
tive real numbers, so that limy_, ., hx = 0. Note that for any element h; > 0
there exists some xp,, € (2 satisfying

lw+ hpvl|oo = |u(zp,) + hipv(zh, )] for k € N.

Since 2 is compact, the sequence (xp,)ren has a convergent subsequence
(achw Jeen C 2 with limit element limy_, Tp, =T € (2. For { — oo we get

[w + B, vlloo = [Ty, ) + Bk, v(@ny, )| — [[ulloo = lulz)] with g, 0,

i.e., every accumulation point of (s, )ken is an extremum of w in 2.
Moreover, by (3.36) we obtain the inequality

1

7w+ hvlloo = [lufloo)
k
<

() + hioon,)| ~ fuan,))

k

= (o) + b, senuen, ) — fuCen,))
k

= v(an,)sgn(u(rs, )

for hylv(zp, )| < |u(zn, )|, whereby

tim (e + B vloe — o) = I (1,0) < o) sgn(u(e)),
k

{— 00 .
and where x € (2 is an extremum of w in (2, i.e., |u(z)| = ||ul co- [

Theorem 3.65. Let 2 C R? be compact and suppose u,v € €(§2). Then,
we have

'y (w, v) :/Q v(x) Sgn(u(ac))da:+/ |v(z)|dx (3.37)

0
for the Gateaux derivative of the Ll-norm || - || = || - |1 on €(£2),

lully = /ﬂ (@) dz  foru e €(),

where §2 == {x € 2|u(z) =0} C 2 and 24 = 2\ (2.
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Proof. For u,v € €(§2), we have

1
7l + holly = flull1)

</|u ) + ho(z |dx—/|u dx>

_h/m(lm z) + ho(z)| — |u(z )|)dx+/ ()| dz. (3.38)

20

By 2, :={zx € Q4 |h-|v(z)] <|u(z)|} C 24, for h > 0, and with (3.36)
we represent the first integral in (3.38) as

7 L xes @) + @) - ) do

= [ xo, @) sgn(u(e)) ds
Rd

+ % /R Xa\a, (@) (Ju(@) + ho(@)] = u()]) dz, (3.39)

where for 2 ¢ R¢
1 for x € 02,

Xa(z) = {0 for x & 2,

denotes the indicator function (i.e., the characteristic function) for 2.
Now we estimate the integral in (3.39) from above by

[ X, @) (o) + ho(@)] = [u(@)) da
< [ xo00@) (@) + Blo(@)] - fu(a)) do
Rd

—he [ xooo, @) dz. (3.40)
R
Since X, — X4, 0T, X,\2, — 0, for h (0, the statement in (3.37)
follows from the representations (3.38), (3.39) and (3.40). |
To compute the Gateaux derivatives for the remaining LP-norms || - ||,

ol = ([ u<x>|de)1/p for u € 4(12),

for 1 < p < oo, we need the following lemma.

Lemma 3.66. Forl < p < oo, let p(u) = ||ull, foru € €(£2), where 2 C R?
is assumed to be compact. Then, we have

(") (u,v) ZP/Q [u(z) [P~ (@) sgn(u(z)) do (3.41)

for all u,v € €(02),u #£0.
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Proof. For u,v € €(§2), we have

(@t o) — P (w)
1

(Bl — ulz) = (/ lu(z) + ho(e \de—/m |pdx)

=— u(z v(x)|? — |u(x)|?) dz p=1 v(x)|P dz .
—h<ﬂ%u<>+h<>| |<»>d>+h J b, @)

where 29 = {z € 2|u(x) =0} and 24 = 2\ .
For z € ), ={z € 2|h-|v(r)] < |u(z)|} C £24, where h > 0, we have
u(z) + ho(2) [P = (lu(@)] + ho(z) sgn(u(z)))"”
= WP +p (P o) sn(u(a) + o) for 1,0

by (3.36) and by Taylor'® expansion of F(u) = u? at |u].
Thereby, we can split the first integral in (3.42) into the sum

% (/Rd xa, () (Ju(z) + hv(x) [P — |u(x)|P) dx)

=p /Rd X, (2)|u(@)|P~ v(x) sgn(u(z)) dz 4 o(1) (3.43)
+ /R X0, (@) ([u(@) + ho(@) = Ju(@)]) dz. (3.44)
Now we estimate the expression in (3.44) from above by

i L X0, @) (u(@) + o@P = [u(@)P) da

= %/]Rd X2\ 2 (@) ((|u(x)| + hlv(2)])? — |u(z)?) dz

= p/d X2\ 20 (x)\u(x)|p*1|v(:r)| dz+o(1) for h (0. (3.45)

R
Since X, — X, Or, X2\, — 0, for h 0, the stated representation
n (3.41) follows from (3.42), (3.43), (3.44), and (3.45). |

Now we can finally provide the Gateaux derivatives for the remaining
LP-norms || - ||, for 1 < p < oo.

Theorem 3.67. Let 2 C RY be compact. Moreover, suppose 1 < p < 0.
Then, for the Gateauz derivative of the LP-norm || - || = | - ||, on €(£2), we
have

! (u,v pl sen(u
I ”‘| /\ )P~ Lo(z) sgn(u(z)) dx

for all u,v € €(2),u £ 0.
16 BRoOK TAYLOR (1685-1731), English mathematician
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Proof. The statement follows from the chain rule (3.34) in Theorem 3.53 with
F(z) = 2P in combination with the representation of the Gateaux derivative
(app)q_ in Lemma 3.66, whereby

(¢?) (u,v)
PP~ (u)

! = = P w(@) [P~ o(z) sgn(u(z)) dz
o (u,0) = = s [ @) sentute)

for o(u) = [[ullp- u

3.5 Exercises

Exercise 3.68. Consider approximating the parabola f(x) = 22 on the unit
interval [0, 1] by linear functions of the form

ge(x)=¢& for £ eR

with respect to the p-norms || - ||, for p = 1,2, 0o, respectively. To this end,
first compute the distance function
(&) = llge — fllp-

Then, determine the best approximation ge« to f satisfying
. - — inf llgs —
g~ = fllp = inf llge = Sl

along with the minimal distance n,(£*), for each of the three cases p = 1, 2, co.

Exercise 3.69. Suppose we wish to approximate the identity f(z) = z on
the unit interval [0, 1], by an exponential sum of the form

pﬁ(x) = gleg2z + 53 for 6 = (617€Q7£3>T S R37

and with respect to the maximum norm || - ||oo-

Show that there is no best approximation to f from S = {p¢ | £ € R3}.
Hint: Use the parameter sequence £%) = (k,1/k, —k)T, for k € N.

Exercise 3.70. Regard the linear space €[, 7], equipped with the norm
lgll == llgll + llgllec  for g € €[—m,x].
Moreover, let f(z) =z, for —7 <z < 7, and
S ={asin’(")|a € R} C €[, 7).
Analyze the existence and uniqueness of the approximation problem

min [|s — £
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Exercise 3.71. Let ¢ : F — R be a convex functional on a linear space F.
Prove the following statements for ¢.

(a) If ¢ has a (global) maximum on F, then ¢ is constant.
(b) A local minimum of ¢ is also a global minimum of ¢.

Exercise 3.72. Let (F,||-]|) be a normed linear space, whose norm ||-|| is not
strictly convex. Show that there exists an element f € F, a linear subspace
S C F, and distinct best approximations s}, s3 € S to f, s # s3, satisfying

n(f,8) = llst = fll = lls5 = Il

Hint: Take for suitable fi1, fo € F, f1 # fo, satisfying ||f1]| = || f2l]| = 1
and || f1 + f2|| = 2, the element f = 2(f1 + f2) € F and the linear subspace
S:{Ot(fl—fg)‘OtER}C]:.

Exercise 3.73. Transfer the result of Proposition 3.42 to the case of odd
functions f € €[—1,1]. To this end, formulate and prove a corresponding
result for subsets & C €[—1,1] that are invariant under point reflections,
i.e., for any s(z) € S, we have —s(—x) € S.

Exercise 3.74. Let (F,| - ||) be a normed linear space and T': F — F be
a linear operator which is isometric on F, i.e., ||[Tv| = |jv| for all v € F.
Moreover, let S C F be a non-empty subset of F satisfying T'(S) C S.

First prove statements (a) and (b), before you analyze question (c).

(a) If s* € S is a best approximation to f € F and T(S) = S, then T's* € S
is a best approximation to T'f € F.

(b) If f € F is a fixed point of T'in F, i.e., Tf = f, and s* € S is a unique
best approximation to f, then s* is a fixed point of T in S.

(c) Suppose f € F is a fixed point of T in F. Moreover, suppose there is no
fixed point of T in &, which is also a best approximation to f. Can you
draw conclusions concerning the uniqueness of best approximation to f?

Use the results from this exercise to prove Proposition 3.42.

Exercise 3.75. In this exercise, we analyze the existence of discontinuous

linear functionals ¢ on (€[0,1], || - ||2) and on (€0, 1], || - ||s)- Give examples,
if possible.
(a) Are there discontinuous linear functionals on (€[0,1],] - [|2)?

(b) Are there discontinuous linear functionals on (€[0,1], || - [|ec)?
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Exercise 3.76. Let a g < ... < x, < b be a sequence of pairwise
distinct points in [a, b] R and Ag,..., A\, € R. Show that the mapping
¢ : €la,b] — R, defined as

<
C

()= M flxx) for f € ¢[a, b,
k=0

is a continuous linear functional on (€[a,b], || - ||e) With operator norm
n
llloo =D Ikl
k=0

Exercise 3.77. Let (F,| - ||) be a normed linear space and S C F be a
finite-dimensional linear subspace of F. Moreover, suppose f € F.
Prove the following statements on linear functionals from the dual space F'.

(a) If ¢ € F' satisfies ||¢|| < 1 and ¢(S) = 0, i.e., p(s) =0 for all s € S,
then we have

1(1,8) = it lls = £l 2 le(f)

for the minimal distance n(f,S) between f and S.
(b) There exists one p € F’ satisfying ||¢|| < 1 and ¢(S) = 0, such that

o(F)] = n(£.8).
£ (£, 8) > 0, then ||| = 1.

Exercise 3.78. Consider the linear space F = ¢([0, 1]?), equipped with the
maximum norm || - ||.. Approximate the function

f(xay) =Ty for (Ivy)T € [071]2
by a function from the linear approximation space
S={seF|s(z,y) = si(z) + s2(y) for (z,y)" € [0,1]* with sy, € €[0,1]}.

(a) Construct a linear functional of the form
4
0lg) =Y Xjglx;,y)) forge F
j=1

to estimate the minimal distance n(f,S) between f and S, where

n(f,S) >

o~ =
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(b) Show that

1
s (z,y) = g + % ~1 for (z,y)" € [0,1)?
is a best approximation to f from & with respect to || - ||co-

Exercise 3.79. Show that the function ¢ : R?> — R, defined as
o for (x 0
pley) =1 77 7 for (z,y)" € R?,
0 for (z,y) =0
has a Gateaux derivative at zero, although ¢ is not continuous at zero.

Exercise 3.80. Let F be a linear space and ¢ : F — R a functional on F.
Prove the following statements (related to Remark 3.52).

(a) If ¢ is convex on F, then the Géateaux derivative ¢/, is monotone, i.e.,
@l (ur,ur — ug) — ¢, (ug, ug —ug) >0 for all uj,ug € F.

(b) Assume that the Gateaux derivative ¢/ (u,v) exists for all u,v € F.
Moreover, assume that ¢/, (u,-) : F — R is sublinear for all u € F. If
the inequality

ol (u,v —u) < p(v) — @(u) for all u,v € F,

holds, then ¢ is convex on F.
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4 Euclidean Approximation

In this chapter, we study approximation in Fuclidean spaces. Therefore, F
denotes a linear space, equipped with a Fuclidean norm | - ||, i.e., || - || is
defined by an inner product,

Hf||:(f7f)1/2 for f € F.

From the preceding chapter, we understand that Euclidean approximation
has fundamental advantages, in particular for the existence and uniqueness
of best approximations. We briefly summarize our previous results as follows.

Existence of best approximations: For a Hilbert space F, i.e., F is
complete with respect to || - ||, and a closed and conver subset S C F,
there exists for any f € F a best approximation s* € S to f.

Uniqueness best approximations: For conver S C F, a best approxi-
mation s* € S to f € F is unique, due to the strict convezity of || - ||.

The above statements are based on Theorems 3.14, 3.28, and Corol-
lary 3.39 from Chapter 3. Recall that for the existence and uniqueness of
s*, the parallelogram identity (3.1) plays a central role. Moreover, accord-
ing to the Jordan-von Neumann theorem, Theorem 3.10, the parallelogram
identity holds only in Euclidean spaces. Therefore, the problem of Euclidean
approximation is fundamentally different from the problem of approximation
in non-Euclidean spaces.

In this chapter, we explain further advantages of Euclidean approxima-
tion. To this end, we rely on the characterizations for best approximations. In
particular, we make use of the Kolmogorov criterion, Corollary 3.55, in com-
bination with the representation of Gateaux derivatives for Euclidean norms
from Theorem 3.62. This yields for finite-dimensional approximation spaces
S C F constructive methods to compute best approximations by orthogonal
projection II : F — S of f € Fon S.

We treat two important special cases of Euclidean approximation: Firstly,
the approximation of 2m-periodic continuous functions by trigonometric poly-
nomials, where F = %5, and S = 7,. Secondly, the approximation of con-
tinuous functions by algebraic polynomials, in which case F = €la, b], for a
compact interval [a,b] C R, and § = P,,.

© Springer Nature Switzerland AG 2018 103
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4.1 Construction of Best Approximations

In this section, we apply the characterizations for best approximations from
the previous chapter to Euclidean spaces. To this end, we assume that the
approximation space S C F is a linear subspace of the Euclidean space F. The
application of the Kolmogorov criterion immediately provides the following
fundamental result.

Theorem 4.1. Let F be a Euclidean space with inner product (-,-). More-
over, suppose S C F is a convex subset of F. Then the following statements
are equivalent.

(a) s* €S is a best approxzimation to f € F\ S.
(b) We have (s* — f,s —s*) >0 for all s € S.

Proof. Under the stated assumptions, the equivalence of the Kolmogorov
criterion, Corollary 3.55, holds. Thereby, a best approximation s* € S to f
is characterized by the necessary and sufficient condition

st — f
s 71"

using the representation of the Gateaux derivative from Theorem 3.62. W

(" = fis—s") = < *) >0 for all s € S,

Remark 4.2. If § C Fis a linear subspace of F, then the variational inequa-
lity in statement (b) of Theorem 4.1 immediately leads us to the necessary
and sufficient condition

(s*—f,s)=0 for all s € S, (4.1)

i.e., in this case, s* € S is a best approximation to f € F \ S, if and only if
the orthogonality relation s* — f 1 S holds. O

Note that the equivalence statement in Remark 4.2 identifies a best ap-
proximation s* € § to f € F as the unique orthogonal projection of f onto
S. In Section 4.2, we will study the projection operator IT : F — S, which
assigns every f € F to its unique best approximation s* € S in more detail.

Before doing so, we first use the orthogonality in (4.1) to characterize best
approximations s* € S for convex subsets S C F. To this end, we work with
the dual characterization of Theorem 3.46.

Theorem 4.3. Let F be a Euclidean space with inner product (-,-) and let
S C F be a convex subset of F. Moreover, suppose that s* € S satisfies
— f LS. Then, s* is the unique best approximation to f.

Proof. The linear functional ¢ € F’, defined as

s*—f
o(u) = (||5* Ik ) for u € F,
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satisfies all three conditions from the dual characterization of Theorem 3.46:
Indeed, the first condition, ||| = 1, follows from the Cauchy!-Schwarz?
inequality,

ol = |( )| S o = poraue 7,

where equality holds for v = s* — f € F, since

(T I — A2 .
Pl = 1) = (|s — f> Tor =g~ =7l

Therefore, ¢ also satisfies the second condition in Theorem 3.46. By s*—f L S
we have

go(s)—(z _j:H ):0 for all s € S,

and so ¢ finally satisfies the third condition in Theorem 3.46.
In conclusion, s* is a best approximation to f. The uniqueness of s* follows
from the strict convexity of the Euclidean norm || - || = (-,-)/2. [ ]

Now we consider the special case of Euclidean approximation by finite-
dimensional approximation spaces S. Therefore, suppose that S C F is a
linear subspace with dim(S) < co. According to Corollary 3.8, there exists
for any f € F a best approximation s* € S to f and, moreover, s* is unique,
due to Theorem 3.37.

Suppose that S is spanned by n € N basis elements {s1,...,s,} C F, i.e.,

S =span{si,...,s$n} CF

so that dim(S) = n < co. To compute the unique best approximation s* € &
to some f € F we utilize the representation

= i cjsj €S. (4.2)

Now the (necessary and sufficient) orthogonality condition s* — f L S from
Remark 4.2, or, in (4.1) is equivalent to the requirement

(8", 8%) = (f,s1) forall 1 <k <n.

Therefore, the representation for s* in (4.2) leads us to the n linear conditions
n
Zc (sj,51) = (f,sk) for1<k<n
Jj=1

! AucusTin-Louts Caucny (1789-1857), French mathematician
2 HERMANN AMANDUS SCHWARZ (1843-1921), German mathematician
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and so to the linear equation system

(s1,81) (82,81) *++ (8n,51) &1 (f,s1)
(s1,82) (82,82) «++ (80, 52) €5 (f,s2)
(81,8n) (82,8n) =~ (8n, Sn) (e (fssn)
or, in short,
Ge* =b (4.3)
with the Gram® matrix G = ((sj,sk))1<kwj<n € R™*", the unknown coetfhi-
cient vector ¢* = (cf,...,ci)T € R™ of s* in (4.2) and the right hand side

b= ((f,s1),---,(f,sn))T € R™ Therefore, the solution ¢* € R™ of the linear
system (4.3) yields the unknown coefficients of s* in (4.2).

Due to the existence and uniqueness of the best approximation s*, the
Gram matrix G must be regular. We specialize this statement on G as follows.

Theorem 4.4. The Gram matriz G in (4.3) is symmetric positive definite.

Proof. The symmetry of G follows from the symmetry of the inner product,
whereby (s, sx) = (sk,s;) for all 1 < j, k < n. Moreover, G is positive defi-
nite, which also immediately follows from the properties of the inner product,

2

n n
T, _ _
c' Ge= E cick(sj, Sk) E CJSJ’E csk | = E cjsi|l >0
Jj=1

k=1
for all ¢ = (cy,...,c,)T € R™\ {0}. |

Given our investigations in this section, the problem of Euclidean approxi-
mation by finite-dimensional approximation spaces S seems to be solved. The
unique best approximation s* can be determined by the unique solution of
the linear system (4.3), i.e., computing s* is equivalent to solving (4.3).

But note that we have not posed any conditions on the basis of S, yet.

Next, we show that by suitable choices for bases of S, we can avoid the
linear system (4.3). Indeed, for an orthogonal basis {si,...,s,} of S, i.e.,

0 for j # k,
(Sja Sk) = 9 .
Isjl12 > 0 for j = k,
the Gram matrix G is a diagonal matrix,
(e ,
o ) szl
G = diag([[s1]l%- .., [Isnll") = . :
[EME

3 JoRGEN PEDERSEN GRAM (1850-1916), Danish mathematician



4.2 Orthogonal Bases and Orthogonal Projections 107

in which case the solution ¢* of (4.3) is given by

c*:((f,sl) (f,sn>>TeRn_

[T/ E

For an orthonormal basis {s1,...,$,} of S, i.e., (sj,85) = &k, the Gram
matrix G is the identity matrix, G = I,, € R™*™, in which case

& =((f,51),...,(f,s0)" €R™

In the following of this chapter, we develop suitable constructions and
characterizations for orthogonal bases in relevant applications. Before doing
so, we summarize the discussion of this section, and, moreover, we derive a
few elementary properties of orthogonal bases.

4.2 Orthogonal Bases and Orthogonal Projections

From our discussion in the previous section, we can explicitly represent, for
a fixed orthogonal basis (orthonormal basis), {s1,...,s,} of S, the unique
best approximation s* € S to f, for any f € F.

Theorem 4.5. Let F be a Euclidean space with inner product (-,-). More-
over, let S C F be a finite-dimensional linear subspace with orthogonal basis
{s1,...,8n}. Then, for any f € F,

s" = z": . Sj)sj €S (4.4)

is the unique best approximation to f. For the special case of an orthonormal
basis {s1,...,sn} for S we have the representation

s* = Z(f, sj)s; €S.
j=1
|

Now we study the linear and surjective operator II : F — S, which maps
any element f € F to its unique best approximation s* € S. But first we
note that the optimality of the best approximation s* = IT(f) immediately
implies the stability estimate

=M< If -5l forall fe FoseS (4.5)
where I denotes the identity on F. Moreover, for f = s in (4.5) we get

II(s)=s forallseS
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and so I is aprojection operator,i.e., [Ioll = II. By the characterization
of the best approximation s* = II(f) € S in (4.1), the operator I is an
orthogonal projection, since

F-I(f)=T-I)(f) LS  forall feF,

i.e., the linear operator I — IT : ¥ — S+ maps onto the orthogonal comple-
ment S+ C F of S in F. Moreover, I — IT is also a projection operator, since
for any f € F, we have

(I =)o (I =I))(f) = I = I)(f - 1I(f))
= f—=H(f) = II(f) + (T o IT)(f)
=f—1(f) = I = H)(f)
The orthogonality of IT immediately implies another well-known result.
Theorem 4.6. The Pythagoras® theorem
If =LA+ IIHI>=1fIIP forall feF (4.6)
holds.
Proof. For f € F we have
LA = [1f = ZZ(f) + L)

= \If = IO +20f = (), L) + ()
= |If = O+ ()]

|
The Pythagoras theorem implies two further stability results.
Corollary 4.7. For I # II the stability estimates
=IO <N and  [[IHI<Wf forall feF (47

hold. In particular, we have
[[-m=1 and || =1
for the operator norms of I — II and II.

Proof. The stability estimates in (4.7) follow directly from the Pythagoras
theorem, Theorem 4.6. In the first inequality in (4.7), we have equality for
every element f — IT(f) € S+, whereas in the second inequality, we have
equality for every s € S. Thereby, the operator norms of I — IT and II are
already determined by

il — e =W
1= 1) = sup HE 2 =

I

T

and || II|| = sup
f#0

4 PYTHAGORAS OF SAMOS (around 570-510 BC), ancient Greek philosopher
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Next, we compute for f € F the norm |[II(f)|| of II(f) = s*. To this end,
we utilize, for a fixed orthogonal basis {s1,...,s,} of S the representation
n (4.4), whereby

(, Sj)Sj €S for f € F. (4.8)

2 ls,]2

In particular, for s € S, we have the representation

" (s,
H(s):szz (||s]||]2)8] esS for all s € S. (4.9)

Theorem 4.8. Let {s1,...,s,} C S be an orthogonal basis of S. Then, the
Parseval® identity

forall f,g e F (4.10)

holds, where in particular

II(f)|? = Z' i Sﬂ for all f € F. (4.11)

Proof. By the representation of IT in (4.8), we have

faS gask
(H(f)aH(g)) = Z || ]2 J7Z D) Sk
23,1127 2 o]
_ i (fvsj) (g,Sk k i fvsj gvsj
15117 H81~c||2 j’ = sl

for all f,g € F. For f = g we obtain the stated representation in (4.11). H

We finally add another important result.

Theorem 4.9. Let {s1,...,5,} C S be an orthogonal basis of S. Then the
Bessel® inequality

V() = Z'f’sf <P JoraifeFr  (112)

5112

holds. Moreover, we have the identity

\f— (A2 = 1] — Z I f”

® MARC-ANTOINE PARSEVAL DES CHENES (1755-1836), French mathematician
5 FrIEDRICH WILHELM BESSEL (1784-1846), German astronomer, mathematician

<|IfII? for all f € F.
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Proof. The Bessel inequality follows from the second stability estimate in (4.7)
in combination with the representation in (4.11). The second statement fol-
lows from the Pythagoras theorem (4.6) and the representation (4.11). W

4.3 Fourier Partial Sums

In this section, we study one concrete example for Euclidean approximation.
In this particular case, we wish to approximate a continuous 2w-periodic
function by real-valued trigonometric polynomials. To this end, we equip the
linear space of all real-valued continuous 27-periodic functions

Gor =Cor ={f:R—R|f € FR)and f(zx) = f(x +27) for all z € R}

with the inner product

1 2
(figr=— [ [fl@)g(z)dz  for f,g &G, (4.13)
0
which by || - [|r = (, -)]11{{/2 defines a Euclidean norm on %a,, so that

1 27
G =1 [ f@Fde for f e

Therefore, €2, with || - |r = (-, -)ng/z is a Euclidean space.
For the approximation space, we consider choosing the linear space of all
real-valued trigonometric polynomials of degree at most n € Ny,

1

T, = TX = span {,
n P /2
Therefore, by using the notations introduced at the outset of this chapter,

we consider the special case of the Euclidean space F = %5, equipped with

cos(j +), sin(y )‘1<]<n} for n € Np.

the norm || - ||gr = (-, -);{2, and the linear approximation space S = 7,, C Gar
of finite dimension dim(7;,) = 2n + 1, for n € Ny.

Remark 4.10. In the following chapters, we also use complez-valued tri-
gonometric polynomials from 7,° for the approximation of complez-valued
continuous 27-periodic functions from

Gy ={f:R— C|feFR)and f(zx)= f(x+2n) for all € R}.

In that case, we equip ‘@Cﬂ with the inner product

2m

(f,9)c f@)g(z)dae  for f,g € Gy, (4.14)

T or
and thereby obtain the Euclidean norm || - |lc = (-, )C on 5. The different
scalar factors, 1/7 for (-, )g in (4.13) and 1/(27) for (-,-)c in (4.14), will be
useful later. To keep notations simple, we will from now use (-,-) = (-, -)r and
|-l =1l |r for the inner product (4.13) and the norm on %2, = €s.. O
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For the approximation of f € %5,, we use fundamental results, as de-
veloped in the previous section. In particular, we make use of orthonormal
systems to construct best approximations to f. To this end, we take note of
the following important result.

Theorem 4.11. For n € Ny, the real-valued trigonometric polynomials

{Jgconti ) snts | 1<j<n) (115)

form an orthonormal system in Cor.

Proof. From the usual addition theorems for trigonometric polynomials we
get the identities

2 cos(jz) cos(kx) = cos((j — k)x) + cos((j + k)x) (4.16)
2sin(jx) sin(kz) = cos((j — k)xz) — cos((j + k)x) (4.17)
2sin(jz) cos(kx) = sin((j — k)z) + sin((j + k)z). (4.18)

The 27-periodicity of cos((j £ k)z) and sin((j £ k)z) implies

1

T

(cos(j -),cos(k-)) /0 ' [cos((j — k)x) + cos((j + k)z)] dz =0

27
(singi ). sin)) = 5 [ leos((G = B)a) = cos( + k)] do =0
for j # k and
27
(sin(j ), cos(k ) = %/0 [sin(j — k)z) + sin((j + k)z)] dz = 0

for all j,k € {1,...,n}. Moreover, we have
(1 _ b
V2’ V2
(1 sin(j )) - L /27T sin(jz) dz = 0
\/5’ J V2 Jo J

for j =1,...,n, so that the functions in (4.15) form an orthogonal system.

cos(j-)) /027T cos(jx)dz =0

The orthonormality of the functions in (4.15) finally follows from

1 1 1 [
— === ldr =1
(ﬁ ﬂ) %/0 !

and



112 4 Euclidean Approximation

(cos(j-),cos(j-)) = %/0 ’ [1+cos(2jx)] dz =1

1

(sinj ). sin(j ) = 5 -

2m
/ [1 —cos(2jx)] dz =1
0

where we use the representations in (4.16) and (4.17) yet once more. ]

We now connect to the results of Theorems 4.5 and 4.11, where we can,

for any function f € %, represent its unique best approximation s* € 7T,
by

n

* = L)L cos(j-)) cos(jx sin(j-)) sin(jz
@ = (£.75) 73 Do o) o)+ sini)snia)] - (419

We reformulate the representation for s* in (4.19) and introduce on this
occasion the important notion of Fourier partial sums.

Corollary 4.12. For f € %5, the unique best approximation s* € T, to f
is given by the n-th Fourier partial sum of f,

(Fof)(z) = 3°+ Y [a; cos(jz) + b; sin(jz)] . (4.20)
P
The coefficients ag = (f,1) and
a5 = a;(f) = (f,co5(j) = = f()cos(ja)d  (421)
by = b(f) = (f.sinj)) = - f@ysinGe)de  (4.22)
for 1< j < n are called Fourier coefficients of f. ]

The Fourier partial sum (4.20) is split into an even part, given by the
partlal sum of the even trigonometric polynomials {cos(j-),0 < j < n} with
"even” Fourier coefficients a;, and into an odd part, given by the partial
sum of the odd trigonometric polynomials {sin(j-),1 < j < n} with ”odd”
Fourier coeflicients b;. We can show that for any even function f € €., all
odd Fourier coefﬁcients b; vanish. Likewise, for an odd function f € %a,, all
even Fourier coefficients a; vanish. On this occasion, we recall the result of
Proposition 3.42, from which these statements immediately follow. But we
wish to compute the Fourier coefficients explicitly.
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Corollary 4.13. For f € €5, the following statements are true.

(a) If f is even, then the Fourier partial sum F,f in (4.20) is even and the
Fourier coefficients a; in (4.21) have the representation

2 s
= 7/ f(z)cos(jzx) dx for 0 < j <n.
T Jo
(b) If f is odd, then the Fourier partial sum F,f in (4.20) is odd and the
Fourier coefficients b; in (4.22) have the representation

2 ™
by == f(z)sin(jz) dz Jor1<j<n.
T Jo

Proof. For an even function f € %5, we have b; =0, for all 1 < j < n, since

1 27 1 —2m
b= [ rasinG)de =~ [ -a)sin=io) do
1 0 1 27
= —; _2 f(l') Sll’l(]x) dx == _; o f(-T) Sll’l(]l‘) dl‘ = _bja

and so the Fourier partial sum F, f in (4.20) is even. Moreover, we have

1 21 2 T
w= [ fa)da W/Of(w)w

and, for 1 < j <n,

0 T
Ta; = f( )cos(jz) dx = f(x)cos(jx)dx—i—/ f(z) cos(jzx)dx

/f ) cos(—jx dx+/ f(z) cos(jz) x*2/ f(x) cos(jz) dx.

This completes our proof for (a). We can prove (b) analogously. |

Example 4.14. We consider approximating the periodic function f € %,
defined as f(x) = w—|z|, for x € [—m, 7]. To this end, we determine for n € N
the Fourier coefficients aj,b; of the Fourier partial sum F,, f. Since f is an
even function, we can apply Corollary 4.13, statement (a). From this, we see
that b; = 0, for all 1 < j < n, and, moreover,

2 s
= */ f(z) cos(jz) dx for 0 < j < n.
™ Jo

Integration by parts gives

[ 1@y costin) s = = s sinio)
0 J

O A
. - ;/0 f'(z)sin(jz) da
1 s

for1<j<n

)

1 U
= f,/ sin(jr) dr = — = cos(jz)
J Jo J

0
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and so we have a; = 0 for all even indices j € {1,...,n}, while
4 for all odd indi e {1 }
a; = or all odd indices co.,n}
J 7rj2 J ) )

We finally compute the Fourier coefficient ag by

ap = (f,1) = ! 27rf(ac)dac=2/07r(7r—95)d917:72r [—;(W—x)z]ﬂ:w.

™ Jo m

Altogether, we obtain the representation

T 4 1 .
(Fuf)(x *—l-ZaJcosz]x :§+;Zf200$(yw)

Ln;l
w4 cos((2k + 1)x)
SR D vy

for the n-th Fourier partial sum of f.
For illustration the function graphs of the Fourier partial sums F, f and
of the error functions F, f — f, for n = 2,4, 16, are shown in Figures 4.1-4.3.

&

As we have seen in Section in 2.6, the real-valued Fourier partial sum F), f
in (4.20) can be represented as complex Fourier partial sum of the form

(Fof)(x Z cjellT. (4.23)

j=-n

For the conversion of the Fourier coefficients, we apply the linear mapping
n (2.69), whereby, with using the Eulerean formula (2.67), we obtain for the
complex Fourier coefficients in (4.23) the representation

1 27

¢ = f(z)e 9% dx forj=-n,...,n. (4.24)
o

We remark that the complex Fourier coefficients ¢; in (4.24) can also, like the

real Fourier coefficients a; in (4.21) and b; in (4.22), be expressed via inner

products. In fact, by using the complex inner product (-, -)c in (4.14), we can

rewrite the representation in (4.24) as

c; = (f,exp(ij-))c for j=—-n,...,n.
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Fourier partial sum 5 f

0.2

0.1

-0.1

-0.2

error function Fyf — f

Fig. 4.1. Approximation of the function f(z) = 7 — |z| on the interval [—m, 7] by
the Fourier partial sum (Ff)(x) (see Example 4.14).
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Fourier partial sum Fyf

0.2

0.1

-0.1

-0.2

error function Fyf — f

Fig. 4.2. Approximation of the function f(z) = 7 — |z| on the interval [—m, 7] by
the Fourier partial sum (Fyf)(x) (see Example 4.14).
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Fourier partial sum Figf

0.2

0.1

-0.1

-0.2

.03 Lt I I I I I I
-3 -2 -1 0 1 2 3

error function Figf — f

Fig. 4.3. Approximation of the function f(z) = 7 — |z| on the interval [—m, 7] by
the Fourier partial sum (Figf)(z) (see Example 4.14).



118 4 Euclidean Approximation
Now we wish to approximate the complex Fourier coefficients c;.

To this end, we apply the composite trapezoidal rule with N = 2n + 1
equidistant knots

2
xk:ﬁwke[o,%r) fork=0,...,N —1,

so that

MZ

xk e Tk — =N Z flap)w (4.25)

k=0

where wy = €>™/N denotes the N-th root of unity in (2.74). In this way, the
vector ¢ = (c_p,...,c,)T € CN of the complex Fourier coefficients (4.24) is
approximated by the discrete Fourier transform (2.79) from the data vector

f=fo,.... fn-1)" €RY,

where fr = f(zy) for k = 0,...,N — 1. In order to compute the Fourier
coefficients ¢ € C¥ efficiently, we apply the fast Fourier transform (FFT)
from Section 2.7. According to Theorem 2.46, the FFT can be performed in
O(N log(N)) steps.

We close this section with the following remark.

The Fourier operator F), : 62, — T, gives the orthogonal projection
of €5, onto T,. In Chapter 6, we will analyze the asymptotic behaviour of the
operator F,, for n — oo, in more detail, where we will address the following
fundamental questions.

e Is the Fourier series

+Z a; cos(jx) + b; sin(jz)] for f € Gar
j=1

_%
(Fuf)@) = 5
of f convergent?

e If so, does the Fourier series F f converge to f?
e If so, how fast does the Fourier series I, f converge to f7

In particular, we will investigate, if at all, in which sense (e.g. pointwise,
or uniformly, or with respect to the Euclidean norm || - ||) the convergence of
the Fourier series Fi, f holds. In Chapter 6, we will give answers, especially
for the asymptotic behaviour of the approximation error

U(f,ﬁz)=|\an—f|| and nm(faﬁl)zlanf_f”oo for n — oo.

This will lead us to specific conditions on the smoothness of f.
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4.4 Orthogonal Polynomials

Now we study another important special case of Euclidean approximation.
In this particular case, we wish to approximate continuous functions from
%€ la, b], where [a,b] C R denotes a compact interval.

For the approximation space, we take, for fixed n € Ny, the linear space
Py, of algebraic polynomials of degree at most n € Ny, where dim(P,,) = n+1,
i.e., throughout this section, we regard the special case where S = P,, and
F =%a,b].

We introduce an inner product for the function space %[a,b] as follows.
For a positive and integrable weight function w € € (a,b), satisfying

b
/ w(z)de < oo,

the function space €’[a, b] is by

b
<ﬁmw:/"ﬂmmmeMw for f,g € €la, b

equipped with an inner product, yielding the Euclidean norm ||- ||, = (-, -)111,/2,

so that .
nﬂm:/|mw%mwx for € la,b.

Later in this section, we make concrete examples for the weight function w.

To approximate functions from %[a,b], we apply Theorem 4.5, so that
we can, for f € €|a,b], represent the unique best approximation s* € P,
to f explicitly. In order to do so, we need an orthogonal system for P,. To
this end, we propose an algorithm, which constructs for any weighted inner
product (-, ), an orthogonal basis

{p07p17 s 7pn} C Pn

for the polynomial space P,,.

The following orthogonalization algorithm by Gram-Schmidt” belongs to
the standard repertoire of linear algebra. In this iterative method, a given
basis B C S of a finite-dimensional Euclidean space S is, by successive or-
thogonal projections of the basis elements from B, transformed into an or-
thogonal basis of §. The formulation of this constructive method is detailed
in the Gram-Schmidt algorithm, Algorithm 4, which we here apply to the
monomial basis B = {1,z,22,...,2"} of S = P,,.

" ERHARD SCHMIDT (1876-1959), German mathematician
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Algorithm 4 Gram-Schmidt algorithm
1: function GRAM-SCHMIDT

2: let po :=1;

3: for k=0,...,n—1do

4: let
k+1
X s Pj)w
Pr41 = "t — 7( I HZZJ) Pj;
=0 Pillw
5: end for

6: end function

Proposition 4.15. The polynomials po,...,pn € Pn, output by the Gram-
Schmidt algorithm, Algorithm 4, form an orthogonal basis for P,,.

Proof. Obviously, p € Pr C Py, for all 0 < k < n. Moreover, the orthogo-
nality relation

Prp1 = 2T — TP L Py foral k=0,...,n—1
holds, where

b

k 2 p

k+1 Z

Jj=

IIPJII2 b

is the orthogonal projection of the monomial z**! onto P w.r.t. (-,-)y.

Therefore, the polynomials py, ..., p, form an orthogonal basis for P,,. N

Note that the orthogonalization method of Gram-Schmidt guarantees,
for any weighted inner product (-, ), the existence of an orthogonal basis
for P,, with respect to (-,-),. Moreover, the Gram-Schmidt construction of
orthogonal polynomials in Algorithm 4 is unique up to n+1 (non-vanishing)
scaling factors, one for the initialization (in line 2) and one for each of the
n for loop cycles (line 4). The scaling factors could be used to normalize the
orthogonal system of polynomials, where the following options are commonly
used.

e Normalization of the leading coefficient

po = 1 and py(z) = 2% + q_1 () for some q,_1 € Pp_y for k=1,...,n
e Normalization at one

pe(l)=1forallk=0,...,n
e Normalization of norm (orthonormalization)

Let po := po/||pollw (line 2) and pi := pi/||pkllw (line 4), k=1,...,n

However, the Gram-Schmidt algorithm is problematic for numerical rea-
sons. In fact, on the one hand, it is unstable, especially for input bases B with
almost linearly dependent basis elements. On the other hand, the Gram-
Schmidt algorithm is very inefficient. In contrast, the following three-term
recursion is much more suitable for efficient and stable constructions of or-
thogonal polynomials.
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Theorem 4.16. For any weighted inner product (-, )., there are unique or-
thogonal polynomials py, € Py, for k > 0, with leading coefficient one. The
orthogonal polynomials (px)ken, satisfy the three-term recursion

pr(z) = (z + ap)pr—1(x) + bppr—2() Jork>1 (4.26)

for initial values p_1 =0, pg = 1 and coefficients

2
fork>1 and by =1,by= Hpk;”wfwkzz

(TPr—1,Pk—1)w B
Ipr—2l%,

ap = —
[y

Proof. We prove the statement by induction on k.
Initial step: For k = 0, the constant py = 1 is the unique polynomial in Py
with leading coeflicient one.

Induction hypothesis: Assume that pg,...,px—1, kK > 1, are unique orthogonal
polynomials with leading coefficient one, where p; € P; for j =0,...,k—1.
Induction step (k—1 — k): Let pi, € Pi\Pr—1 be a polynomial with leading
coefficient one. Then, the difference pp — xpr_1 lies in Pr_1, so that we have
(with using the orthogonal basis po, ..., pr_1 of Px_1) the representation

(Pr — TPR—1,Dj)w
llp;lI2,

k—1
pr(z) — xpp—1(x) = chpj(x) with ¢; =
5=0

We now formulate necessary conditions for the coefficients c;, under which
the orthogonality px L Pr_1 holds. From pi L Pr_1 we get

(xpkflapj)w (pkfhxpj)w

c; = — =— for j=0,...,k—1.
! 12 1% 1113 Y
This in turn implies ¢y = ... = ¢x_3 = 0 and, moreover,
o= (xpk—hpk;)w and ¢ = — (pk—hl‘pk;Q)w _ (pk—hpk—;)w
pr—1l1% pr—2l1% [pr—2llZ,
Therefore, all coefficients cg,...,cy_1 are uniquely determined, whereby pj

is uniquely determined. Moreover, the stated three-term recursion in (4.26),
Pr(x) = (T + cp—1)Pr—1(2) + ch—2Pr—2(x) = (T + ar)pr—1(x) + brpr—2(x)
holds with ay = cx_1, for k > 1, by = cx_o, for kK > 2, and where b; :=1. R

Remark 4.17. Due to the uniqueness of the coefficients ay, for k > 1, and
by, for k > 2, the conditions of the three-term recursion (4.26) are also suffi-
cient, i.e., the three-term recursion in (4.26) generates the unique orthogonal
polynomials py € Py, for k > 0, w.r.t. the weighted inner product (-,+),. O
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Next, we discuss important properties of orthogonal polynomials, where
their zeros are of particular interest. We can show that orthogonal polynomi-
als have only simple zeros. To this end, we first prove a more general result
for continuous functions.

Theorem 4.18. Let g € €[a,b] satisfy (g,p)w = 0 for all p € Py, i.e.,
g L Pn, for n € Ng. Then, either g vanishes identically on [a,b] or g has at
least n+ 1 zeros with changing sign in (a,b).

Proof. Suppose g € €[a,b] \ {0} has only k < n + 1 zeros
a<z <...<TE <Db

with changing sign. Then, the product g - p between g and the polynomial
k
p(z) = H(a: —z;) €EPr C Py
j=1
has no sign change on (a,b). Therefore, the inner product

b
(0,D)w = / g(@)p()w(z) de

cannot vanish. This is in contradiction to the assumed orthogonality g L P,.
Therefore, g has at least n + 1 zeros with changing sign in (a, b). |

Corollary 4.19. Suppose p,, € P, is a polynomial satisfying p, L Pp_1, for
n € N. Then, either p, =0 or p, has exactly n simple zeros in (a,b).

Proof. On the one hand, by Theorem 4.18, p,, has at least n pairwise distinct
zeros in (a,b). Now suppose p,, # 0. Since p,, is an algebraic polynomial in
Prn \ {0}, p, has, on the other hand, at most n zeros. Altogether, p, has
exzactly n zeros in (a,b), where each zero must be simple. |

Corollary 4.20. Let pf € P, be a best approzimation to f € €a,b] \ Py.
Then, the error function p}, — f has at least n + 1 zeros with changing sign
in (a,b).

Proof. According to Remark 4.2, we have the orthogonality pi — f L P,.
Since f # p}, the error function p} — f has, due to Theorem 4.18, at least
n + 1 zeros with changing sign in (a, b). |

We remark that Corollary 4.20 yields a necessary condition to character-
ize the best approximation p* € P, to f € €[a,b]. This condition could a
posteriori be used for consistency check. If we knew the n 4+ 1 simple zeros
X ={x1,...,2pn+1} C (a,b) of the error function p* — f a priori, then we
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would be able to compute the best approximation p* € P, via the interpo-
lation conditions p% = fx. However, in the general case, the zeros of p* — f
are usually unknown.

We finally introduce three relevant families of orthogonal polynomials.
For a more comprehensive discussion on orthogonal polynomials, we refer to
the classical textbook [67] by Gabor Szegdé® or, for numerical aspects, to the
textbook [57].

4.4.1 Chebyshev Polynomials
We have studied the Chebyshev polynomials
T, (z) = cos(n arccos(z)) for n € Ny (4.27)

already in Section 2.5. Let us first recall some of the basic properties of the
Chebyshev polynomials T,, € P, in particular the three-term recursion from
Theorem 2.27,

Tht1(x) = 22T, (z) — Tr—1 () forn e N (4.28)

with initial values Tp = 1 and Ty (z) = =.
Now we show that the Chebyshev polynomials {Ty,...,T,} C P, are
orthogonal polynomials w.r.t. the weight function w : (—=1,1) — (0, 00),

defined as L
w(x) = —— forx € (—1,1). 4.29
@) = = (-1.1) (4.29)
Theorem 4.21. For n € Ny the set of Chebyshev polynomials {Ty, ..., Ty}
form an orthogonal basis for P, w.r.t. the weight function w in (4.29), where

0 forj#k
(T, Ti)w =4 © forj=k=0 for 0< j,k <n. (4.30)
w/2 forj=k>0

Proof. By the substitution ¢ = arccos(z) we show the orthogonality

(ij Tk)w =

T

LT () Ty () B ! cos(j arccos(z)) cos(k arccos(z))
1 V1—22 dw—[l V1— 22 d
= OM—sin do = Wcos j¢) cos(ke) d

[ o) o= [ eosio)ostho) o

= I Tll%,

by using Theorem 4.11. Theorem 4.11 also yields the stated values for the
squared norms || Tx||% = (Tk, T )w- [ |

8 GABOR SzEGO (1895-1985), Hungarian mathematician
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We remark that the Chebyshev polynomials are normalized by
T.(1)=1 for all n > 0.

Indeed, this follows directly by induction from the three-term recursion (4.28).
Due to Corollary 2.28, the n-th Chebyshev polynomial T3, has, for n > 1, the
leading coefficient 2" !, and so the scaled polynomial

() = 217" T, () forn >1 (4.31)

has leading coefficient one. Thus, the orthogonal polynomials pg,...,pn € Pn
satisfy the three-term recursion (4.26) in Theorem 4.16. We now show that
the three-term recursion in (4.26) is consistent with the three-term recur-
sion (4.28) for the Chebyshev polynomials.

To this end, we compute the coefficients ay and by from Theorem 4.16. We
first remark that the coefficients aj are invariant under scalings of the basis
elements py. Thus we can show that for the case of the Chebyshev polynomials
all coefficients ay, in the three-term recursion (4.26) must vanish, since by the
substitution ¢ = arccos(z) we have

(2Ti (), Tr(x))w = /Tf cos(¢) cos? (ko) dp = 0 forall k >0
0

for the nominator of agy; in (4.26). For the coefficients by, we get by = 1,
bz = —1/27 and

lpx 21+ T )12 1 || T2 1
bpy1 = — W= _ CE R e for k > 2.
T a2 T 222 T 4 TealR T 4

From Theorem 4.16, we obtain py = 1, p1(2) = =, p2(z) = 2% — 1/2 and

1

Pr+1(x) = zpr(x) — Zpk_l(ac) for k> 2.

Rescaling with (4.31) finally yields the three-term recursion (4.28).

In our above computations, we rely on structural advantages of Chebyshev
polynomials: On the one hand, the degree-independent representation of the
squared norms ||T%||? in (4.30) simplifies the calculations of the coefficients
by, significantly. On the other hand, for the calculations of the coefficients ay,
we can take advantage of the orthonormality of the even trigonometric poly-
nomials cos(k-). We wish to further discuss this important relation between
the orthonormal system (cos(k-))ren, and the orthogonal system (T%)ken,-

By our previous (more general) investigations in Section 4.2 the unique
best approximation p! € P, to a function f € ¥[—1,1] is given by the
orthogonal projection II,, f = IIp, f of f onto Py,

n

m.f = Z T}TT (f, u iZu,Tk)wTk, (4.32)
k=1
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where the form of Chebyshev partial sum in (4.32) reminds us on the form
of the Fourier partial sum F,, f from Corollary 4.12. Indeed, the coefficients
in the series expansion for the best approximation IT,f in (4.32) can be
identified as Fourier coefficients.

Theorem 4.22. For [ € €[—1,1] the coefficients of the Chebyshev partial
sum (4.32) coincide with the Fourier coefficients ar, = ax(g) of the even
function g(x) = f(cos(x)), so that

a n
m,f = ?0 + ; arT. (4.33)

Proof. For f € €[—1,1], the coefficients (f, Tk), in (4.32) can be computed
by using the substitution ¢ = arccos(z):

(F. T} = / LoTits) 1%2 o= [ ftooste)) cos(io) o

= 2 = f(cos(m))cos(ksc)dx = gak(9)7

where ai(g), k > 1, denotes the k-th Fourier coefficient of g(x) = f(cos(x)).
For k = 0 we finally get the Fourier coefficient ag of g by
(fiTo)w _ m 1 ao(g)

= —ap(g =
m ~ 2%Wr =

As we had remarked at the end of Section 4.3, the Fourier coefficients
ar, = ap(g) can efficiently be approximated by the fast Fourier transform
(FFT). Now we introduce the Clenshaw algorithm [15], Algorithm 5, which,
on input coefficients a = (ag, . ..,a,)T € R yields an efficient and stable
evaluation of the Chebyshev partial sum (4.33) at z € [—1, 1].

Algorithm 5 Clenshaw algorithm

1: function CLENSHAW(a, x)
2: Input: coefficients a = (ao, . ..,a,)T € R™! and z € [-1,1].

let zn+1 :=0; 2z := an;
fork=n—-1,...,0do
let zx := ax + 2w2K11 — Zk42;
end for
return (I1, f)(z) = (z0 — 22)/2.
end function
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To verify the Clenshaw algorithm, we use the recursion for the Chebyshev
polynomials in (4.28). By the assignment in line 6 of the Clenshaw algorithm,
we get the representation

ap = 2k — 2T2k41 + Zk42 fork=n-1,...,0 (4.34)

for the coefficients of the Chebyshev partial sum, where for £k = n with
Zn+1 = 0 and z, = a, we get 2,12 = 0. The sum over the last n terms of the
Chebyshev partial sum (4.33) can be rewritten by using the representation
n (4.34) in combination with the recursion (4.28):

n

Z apTy(z) = Z(Zk — 202,41 + Ziy2)Ti ()
=1 =1
n+1 n+2

= Z 21Ty (x Z 2wz, Th—1( Z 2k Th—a(

= ZlTl( ) + ZQTQ( ) — 2.’EZQT1( )
+ Z 2k [Tk (z) — 22T—1(x) + Tp—2(2)]

=217+ 22(2302 —1) — 2zz01

= 21T — Z9.

With ag = z9 — 2x21 + 22 we get the representation
1
(IL.f ——i—z arpTy(z ( 20 — 2wz + 22 + 2210 — 229) = 5 —(z0—22).

Finally, we provide a memory efficient implementation of the Clenshaw
algorithm, Algorithm 6.

Algorithm 6 Clenshaw algorithm (memory efficient)

function CLENSHAW (a, )
Input: coefficients a = (ao, . ..,a,)” € R*™ and z € [-1,1].

let z = (20, 21, 22) := (an,0,0);
fork=n-1,...,0do
let 20 = 2z1; 21 = 20;
let z0 = ag + 2z - 21 — 29;
end for
return (I1, f)(z) = (20 — 22)/2.
end function

[
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4.4.2 Legendre Polynomials
Now we discuss another example for orthogonal polynomials on [—1,1].

Definition 4.23. For n € Ny, the Rodrigues’ formula

L,(x) = % ((x* = 1)™) (QT;!)! form >0 (4.35)

defines the n-th Legendre'® polynomial. O

We show that the Legendre polynomials are the (unique) orthogonal poly-
nomials with leading coefficient one, belonging to the weight function w = 1.
Therefore, we regard the usual (unweighted) L? inner product on ¢[—1,1],
defined as

1
(.9 = (f.9) = / fagla)dafor fug € %[-1.1)

Theorem 4.24. For n € Ny, the Legendre polynomials Ly, ..., L, form an
orthogonal basis for P,, with respect to the weight function w =1 on [—1,1].

Proof. Obviously, Ly € P, C P, forall 0 < k <mn.
Now for 0 < k < n we consider the integral

1 gn k
Ly = [1 ;? (> =1)") % ((2* - 1*) da.

For 0 < i < n, we have the representation

1 dn—i ) . dk+i ) .
L dgn—i ((2* = 1) )W ((«® = 1)*) da, (4.36)

Lk = (—1)°

as can be shown by induction (using integration by parts).
For i = n in (4.36), we have

1 k+n
L. = (—1)"/ (2% — 1)”dT ((z* - 1)]“) dz =0 forn >k (4.37)
1 dahtn

which implies

nlk!

(Lo L) = i

I, =0 for n > k. (4.38)

9 BENJAMIN OLINDE RODRIGUES (1795-1851), French mathematician and banker
10 ADRIEN-MARIE LEGENDRE (1752-1833), French mathematician
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We note two more important properties of the Legendre polynomials.

Theorem 4.25. The Legendre polynomials L, in (4.35) satisfy the following
properties.

(a) L, has leading coefficient one.
(b) We have L,(—z) = (=1)"L,(z) for all z € [-1,1].

Proof. For n > 0, by using (4.35), we get the representation

B @) = S (@2 = 1)) = ; BRI
zruwgg<n(?)cg)xﬁ’%—n”j. (4.39)

(a) By (4.39) the Legendre polynomial L, has leading coefficient one.
(b) For even n, we have that 2j — n is even, and so in this case all terms
in (4.39) are even, which implies that L,, is even. Likewise, we can show that
L,, is odd for odd n (by analogy). Altogether, we see that statement (b) holds.
[ |

In conclusion, the Legendre polynomials are, for the L? inner product
(-,+) on [—1,1], the unique orthogonal polynomials with leading coefficient
one. Finally, we derive a three-term recursion for the Legendre polynomials
from (4.26).

Theorem 4.26. The Legendre polynomials satisfy the three-term recursion

n2

Lypt1(x) = xLy(x) — mnz—1

L,_1(z) forn>1 (4.40)

with initial values Lo =1 and Li(x) = x.

Proof. Obviously, Lo =1 and L(z) = .
By Theorem 4.16, the sought three-term recursion has the form (4.26),
where

(-’L'Lnfla Lnfl)
([ Ln—1[|?

NP

forn>1 and b =1,b,=—1"-"—
' P E

Ay = — for n > 2.

By statement (b) in Theorem 4.25, the Legendre polynomial L? is, for
any n € Ny, even, and therefore zL2(z) is odd, so that a,, = 0 for all n > 0.
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Table 4.1. The Legendre polynomials L,, in monomial form, for n =1,...,10.
Li(z) ==
Lo(z) = 2° — %
Ls(z) = z® — ga:
Li@) = ' = 207 + o
Ly@) = a* — g+ oo
L¢(z) = z® — %1‘4 + %IQ — %

105 35
I _ 72l 5 105 53 35
(@) = = RO+ 3T~ 5g”

28 6 14 4 28 5 7T

8
La(w) =% = g2+ 327 = 7@+ 1og7
_ 9 36 7 126 5 84 5 63
Lo(w) =" = ' 4 o0 = oop @ 4 5y ®
Lio(z) = '° — g:188 + @xﬁ — @x‘l + 315 o 63

19 323 323 4199" T 46189

Now we compute the coefficients b,, for n > 2.
By the representation (4.37) for the integral I,,5 we have, for k = n,

1 1

(22 —1)"dx = (2n)!/ (1—2%)"dz

-1

Inn = (—1)"(2n)!/

-1

- (2n)!/ (1-2)"(1+2)"dz

-1

n! 1 on
- ()l s /_1(1—1—33) dz
= (n)?- {Qn — S(1+ x)%“L:_l
9 22n+1
=) 5

after n-fold integration by parts. This gives the representation
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(n[)4 22n+1

L2 (h* for n >0
[ A = . orn >
((2n)!)2 ((2n)h)?2 2n+1
and therefore
bt = — | L.|I? _ nt 22(2n — 1)
nt e (2n)2(2n—1)2 2n+1
n? n?
=— =— f >1
Cn—1)@2n+ 1) 4n? 1 o=
which proves the stated three-term recursion. |
The Legendre polynomials L,,, for n = 1,...,10, are, in their monomial

form, shown in Table 4.1. To compute the entries for Table 4.1, we have used
the three-term recursion (4.40) in Theorem 4.26, with initial values Lo = 1
and Lq(z) = x. In summary, we see from Theorem 4.25 that

e [, has leading coefficient one;
e Lo is even for k € Ny;
o [op1 is odd for k € N.

Note that the above properties of the Legendre polynomials are consistent
with the representations of L,, for n =2,...,10, in Table 4.1.
4.4.3 Hermite Polynomials
We finally discuss one example of orthogonal polynomials on R.
Definition 4.27. For n € Ny, we let H, : R — R, defined as

n
n .'L'2 d 2

Hy(z) =(-1)"e @e_"L forn >0, (4.41)

denote the n-th Hermite'! polynomial. O

Next, we show that the Hermite polynomials H,, are orthogonal polyno-
mials on R with leading coefficient 2™ with respect to the weight function
—x

w(z) =e

Therefore, in this case, we work with the weighted L? inner product

(.90 = (frg) = / f@)g(e)e = de  for fLgc C(R).  (4.42)

Theorem 4.28. For n € Ny, the Hermite polynomials Hy, ..., H, form an
orthogonal basis for P,, with respect to the weighted inner product (-, ).

' CHARLES HERMITE (1822-1901), French mathematician
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Proof. We first show for n € Ny the representation
w™(z) = Py(z) e~ for some P, € Py, \ Pn_1. (4.43)

We prove the representation in (4.43) by induction on n > 0.
Initial step: For n = 0, we have (4.43) with Py =1 € Py.
Induction hypothesis: Suppose the representation in (4.43) holds for n € Ny.
Induction step (n — n 4+ 1): We get the stated representation by

wtt @) = dd;z: ") = di: (Pate)- <)

(Py(x) = 22Py(x)) - €™ = Poya(a) e
with P41 (z) = P (x)—2xP,(z), where P, 1 € Ppy1\Pn for P, € Pp\Pp_1.

2

Due to (4.43), the Hermite polynomial H,, n > 0, has the representation
H,(z) = (—1)"e””2 - Py(z) e = (=1)"P,(x) for x € R,
so that H,, € Py, \ Pn_1. Moreover, by (4.43) we have
w™ (z) = (—1)"8_3”2 - Hy,(x) for x € R.
Now we consider for fixed x € R the function g, : R — R, defined as
ga(t) = w(x + 1) = e~ @+ for t € R.

By Taylor series expansion on the analytic function g, around zero, we get

o (k) o 4k . o 4k N a2
w(z +1t) = Z v w® (z) = Zk,( ke Hy(x).
k=0 k=0 k=0

This yields, for the function h(z,t) = ezmt—tz, the series expansion

2 °°t’€

k!
k=0

h(z,t) = w(x —1t)-€e* — Hy(x) for all z,t € R. (4.44)

Now on the one hand we have for s,t € R the representation

/e_wzh(m,t)h(x,S) dx:/e_IQezw(t+s)e_(t2+52)dx
R R

:/e—(w—(t-‘rs))ze%sdx
R

N — ,
:e%é/e T de = /- et
R

VS (22!) . (4.45)
k=0
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On the other hand, with using the uniform convergence of the series for
h(z,t) in (4.44), we have the representation

g2 . tk > Sj
/Re h(x,t)h(x,s)dx:/Re k'Hk( x) Z?Hj(x) dx

=0
OO

thsi
i / = Hy () H; (z) da. (4.46)
By comparing the coefficients in (4.45) and (4.46), we get

/ efzsz(a:)Hj(a:) da = 28/mk! - 61, for all j,k € Ny, (4.47)
R

and so in particular
| Hy |2 = 28 /7k! for all k € Ny.
This completes our proof. |
Now we proof a three-term recursion for the Hermite polynomials.
Theorem 4.29. The Hermite polynomials satisfy the three-term recursion
Hpi1(z) =22Hy(z) — 2nH,— 1 (x) forn >0 (4.48)
with the initial values H_1 =0 and Hy(z) = 1.

Proof. Obviously, we have Hy = 1. By applying partial differentiation to the
series expansion for h(x,t) in (4.44) with respect to variable ¢ we get

O ht) = 2 — Oh(a, ) = itk;H ()
ot e A b

and this implies

> 1k

tk+l © tk

t oo
> 20 Hi () - > 2 Hi(w) = > e (@)- (4.49)
k=0 k=0 k=0
Moreover, we have
o tk+1 o tk+l k tkk_
—H, = —kH, 4.50
k=0 k=0 0
with H_; = 0. Inserting (4.50) into (4.49) gives the identity
> = 1 (20Hi(@) = 2kHy1(2) = 3 5 Hiea (). (4.51)
k=0 k=0 """

By comparing the coefficients in (4.51), we finally get the stated three-term
recursion in (4.48) with the initial values H_; =0 and Hy = 1. ]



4.4 Orthogonal Polynomials 133

Table 4.2. The Hermite polynomials H,, in monomial form, for n =1,...,8.
Hi(x) =2z
Hy(z) = 4z* — 2
Hj(z) = 82" — 12z
Hy(z) = 162" — 482% 4 12
Hs(z) = 322° — 1602° 4 120z
He(z) = 642° — 480z" + 7202° — 120
Hy(z) = 12827 — 13442° + 33602 — 1680z
Hg(z) = 2562° — 35842° 4 134402 — 134402 + 1680

By Theorem 4.29, we get another recursion for the Hermite polynomials.
Corollary 4.30. The Hermite polynomials H,, satisfy the recursion
H/ (z) =2nH,_1(x) forn € N. (4.52)
Proof. Differentiation of H,, in (4.41) yields

d 2 dh
H0) = g (16 {20 ) = 20t @) = Husa),

whereby (4.52) follows from the three-term recursion for Hy,41 in (4.48). W

Further properties of the Hermite polynomials H, follow immediately
from the recursions in Theorem 4.29 and in Corollary 4.30.

Corollary 4.31. The Hermite polynomials Hy, in (4.41) satisfy the following
properties.

(a) H, has leading coefficient 2™, for n > 0.
(b) Hs,, is even and Hapyq is odd, for n > 0.

Proof. Statement (a) follows by induction from the three-term recursion (4.48),
whereas statement (b) follows from (4.52) with Hy =1 and Hi(z) =2z. B

We can conclude that for the weighted L? inner product (-,-), in (4.42)
the Hermite polynomials H, are the unique orthogonal polynomials with
leading coefficient 2. The Hermite polynomials H,, are, for n = 1,...,8,
shown in their monomial form in Table 4.2.
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4.5 Exercises

Exercise 4.32. Let F = %[—1,1] be equipped with the Euclidean norm
I - |l2, defined by the inner product

1
= /_1 f(x)g(x)dx for f,g € €[-1,1],

so that || || = (-,-)'/2. Compute on given coefficients a,b,c,d € R, a # 0, of
a cubic polynomial

f@)=az®+ba’+cx+dePs\ Py  forxze[-1,1]

the unique best approximation p} to f from Py with respect to || - ||2-
Exercise 4.33. Compute for n € Ny the Fourier coefficients aq,...,a, € R
and by,...,b, € R of the Fourier partial sum
a n
F,(z) = ?O + Z[aj cos(jx) + b; sin(jz)] for x € [0, 2m)
j=1

(a) for the rectangular wave

0 for x € {0, 7,27}
R(z)=< 1 for x € (0,7)
-1 for z € (m,2m);

{ 0 for z € {0, 27}

s(r—ax) forx e (0,2m).

Plot the graphs of R and the best approximation FjgR to R in one figure.
Plot the graphs of S and the best approximation F19.S to .S in one figure.

Exercise 4.34. Approximate the function f(xz) = 2z —1 on the unit interval
[0,1] by a trigonometric polynomial of the form

+ Z cx cos(kmr) for z € [0, 1]. (4.53)
k=1

‘o
2
Compute (for arbitrary n € Ny) the unique best approximation 7} of the

form (4.53) to f with respect to the Euclidean norm || - ||z on [0,1]. Then
determine the smallest m € N, satisfying

/|f > (x)]2dr < 1074,

and give the best approximation T}, to f in explicit form.
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Exercise 4.35. For a continuous, positive and integrable weight function

w : (a,b) — (0,00), let €[a,b] be equipped with the weighted Euclidean
1/2

norm | - |l = (+,*)w ~, defined by

b
(. 0)w = / (@) g(z)w(z) dz  for f,g € €la,b].

Moreover, let (pr)ken,, with pr € P, be the unique sequence of orthogonal
polynomials with respect to (-, ), with leading coefficient one. According to
Theorem 4.16, the orthogonal polynomials pj. satisfy the three-term recursion

pr(z) = (& + ak) pr—1(z) + bk pr—2(x) for k >1
with initial values p_1 =0, pp = 1, and with the coefficients

(xpk—l,pk—ﬂw
lpxe—11lZ,

_ Ipr—1ll3,

fork>1 and b =1, b, = H 2
Pr—2|lw

ap = — for k > 2.

Prove the following statements for k£ € Nj.

(a) Among all polynomials p € Py with leading coefficient one, the ortho-
gonal polynomial py is norm-minimal with respect to || - ||, i.e.,

lpg ||w = min {||p||w |p € Py, with p(z) = zF + q(z) for q € Pk_l} .
(b) For all z,y € [a,b], where z # y, we have
k

pi(@)pi(y) 1 prr1(®) pe(y) — pr() Pry1(y)
; Ipsll2 llexll3 z—y

<.

and, moreover,

for all x € [a, b].

i (p;(2))?  Phsr(2) () — P (2) prsa (@)

2l T Pl

(¢) Conclude from (b) that all zeros of p; are simple. Moreover, conclude
that py+1 and pi have no common zeros.
Exercise 4.36. Show the following identities of the Chebyshev polynomials.

(a) Ty - Ty = % (TkJrg + T\kfl\) for all k,¢ € Ny.
(b) Ti(—x) = (=1)* Ty () for all k € Ny.
(C) Ty oTy =Ty for all k,¢ € Ny.
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Exercise 4.37. In this problem, make use of the results in Exercise 4.36.

(a) Prove for g € €[-1,1] and h(x) = z - g(z), for = € [—1, 1], the relation

co(h) =c1(9) and cx(h) = % (ck—1(9) + ck1(g)) forallk>1

between the Chebyshev coefficients ¢ (g) of g and ¢ (h) of h.
(b) Conclude from the relation in Exercise 4.36 (c) the representation

Tor(z) = Tp(22% — 1) for all z € [~1,1] and k € Ny. (4.54)

(¢) Can the representation in (4.54) be used to simplify the evaluation of
a Chebyshev partial sum for an even function in the Clenshaw algo-
rithm, Algorithm 57 If so, how could this simplification be used for the
implementation of the Clenshaw algorithm?

Exercise 4.38. On given coeflicient functions ay € €[a,b], for k > 1, and
b € €la,b], for k > 2, let px € €la,b], for k > 0, be a function sequence
satisfying the three-term recursion

Pr+1(2) = ag1(2) pr(®) + bt 1 (%) pr—1(z) for k>1

with initial functions py € €la,b] and p; = a1py € €Ja,b]. Show that the
sum

@)=Y i) fora e fab
j=0

can, on given coefficients ¢ = (cg,...,c,)T € R"*! be evaluated by the
following generalization of the Clenshaw algorithm, Algorithm 7.

Algorithm 7 Clenshaw algorithm
1: function CLENSHAW (¢, x)

2: Input: coefficients ¢ = (co,...,cn)T € R™™ and z € [a, b].
3.

4 let z41 = 0; 25, = cp;

5: fork=n—-1,...,0do

6: let 2z, = ¢ + ak+1(x) Zk+1 + brt2 (l’) Zk42;

T end for

8: return f,(z) = po(x) zo.

9: end function

Which algorithm results especially for the evaluation of a Legendre partial
sum

fn(z) = chLj(x) for x € [—1,1]
=0

with the Legendre polynomials Ly, ..., L, (from Definition 4.23)?7
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Exercise 4.39. In this problem, we consider approximating the exponential

function f(z) = e~ ® on the interval [—1,1] by polynomials from P, for
n € Ng, with respect to the weighted norm | - ||, = (-, ~)%u/2, where
1
w(x) = —— for z € (—1,1).

V1—22

To this end, we use the Chebyshev polynomials Ty (x) = cos(k arccos(z)).
Compute the coefficients ¢* = (¢, ..., c;)T € R**?! of the best approximation

pr(x) = Zcz Ti(x) € Py, for x € [-1,1] and n € Ny.
k=0

Exercise 4.40. In this problem, we use the Legendre polynomials

dk 9 R
to determine the best approximation p} € P,, n € Ny, to the exponential
function f(z) = e~ on [—1,1] w.r.t. the (unweighted) Euclidean norm || - ||2.
Compute the first eight coefficients ¢* = (¢, ..., ct)T € R® of the sought
best approximation

n
ph(x) =Y ck Li(x) for z € [~1,1].

k=0

Exercise 4.41. In this programming problem, we compare the two approx-
imations to f(z) = e~ * from the previous Exercises 4.39 and 4.40.

(a) Evaluate the two best approximations p: € P, (from Exercises 4.39
and 4.40, respectively) for n = 3,4,5,6,7 at N + 1 equidistant points

9
xj:—l—i—ﬁj forj=0,...,N
for a suitable N > 1 by the modified Clenshaw algorithm, Algorithm 6.
Plot the graphs of the functions p and f in one figure, for n = 3,4,5,6, 7.
(b) Record for your computations in (a) the approximation errors

N
€3 = z)lp;i(xj)—f(xj)\Q and  eoc = max b, (@;) = f(2;)],
j:

for n = 3,4,5,6,7. Display your results in one table.

(¢) Compare the approximation by Chebyshev polynomials (Exercise 4.39)
with the approximation by Legendre polynomials (Exercise 4.40). Take
notes of your numerical observations. Did the observed numerical results
match your perception?
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Exercise 4.42. Consider for n € Ny the Hermite function
ho(z) == Hy(z) /2 forz eR, (4.55)

where H,, denotes the n-th Hermite polynomial in (4.41).
Show that the Hermite functions h,, satisfy the differential equation

h, (z) — (2> —2n—1) hy(z) =0 for n > 0.
Moreover, prove the recursion

hpt1(x) = zhy,(z) — ), (x) for n > 0.

Hint: Use the recursions from Theorem 4.29 and Corollary 4.30.
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5 Chebyshev Approximation

In this chapter, we study, for a compact domain 2 C R?, d > 1, the approxi-
mation of continuous functions from the linear space

% (£2) ={u: 2 — R|u continuous}
with respect to the maximum norm

lte]| oo = max |u(z)] for u € €(12).

The maximum norm | - || is also referred to as Chebyshev' norm, and so in
this chapter, we are concerned with Chebyshev approximation, i.e., approxi-
mation with respect to || - ||co-

To approximate functions from %(2), we work with finite-dimensional
linear subspaces S C € (£2). Under this assumption, there is for any f € €(£2)
a best approximation s* € S to f, see Corollary 3.8. Further in Chapter 3,
we analyzed the problem of Chebyshev approximation from a more general
viewpoint. Recall that we have made a negative observation: The Chebyshev
norm || - ||oo is not strictly convex, as shown in Example 3.34. According to
Theorem 3.37, however, strictly convex norms guarantee (for convex S C F)
the uniqueness of best approximations. Therefore, the problem of approxi-
mation with respect to the Chebyshev norm | - ||« appears to be, at first
sight, rather critical.

But we should not be too pessimistic. In this chapter, we will derive
suitable conditions on the approximation space S C %(§2), under which we
can even guarantee strong uniqueness of best approximations. However, accor-
ding to the Mairhuber-Curtis theorem, Theorem 5.25, strong uniqueness can
only be achieved for the univariate case. Therefore, the case d = 1, where
2 = [a,b] C R is a compact interval, is of primary importance. In fact, we
will study Chebyshev approximation to continuous functions in €la,b] by
algebraic polynomials from Py, for n € Ny, in more detail.

Furthermore, we derive suitable characterizations for best approximations
for the particular case ||| = ||||oo, Wwhere we can rely on our previous results in
Chapter 3. This finally leads us to the Remez algorithm, an iterative numerical
method to compute best approximations with respect to the Chebyshev norm
I l|oo- We show linear convergence for the Remez iteration.

! PAFNUTY LvovicH CHEBYSHEV (1821-1894), Russian mathematician
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5.1 Approaches to Construct Best Approximations

For a compact domain £2 C R%, d > 1, we denote by %'(£2) the linear space of
all continuous functions on 2. Moreover, we assume throughout this chapter
that S C €(12) is a finite-dimensional linear subspace of €'(£2). Under these
assumptions, there exists, according to Corollary 3.8, for any f € €({2) a
best approximation s* € S to f with respect to the Chebyshev norm || - |-
However, s* is not necessarily unique, since || - || is not strictly convex.

Now we apply the characterizations for best approximations from Chap-
ter 3 to the special case of the Chebyshev norm ||-||oo. We begin with the direct
characterizations from Section 3.4, where we had proven the Kolmogorov cri-
terion, Corollary 3.55. We can adapt the Kolmogorov criterion to the Cheby-
shev norm || - oo as follows.

Theorem 5.1. Let S C €(£2) be a linear subspace of €(§2) and suppose
f e €2)\S. Then s* € S is a best approximation to f with respect to

I+ lloe, if and only if

max s(x)sgn((s* — f)(z)) >0 forallse S, (5.1)
TEE -+ _f

where
Eep={r e 2:((s" = f)(z)] =[|s" = flloc} C 2

denotes the set of extremal points of s* — f in 2.

Proof. By the equivalence of the Kolmogorov criterion, Corollary 3.55, s* is
a best approximation to f with respect to || - || = || - ||oo, if and only if

I (s = fis—s") = max (s—s")(x)sgn((s* — f)(z)) >0 forallsesS,

TEE g
where we have used the Géateaux derivative of the norm || - ||« from Theo-
rem 3.64. By the linearity of S, this condition is equivalent to (5.1). |

Given the result of Theorem 5.1, we can immediately solve one simple
problem of Chebyshev approximation. To this end, we regard the univariate
case, d = 1, where {2 = [a,b] C R for a compact interval. In this case, we
wish to approximate continuous functions from %[a, b] by constants.

Corollary 5.2. Let [a,b] C R be compact and f € €[a,b]. Then

C* _ fmin + fmax

eP
5 0
is the unique best approximation to f from Py with respect to || - ||, where
fmin = min_ f(x) and fmax = max_f(z).

z€[a,b] z€(a,b]
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Proof. For f € Py, the statement is trivial. Now suppose f € €[a,b] \ Po.
The continuous function f € €a, b] attains its minimum and maximum on
the compact interval [a, b]. Therefore, there are Tmin, Tmax € [a, b] satisfying

fmin - f(mmin) and fmax - f(-rmax)-

Obviously, Tmin, Tmax lie in the set of extremal points E.«_ ¢, where

= f(xmin) =7
¢t — f(l'max) =-n
with 7 = ||¢* = flloo = (fmax — fmin)/2 > 0. Moreover, in this case we have

max csgn(c” — f(z)) = csgn(c® — f(zmin)) =¢ >0
TEE +_y

for ¢ > 0 on the one hand, and

HF}a‘X CSgH(C* - f(JC)) = ngn(C* - f(xmax)) =—c>0

TEL* _§

for ¢ < 0 on the other hand. Altogether, the Kolmogorov criterion from
Theorem 5.1,

max csgn(c’ — f(x)) >0 for all ¢ € Py,
TEE +_y
is satisfied. Therefore, c¢* is a best approximation to f from Py with respect
t0 || - o-
Finally, ¢* is the unique best approximation to f, since for ¢ # ¢* we have

HC_ f”OO > |C_ fmin| > |C>k - fmin‘ = ||C* - fHOO for ¢ > c* )
le = flloo = le = fumax| > |€" = fumax| = ll¢" = flls  for e <c”.

Observe from the above construction of the unique best approximation
c¢* € Py to f € €la,b] that there are at least two different extremal points
x1, T2 € Eq«_y which satisfy the alternation condition

(c* = )xr) = (=D olc* = flloo for k=1,2 (5.2)

for some o € {£1}. The alternation condition (5.2) is necessary and sufficient
for a best approximation from Py. Moreover, there is no upper bound for the
number of alternation points. We can further explain this by the following
simple example.

Example 5.3. We approximate f,, () = cos(mx), for m € N, on the interval
[—7, 7] by constants. According to Corollary 5.2, ¢* = 0 is the unique best
approximation to f,, from Py, for all m € N. We get ||c* — finlloc = 1 for
the minimal distance between f,,, and Py, and the error function ¢* — f,, has
2m + 1 alternation points x, = wk/m, for k = —m,...,m. &



142 5 Chebyshev Approximation

For the approximation of f € €[a, b] by polynomials from P,,_1, there are
at least n+1 alternation points. Moreover, the best approximation p* € P,,_1
to f is unique. We can prove these two statements by another corollary from
the Kolmogorov criterion, Theorem 5.1.

Corollary 5.4. Let [a,b] C R be compact and f € €[a,b] \ Pn_1, where
n € N. Then there is a unique best approzimation p* € P,_1 to f from Pp_1

with respect to || - ||eo. Moreover, there are at least n + 1 extremal points
{Z1,.. ., Zn41} C Epr_y witha < x1 < ... < Typq1 < b, that are satisfying
the alternation condition

(p* — f)(xr) = (=D o |p* = flloo fork=1,...,n+1 (5.3)

for some o € {£1}.

Proof. The existence of a best approximation is covered by Corollary 3.8.

Now let p* € P,_1 be a best approximation to f. We decompose the set
of extremal points E,-_; into m pairwise disjoint, non-empty, and monoto-
nically increasing subsets, Ky, ..., E,, C Ep_y, ie.,

a<t <0< ...<xy, <b forall z, € Ep and k=1,...,m, (5.4)

so that the sign of the error p* — f is alternating on the sets £ C Ep-_¢,
1 <k <m, ie., we have, for some o € {1},

sen((p* — f)(z1)) = (=1)Fo  for all z € Ey, for k=1,...,m. (5.5)

We denote the order relation in (5.4) in short by Fy < ... < Ey,

Note that there are at least two extremal points in Ep«_y, at which the
error function p* — f has different signs. Indeed, this is because the continuous
function p* — f attains its minimum and maximum on [a, b], so that

(P* = ) (@min) = =[IP" = fllo and (P" = [)(@max) = Ip" = fllo

for Zmin, Tmax € [a,b]. Otherwise, p* cannot be a best approximation to f.

Therefore, there are at least two subsets Fj in the above decomposition
of Ep-_y, i.e., m > 2. We now show that we even have m > n + 1 for the
number of subsets Fy.

Suppose m < n+1, or, m < n. Then there is aset X* = {z7,...,a},_;} of
size m — 1, whose points z;, are located between the points from neighbouring
subsets Ej, < Ejy1, respectively, so that

T < Tf < Tht for all ), € Fi, 2541 € By and k=1,...,m — 1.

In this case, the corresponding knot polynomial

m—1
UJX* HLU—{Ek € P11 C Pp-1
k=1
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has on the subsets Ej alternating signs, where
sgn(wy-(rg)) = (—1)™* forall k=1,...,m.
Now for the polynomial p = p* + § wx+ € Pp_1, with 6 € {£1}, we have
sen((p — p) (@) (0" — £)(@x)) = 6(=1)"F(=1)Fa = (1)
for all z, € E), and for k = 1,...,m. Letting 6 = —(—1)™0, we have

max  (p — p")(zx)sgn((p” — f)(zx) <0.
TR E€EE x5
This, however, is in contradiction to the Kolmogorov criterion, Theorem 5.1.
Therefore, there are at least m > n + 1 monotonically increasing non-empty
subsets By < ... < Ep, of Ep-_y, for which the sign of the error function
p* — f is alternating, i.e., we have (5.5) with m > n + 1, which implies the
alternation condition (5.3).

Now we prove the uniqueness of p* by contradiction.

Suppose there is another best approximation ¢* € P,_1 to f, p* # ¢*.
Then, the convex combination p = (p* + ¢*)/2 € P,_1 is according to The-
orem 3.16 yet another best approximation to f. In this case, there are for p
at least m + 1 alternation points 1 < ... < Zpy1, so that

(0= Hlaw) = (=Dfolp—fle  fork=1,...,n+1

for some o € {£1}, where {z1,...,Tn+1} C Ep_y.
But the n + 1 alternation points z1,...,x,4+1 of p are also contained in
each of the extremal point sets Ep-_; and Fq«_¢. Indeed, this is because in

Ip = Flle = (o= )| < 516 = D)l + 510" ~ £z
1 * 1 * . * _ *
< 20" = flloo + 3" = Flleo = 15" — Flloe = 2" = fllc

equality holds for £ =1,...,n + 1. In particular, we have

(" = )(@r) + (6" = M) = 10" = H@w) + (g7 = )]

forall 1 <k <n+1.

Due to the strict convexity of the norm |- | (see Remark 3.27) and by the
equivalence statement (d) in Theorem 3.26, the signs of the error functions
p* — f and ¢* — f must agree on {z1,..., 2,41}, i€,

sen((p” — () =sen((@ — ) forallk=1,...,n+1.

Altogether, the values of the polynomials p*, ¢* € P,,_1 coincide on the n+ 1
points x1,...,x,+1, which implies p* = ¢*. ]
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Now we note another important corollary, which directly follows from our
observation in Proposition 3.42 and from Exercise 3.73.

Corollary 5.5. For L > 0 let f € ¥[—L,L]. Moreover, let p* € Py, for
n € Ny, be the unique best approzimation to f from P, with respect to || || oo -
Then the following statements are true.

(a) If f is even, then its best approxzimation p* € Py, is even.
(b) If f is odd, then its best approzimation p* € Py, is odd.

Proof. The linear space P,, of algebraic polynomials is reflection-invariant,
ie., for p(z) € Py, we have p(—z) € P,. Moreover, by Corollary 5.4 there
exists for any f € €[—L, L] a unique best approximation p* € P,, to f from
P, with respect to || « [|eo. Without loss of generality, we assume L = 1. By
Proposition 3.42 and Exercise 3.73, both statements (a) and (b) hold. ]

For illustration, we apply Corollary 5.5 in the following two examples.

Example 5.6. We approximate f,,(z) = sin(mz), for m € N, on [—7, 7] by
linear polynomials. The function f,, is odd, for all m € N, and so is the best
approximation p’, € P; to f, odd. Therefore, p, has the form p%, () = apx
for a slope a,, > 0, which is yet to be determined.

Case 1: For m = 1, the constant ¢ = 0 cannot be a best approximation
to fi(xz) = sin(x), since ¢ — f1 has only two alternation points +m/2. By
symmetry, we can restrict our following investigations to the interval [0, .
The function pj(z) — f1(x) = anx —sin(z), with a1 > 0, has two alternation
points {z*, 7} on [0, 7],

(1 — f1)(z") = nz” —sin(z") = —n  and  (p] — fi)(7) = aum =7,
where 1 = ||p} — f1]|oo is the minimal distance between f; and P;. Moreover,
the alternation point x* satisfies the condition
0= (p; — f1)'(z*) = a — cos(z") which implies a; = cos(z*).
Therefore, * is a solution of the nonlinear equation
cos(z™)(z* + ) = sin(x™),

which we can solve numerically, whereby we obtain the alternation point x* ~
1.3518, the slope a3 = cos(x*) ~ 0.2172 and the minimal distance n ~ 0.6825.
Altogether, the best approximation pj(z) = ayz with {—m, —a*, z*, 7} gives
four alternation points for p;7 — f1 on [—m, 7], see Figure 5.1 (a).

Case 2: For m > 1, p¥ = 0 is the unique best approximation to f,.

For the minimal distance, we get ||p%, — fmllco = 1 and the error function
Dy, — fm has 2m alternation points

2k -1
2m
see Figure 5.1 (b) for the case m = 2. O

T =% T fork=1,2,...,m,
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(a) approximation of the function f;(z) = sin(z)

-02 H

0.4 .

-0.8 -

(b) approximation of the function f2(x) = sin(2z)

Fig. 5.1. Approximation of the function fm,(z) = sin(mz) on [—7, 7] by linear
polynomials for (a) m = 1 and (b) m = 2. The best approximation p;, € P1 to fim,
m = 1,2, is odd. In Example 5.6, we determine the best approximation p;,, € P; to
fm and the corresponding alternation points for all m € N.
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Regrettably, the characterization of best approximations in Corollary 5.4
is not constructive, since neither do we know the set of extremal points E,-_ ¢
nor do we know the minimal distance ||p* — f|| a priori. Otherwise, we could
immediately compute the best approximating polynomial p* € P, _1 from the
interpolation conditions

P (ar) = flar) + (=1 where = o|[p* — flo,

for k =1,...,n+1. For further illustration, we discuss the following example,
where we can predetermine some of the extremal points.

Example 5.7. We approximate the absolute-value function f(z) = |x|
on [—1,1] by quadratic polynomials. To construct the best approximation
ps € Py to f € €[—1, 1] we first note the following observations.

e The function f is even, and so p5 must be even, by Corollary 5.5.

e By Corollary 5.4 there are at least four extremal points, [Eys _f| > 4.

e The error function e = p5 — f on [0, 1] is a quadratic polynomial. Therefore,
e has on (0, 1) at most one local extremum z* € (0, 1). This local extremum
must lie in the set of extremal points Ej; ;. By symmetry, —2* € (—1,0)
is also contained in the set of extremal points Ep:_ ;.

e Further extrema of the error function e can only be at the origin or at
the boundary points 1. Since |Ep; | > 4 and due to symmetry, both
boundary points £1 must lie in Ep:_ .

e To satisfy the alternation condition, the origin must necessarily lie in
Eps_y. Indeed, for the subset £ = {—1,—2* 2%, 1} C E,; s the four
signs of e on E are symmetric, in particular not alternating. Therefore, we
have By r = {—1,—2%,0,2%, 1} for some 2* € (0,1).

e By symmetry we can restrict ourselves in the following investigations to the
unit interval [0, 1]: Since the error function e = p5 — f has three extrema
{0,2*,1} in [0, 1], e has two zeros in (0, 1), i.e., the function graphs of f and
p5 intersect in (0,1) at two points. Hence, p} is convex, where p3(0) > 0.

We can now sketch the function graphs of f and p} (see Figure 5.2).
By our above observations the best approximation p3 has the form

pi(z) =1+ ax?
with the minimal distance 7 = ||p3— f]| 0, for some positive slope & > 0. More-
over, e = p; — f has on the set of extremal points Eys ;= {—1,—2*,0,2*, 1}
alternating signs € = (1, —1,1, —1,1). We compute « by the alternation con-
dition at x =1,
(pa = f)(1) =n+a—-1=n,

and so we obtain o = 1, so that p}(z) = n + 2. The local minimum z* of
the error function e = p5 — f satisfies the necessary condition

e'(z*) =22* —1=0,
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whereby 2* = 1/2, so that E; _y = {—1,-1/2,0,1/2,1}. Finally, at * = 1/2
we have the alternation condition

(p5 — )(1/2) =n+1/4—-1/2 = -,

holds, whereby 7 = 1/8. Hence, the quadratic polynomial p}(z) = 1/8 + 22

is the unique best approximation to f from Ps with respect to || - ||co- O
1.2
1
0.8 - 4
0.6 - 4
04 E
0.2 4
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Fig. 5.2. Approximation of the function f(z) = |z| on [—1, 1] by quadratic polyno-
mials. The best approximation p5 € Ps to f is even and convex. The set of extremal
points Eps ;= {—1,—x",0,2",1} has five alternation points.

A more constructive account for the computation of best approximations
relies on the dual characterizations from Section 3.3. To this end, we recall
the necessary and sufficient condition from Theorem 3.48. According to The-
orem 3.48, s* € S C € ({2) is a best approximation to f € € ({2) with respect
to || - ||oo, if and only if there is a dual functional ¢ € (%(£2))’ satisfying

(@) llelloc = 1.
(b) @(s™ = f) = lIs" = flloo-
(c) (s —s*)>0forall seS.
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To construct such a characterizing dual functional, we use the assumption
u) = Z Aeru(zy) for u € €(12) (5.6)
with coefficient vector A = (A1, ..., An)? € A,,, lying at the boundary

Ay = {()\17...,)\m)T e R™ ’)\k €0,1,1 <k < m,Z)\k = 1} (5.7)
k=1
of the standard simplex A,, C R™ from (2.38). Moreover,
e=(e1y..,em)t € {£1}™

denotes a sign vector and X = {z1,...,2,,} C {2 is a point set.
Assuming (5.6) condition (a) is already satisfied, since

Z )\ksku(:ck)

k=1

lp(u)| = < u)l o for all u € €(12) (5.8)

and so ||¢|lec < 1. Moreover, for any u € %({2) satisfying ||ullc = 1 and
u(xy) = eg, for all 1 < k < m, we have equality in (5.8), so that ¢ has norm
length one by [lplloe = [All1 = 1.

To satisfy condition (b), we choose X = Es«_f,i.e., Ego_y = {z1,...,Tm }.
In this case, we get, in combination with e = sgn((s* — f)(xx)), the identity

e(s" —f) = Z)\kEk s = f)(xr) ZAH (s" = N@e) = lIs" = flloo-

k=1 k=1

But the set of extremal points F,«_¢ is unknown a priori. Moreover, it
remains to satisfy condition (c).

From now on we study the construction of coefficients A € A,,, signs
g € {£1}™ and points X = {x1,..., 2y} in more detail. In order to do so,
we need some technical preparations. We begin with the representation of
convex hulls.

Definition 5.8. Let F be a linear space and M C F. Then the convex hull
conv(M) of M is the smallest convex set in F containing M, i.e.,

conv(M) = ﬂ K.

MCKCF
K convex
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The following representation for conv(,M) is much more useful in practice.

Theorem 5.9. Let F be a linear space and M C F. Then we have

conv(M) = Z)\jxj

j=1

z; € M and)\:(Al,...,Am)TeAmformeN

Proof. Let us consider the set

> Az

Jj=1

zj € Mand A= (\i,..., )" € A, formeN3. (5.9)

We now show the following properties for .

(a) K is convex.
(b)y M CK.
(¢) conv(M) C K.

(a): For x,y € K we have the representations

"E:ZA]'ZEJ‘ with A = (Al,...,)\m)T GAm,{ﬂCl,...,(L'm} CM,mEN

y= mye withp= (..., p)" € Ap{y1,...,yn} C M, EN.

Note that any convex combination ax + (1 — a)y, o € [0,1], can be written
as a convex combination of the points x1,...,Zm,Y1,-- -, Yn,

n

m
ozx—l—(l—oz)y:ozZ/\jmj—F(l Z,ukyk Za)\ x]—I—Z (1— ) pryr,
j=1

k=1
so that ax + (1 — o)y € K for all a € [0, 1].

(b): Any point € M lies in IC, by m =1, Ay = 1 and z; = z in (5.9).
Therefore, the inclusion M C K holds.

(¢): By (a) and (b) K is a convex set containing M. From the minimality
of conv(M) we can conclude conv(M) C K.

We now show the inclusion I C conv(M). To this end, we first note that
any convex L containing M, i.e., M C L, is necessarily a superset of I, i.e.,
K C L. Indeed, this is because £ contains all finite convex combinations of
points from M. This immediately implies

Kc () £=-conv(M).

McCL
L convex

Altogether, we have K = conv(M). ]
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By the characterization in Theorem 5.9, we can identify the convex hull
conv(M), for any set M C F, as the set of all finite convex combina-
tions of points from M. For finite-dimensional linear spaces F, the length of
the convex combinations can uniformly be bounded above according to the
Carathéodory® theorem.

Theorem 5.10. (Carathéodory).
Let F be a linear space of finite dimension dim(F) = n < co. Moreover,
suppose M C F. Then we have the representation

xjG./\/l,/\:(Al,...,Am)TEAmform§n+l

conv(M) = Z AT

j=1

Proof. For x € conv(M) we consider a representation of the form
m
z=Y N\a; with A= (A1,..., )T € Ay, and 21, ..., 2, € M

but with minimal m € N. Then A\; > 0, i.e.,, A; € (0,1] for all 1 < j < m.
From the assumed representation we get

m

> Ajlw—x5) =0,

j=1

i.e., the elements v — x; € F, 1 < j < m, are linearly dependent in F.
Now suppose m >n + 1, or, m — 1 > n. Then there are as,...,qa, € R,
that are not all vanishing, with

Zaj(x_xj) =0,
j=1

where we let a; = 0. This gives the representation
m
22/\ +taj)(x —xj) Z,LL] (x — x;) for all t € R,
j=1

with 11;(t) = (A\; + t;) and therefore p;(0) = A; > 0.
Now we choose one t* € R satisfying

i) =X +t'a; >0 forall j=1,...,m,
and pk(t*) = 0 for some k € {1,...,m}. By

2 CONSTANTIN CARATHEODORY (1873-1950), Greek mathematician
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1 (t7) ,
pi==m 20 forj=1,...,m
! Dok ()

we have
m
D pi=1
=1

and
m

m
ij(x—xj):() = szpjarj.
j=1

Jj=1

Note that py = 0. But this is in contradiction to the minimality of m. |
The Carathéodory theorem implies the following important result.

Corollary 5.11. Let F be a normed linear space of finite dimension n < oo.
Suppose M C F is a compact subset of F. Then conv(M) is compact.

Proof. We regard on the compact set £, 11 = A,41 X M™F! the continuous
mapping ¢ : L,4+1 —> F, defined as

n+1

e\ X) =) Nz
j=1

for A= (A1, ., A1)t € Apyg and X = (21, ..., 0p41) € M" L According
to the Carathéodory theorem, Theorem 5.10, we have ¢(L,,41) = conv(M).
Therefore, conv(M) is also compact, since conv(M) is the image of the com-
pact set £,,41 under the continuous mapping ¢ : L,41 — F. |

From Corollary 5.11, we gain the following separation theorem.

Theorem 5.12. Let M C R? be compact. Then the following two statements
are equivalent.

(a) There is no 3 € R\ {0} satisfying 7o > 0 for all x € M.
(b) 0 € conv(M).

Proof. (b) = (a): Let 0 € conv(M). Then we have the representation

0="> X\u; with A= (A1,...,Am)" € A,y and 2q,..., 2, € M.
j=1

Suppose there is one 3 € R?\ {0} satisfying 372 > 0 for all x € M. Then
we immediately get a contradiction by

BT0=0=>"X;8"x; >0.

j=1
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(a) = (b): Suppose statement (a) holds. Further suppose that 0 ¢ conv(M).

Since conv(M) is compact, by Corollary 5.11, there is one S, € conv(M),
B« # 0, of minimal Euclidean norm in conv(M). This minimum g,, viewed
as a best approximation from conv(M) to the origin with respect to | - [|2, is
characterized by

(Bs—0,2—06.) >0 for all x € conv(M)

according to the Kolmogorov theorem, Corollary 3.55, in combination with
the Gateaux derivative for Euclidean norms in Theorem 3.62. But this con-
dition is equivalent to

Bla = (Bi,z) > (B, B) = ||B:]53 > 0 for all z € conv(M).
But this is in contradiction to our assumption in (a). [ |

Remark 5.13. The equivalence statement (a) in Theorem 5.12 says that the
Euclidean space R? cannot be split by a separating hyperplane through the
origin into two half-spaces, such that M is entirely contained in one of the
two half-spaces. O

5.2 Strongly Unique Best Approximations

Now we wish to further develop the characterizations for best approximations
from Sections 3.3 and 3.4 for the special case of the Chebyshev norm || - |-
In the following discussion, {s1,...,s,} C S, for n € N, denotes a basis for
the finite-dimensional approximation space S C € (§2). To characterize a best
approximation s* € S to some f € €(£2)\S, we work with the compact point
set

Mgy ={(s* = f)@)(s1(2),...,50(2))" |2 € Eg-_s} CR",

where we can immediately draw the following conclusion from Theorem 5.12.

Corollary 5.14. For s* € S the following statements are equivalent.

(a) s* is a best approxzimation to f € €(£2)\ S.
(b) 0 € conv(Mg-_y).

Proof. In this proof, we use the notation
ss= Bis; €S  for B=(Bu,....5,)T €R" (5.10)
j=1

(b) = (a): Let 0 € conv(M«_y). Suppose s* € S is not a best approxi-
mation to f. Then there is one 8 = (B1,...,8,)" € R"\ {0} satisfying

15 = f = splloo <lIs™ = flloo
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In this case, we have
(5" = D(@) = s5@) < |(s" = H@)P  forall a € By,
But this is equivalent to

(5" = N)@) = 2(s" = f)@)sp(@) + s5(x) < |(s" = ()]

for all x € Es«_y, so that
N 1
(s* = f)(x)sg(x) > 58%(3@) >0 for all x € Fg«_y,

ie.,

BT (s* — (@) (s1(z), ..., 80(2)T >0 for all z € Eg-_5.
By the equivalence statements in Theorem 5.12, we see that the origin is
in this case not contained in the convex hull conv(M,-_y). But this is in
contradiction to statement (b).

(a) = (b): Let s* be a best approximation to f. Suppose 0 ¢ conv(M-_¢).

Due to Theorem 5.12, there is one 3 = (Bi,...,B,)T € R™\ {0} satisfying
BTu>0,or, —Tu <0, for all u € M« _¢. But this is equivalent to

(s = f)(x)s—p(z) <0 for all x € Eg-_y,
i.e., s* — f and s_g have opposite signs on Fy-_y, whereby
sgn((s™ — f)(x)) s—p(z) <0 for all x € Eg-_¢.
In particular (by using the compactness of Eg«_y), we have

e sn((s” = £)(x) s-p(a) <0

But this is, due to the Kolmogorov criterion, Theorem 5.1, in contradiction
to the optimality of s* in (a), [

Corollary 5.14 yields an important result concerning the characterization
of best approximations.

Corollary 5.15. For s* € § the following statements are equivalent.

(a) s* is a best approximation to f € €(2)\ S.
(b) There are m <n+1
o pairwise distinct extremal points x1,...,Tm € Eg_j
o signs ; = sgu((s* — f)(z;)), forj=1,...,m,
e cocfficients A = (A1,..., )T € Ay, with X\; >0 for all 1 < j <m,
satisfying

o(s) := Z Ajejs(zj) =0 forall s € S. (5.11)
j=1
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Proof. (a) = (b): Let s* be a best approximation to f.

Then we have 0 € conv(M,«_s) by Corollary 5.14. According to the
Carathéodory theorem, Theorem 5.10, there are m < n + 1 extremal points
Z1,...,Zm € Eg-_y and coeflicients A = (A, ..., Am)T € A, satisfying

m

0= Z)‘]((S = )(@;))sk(z;) ZA €ills™ = flloosk(z;) Z/\ €j5k(x;)

Jj=1 Jj=1

for all basis elements s, € S, k=1,...,n.
(b) = (a): Under the assumption in (b), we have 0 € conv(Mg-_¢),
whereby s* is a best approximation to f, due to Corollary 5.14. |

Remark 5.16. In statement (b) of Corollary 5.15 the alternation condition
6j'€j+1:71 forjzl,...,mfl

is not necessarily satisfied. In Corollary 5.4, we considered the special case
of polynomial approximation by & = P,_1 C €J[a,b]. In that case, the alter-
nation condition (5.3) is satisfied with at least n 4+ 1 extremal points. But in
Corollary 5.15 only at most n + 1 extremal points are allowed. |

In the following discussion, we will see how the characterizations of Corol-
lary 5.4 and Corollary 5.15 can be combined. To this end, the following result
is of central importance, whereby we can even prove strong uniqueness for
best approximations.

Theorem 5.17. For f € €(2)\ S, let s* € S be a best approximation to f.
Moreover, suppose that ¢ : €(§2) — R is a linear functional of the form

u) = Z Areru(zy) foru e €(£2) (5.12)

satisfying the dual characterization (5.11) of Corollary 5.15 for a point set
X ={z1,...,2m} C Eg-_y, where 2 < m < n+ 1. Then, we have for any
s € S the estimates

)\min

ls = flloo 2 lls = flloo.x 2 18" = flloo + 37—l

* = $)loo,x,  (5.13)

where Amin 1= Minj<j<m A; > 0.

Proof. Suppose s € S. Then, the first estimate in (5.13) is trivial. To show
the second estimate in (5.13), we use the ingredients e € {£1}™, A € A,,,
and X C Ey«_j for the functional ¢ in (5.12) from the dual characterization
of Corollary 5.15. Note that we have

s = flloo,x = €5(s — f)(z;) =€;j(s — s%)(x;) +€;(s" — f)(x5)
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and, moreover, €;(s* — f)(z;) = ||s* — fllo, for all j =1,...,m, so that
l[s = flloox 2 lIs" = flloo +&j(s = s7)(x;)  foralll<j<m. (5.14)

Since m > 2, we have Apin € (0,1/2] and so Apin/(1 — Amin) € (0, 1].

Now let z;+ € X be a point satisfying [(s — s*)(xj+)| = ||s — 5"[|oo,x. If
gj(s—s*)(xj+) = ||s — 5*||x,x, then the second estimate in (5.13) is satisfied,
with Apmin/(1—Amin) < 1. Otherwise, we have €;(s—s*)(z;+) = —||s—5*|| 00, x»

whereby with ¢(s — s*) = 0 the estimate

Ajells=5"loox = Y Meer(s—s")(zx) < (1—Aj*)ﬁ%§5k(s_s*)(xk) (5.15)
k=1
Kt

follows. Now then, for k* € {1,...,m} \ {j*} satisfying
e (s — 8")(zk+) = maxep(s — s¥)(xg)
k#j*

we find, due to (5.15), the estimate

)\min
1- >\min

Aj
17

5 = slloox < 7518 = slloo.x <eke (s — 57 (e,
*

which implies, in combination with (5.14), the second estimate in (5.13). W

Note that for any best approximation s* € S to f € F(£2) \ S, the

estimates in (5.13) yield the inequality
* )\min *
s = flloo = I5" = flloo > x5 = 8" [loo,x forallse€S. (5.16)
1- )\min

Given this result, we can further analyze the question for the (strong) unique-
ness of best approximations to f € (£2)\ S. To this end, we first take note
of the following simple observation.

Remark 5.18. Let s* € S be a best approximation to f € €(£2) \ S. Then,
for any other best approximation s** € S to f € €(2) we have

* ok * )\mil’l
0= 115" = fllow = Ils" = flloe = 725"

5 o
min

by (5.16), and this implies, for Ay, € (0, 1), the identity

k3%

5% = " loe.x = 0.

In conclusion, all best approximations to f must coincide on X. Now if || || oo, x
is a norm on S, then s* will be the unique best approximation to f. (|
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In the following Section 5.3, we develop suitable conditions on S C €(12),
under which we can guarantee the uniqueness of best approximations. In
our developments the definiteness of || - [|co,x plays an important role. As
we can show already now, the definiteness of || - ||, x guarantees the strong
uniqueness of a best approximation s* € S to f € €(2)\ S.

Theorem 5.19. Under the assumptions of Theorem 5.17, let || - |0, x be a
norm on S. Then there exists for any f € €(2)\ S a strongly unique best
approximation s* € S to f.

Proof. The approximation space S C € ({2) is finite-dimensional. Therefore,
there exists for any f € €'({2) a best approximation s* € S to f, according
to Corollary 3.8. Moreover, all norms on S are equivalent. In particular, the
two norms || - [|oc and || - ||eo,x are on S equivalent, so that there is a constant
B8 > 0 satisfying

Is]loo,x = BlIs]loo for all s € S. (5.17)

By (5.13), the best approximation s* to f is strongly unique, since

Amin

ls=Fflloc=lls"=flloo = 7 [s=5"loo,x = alls=8"[loc ~ forallseS§,

- )\mm
where & = SAmin/(1 — Amin) > 0. [ ]
Before we continue our analysis, we first discuss two examples.

Example 5.20. Let F = ¢[-1,1], S = P; C F and f(z) = 2°. Then,
¢ = 1/2 is according to Corollary 5.2 the unique best approximation to f
from Py. Since f is even, the unique best approximation pj € P; to f from
P1 is also even, due to Corollary 5.5. In this case, p] is necessarily constant,
and so ¢* is also the unique best approximation to f from P;. Moreover, the
error function ¢* — f has on the interval [—1, 1] exactly three extremal points
X ={x1,29,23} = {—1,0, 1}, where the alternation conditions are satisfied,

. 1 ,
¢ = flzj) = le" = fllo = (1)) -5 forj=1,2,3.
For Ay =1/4, Ay =1/2, A3 =1/4 and ¢; = (—1)7, for j = 1, 2,3, we have

3
Z)\jsjp(xj) =0 forallpeP.
j=1

Moreover, || - |jco,x is & norm on P;. According to Theorem 5.19, the
constant ¢* is the strongly unique best approximation to f from P;. By
Amin = Mmini<;<3 A; = 1/4 we get, like in the proof of Theorem 5.19 (with
B =1), the estimate

* )\min * 1 *
[p=Fflloo—llc" = fllc = ﬁﬂp—c oo, x = gHP—C oo forallpePy

for the strong uniqueness of ¢* with the constant o = 1/3. &



5.2 Strongly Unique Best Approximations 157
For further illustration, we make the following link to Example 5.7.

Example 5.21. Let F = €[-1,1], S = P, C F and f(z) = |z|. From
Example 5.7 the function pj(x) = 1/8 4+ 22 is the unique best approximation
to f from P, with extremal point set Ep: ;= {0,+1/2,+1}.

For the dual characterization of the best approximation p3 € Ps to f, we
seek, according to Corollary 5.15, a set X C FEjs_y of extremal points, where
2 <m = |X| < dim(Py) + 1 = 4, signs &; = sgn((p; — /)(z,)), 1 < j < m,
and coefficients A = (A1,..., A\y) € A, satisfying

> Nep(z;) =0 forallp e Py (5.18)
j=1

This results in dim(Pz) = 3 linear equations. Together with
M+ .+ An=1 (5.19)

we get a total number of four linear equation conditions for A € A,,,. There-
fore, we let m = 4 and, moreover, we take X = {-1/2,0,1/2,1} C Ep; ¢
with signs € = (—1,1,—1,1). In this way, we reformulate (5.18) as follows.

—Mip(=1/2) + Xep(0) — Asp(1/2) + Aap(1) =0 for all p € Py (5.20)

We pose the conditions from (5.20) to the three elements of the monomial
basis {1,x, 22} of Py. For p = 1 we get —A\; + A2 — A3 + Ay = 0, whereby
from (5.19) we get

)\2 + )\4 = 1/2 and /\1 + )\3 = 1/2 (521)

For p(x) = x and p(x) = 22, we get by (5.20) the conditions
1 1
Ay = 5()\3 — )\1) and A= Z(/\l + )\3) (522)

Then, (5.21) implies Ay = 1/8 and moreover A = 3/8. From (5.21) and (5.22)
we finally compute A3 = 3/8 and A\ = 1/8. Therefore,

1 AInin o 1
Amin = 3 and T N T

The characterization (5.13) in Theorem 5.17 implies the estimate

1
lp = fllse =llP2 = flloe 2 Zlip = P2llocx  for all p € Pa. (5.23)
Next, we show the strong uniqueness of p3, where we use Theorem 5.19.
To this end, note that || - ||oo,x is a norm on P,. Therefore, it remains to
determine an equivalence constant 5 > 0, like in (5.17), satisfying
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[Plloo.x = Blploe for all p € P (5.24)

We choose for p € Py the monomial representation p(z) = ag + a1 + asx?.
By evaluation of p on the point set X = {—1/2,0,1/2,1}, we get

ao =p(0), a1 =p(1/2) =p(=1/2), az = p(1) = p(0) — p(1/2) + p(=1/2),
and therefore the (rough) estimate

[plloc < laol + [ar] + |ag| < [|plloc,x + 2[[plloc,x + 4l|Plloo,x = 7l[Plloc,x

for all p € Py, whereby (5.24) holds for § = 1/7. Together with (5.23), this
finally yields the sought estimate

[P = flloo = lIP2 = flloo > ;Hp*pzlloo,x > Ellpfpzlloo for all p € Ps.

Therefore, p5 is the strongly unique best approximation to f. &

5.3 Haar Spaces

In this section, we develop sufficient conditions for the approximation space
S C (£2) under which a best approximation s* € S to f € €(£2)\ S is
strongly unique. To this end, we can rely on the result of Theorem 5.19,
according to which we need to ensure the definiteness of || - ||c0,x on S for
any X C Ee_y.

We continue to use the assumptions and notations from the previous
section, where (s1,...,8,) € 8", for n € N, denotes an ordered basis of a
finite-dimensional linear approximation space S C € ({2). By the introduction
of Haar® spaces we specialize our assumptions on S and (s, . . ., s, ) as follows.

Definition 5.22. A linear space S C € (2) with dim(S) = n < oo is called
a Haar space of dimensionn € N on 2, if any s € S\ {0} has at most n—1
zeros on 2. A basis H = (s1,...,8,) € S™ for a Haar space S on §2 is called
a Haar system on (2. O

In Haar spaces S of dimension n € N, we can solve interpolation problems
for a discrete set X C {2 containing |X| = n pairwise distinct points. In this
case, || - |lco,x is @ norm on S, and so a solution of the interpolation problem
is unique. We can further characterize Haar spaces as follows.

3 ALFRED HAAR (1885-1933), Hungarian mathematician
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Theorem 5.23. Let S C €(12) be a linear space of dimension n € N and
X ={x1,...,2,} C 2 a set of n pairwise distinct points. Then the following
statements are equivalent.

(a) Any s € S\ {0} has at most n — 1 zeros on X.
(b) For s € S, we have the implication

sx =0 = s=0 on £2,

i.e., ||+ lloo,x is @ norm on S.
(c) For any fx € R™, there is one unique s € S satisfying sx = fx.
(d) For any basis H = (s1,...,8,) € 8™ of S, the Vandermonde matrix

s1(z1) -+ s1(xn)
VH,X — c Rnxn

Sn(x1) -+ sp(n)

is regular, where in particular det(Vy x) # 0.

If one of the statements (a)-(d) holds for all sets X = {x1,...,zn,} C 2 of
n pairwise distinct points, then all of the remaining three statements (a)-(d)
are satisfied for all X. In this case, S is a Haar space of dimension n on (2.

Proof. Let X = {z1,...,2,} C 2 be a set of n pairwise distinct points in
£2. Obviously, the statements (a) and (b) are equivalent. By statement (b),
the linear mapping Lx : s — sx is injective. Since n = dim(S) = dim(R"),
this is equivalent to statement (c), i.e., Lx is surjective, and, moreover, also
equivalent to statement (d), i.e., Ly is bijective. This completes our proof
for the equivalence of statements (a)-(d).

If one of the statements in (a)-(d) holds for all sets X = {x1,...,2,} C 2
of n pairwise distinct points, then all of the remaining three statements in
(a)-(d) are satisfied, due to the equivalence of statements (a)-(d). In this

case, statement (a) holds in particular, for all sets X = {x1,...,2,} C {2,
ie, any s € S\ {0} has at most n — 1 zeros on {2, whereby S is, according
Definition 5.22, a Haar space of dimension n on f2. |

According to the Mairhuber*-Curtis® theorem [17, 48] there are no non-
trivial Haar systems on multivariate connected domains 2 C R%, d > 1.
Before we prove the Mairhuber-Curtis theorem, we introduce a few notions.

Definition 5.24. A domain 2 C R is said to be connected, if for any
pair of two points x,y € (2 there is a continuous mapping v : [0,1] — 2
satisfying v(0) = x and y(1) = y, i.e., the points x and y can be connected
by a continuous path in §2. O

4 Joun C. MAIRHUBER (1922-2007), US American mathematician
® PuiLip C. CURTIS, JR. (1928-2016), US-American mathematician
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Moreover, we call a domain 2 C R? homeomorphic to a subset of the
sphere S! := {z € R?|||z|]2 = 1} C R?, if for a non-empty and connected
subset U C S! there is a bijective continuous mapping ¢ : 2 — U with
continuous inverse ¢~ : U — (2.

Theorem 5.25. (Mairhuber-Curtis, 1956/1959).

Let H = (s1,...,8,) € (€(2))™ be a Haar system of dimension n > 2 on
a connected set 2 C R, d > 1. Then, 2 contains no bifurcation, i.e., £2 is
homeomorphic to a subset of the sphere S' C R2.

Fig. 5.3. According to the Mairhuber-Curtis theorem, Theorem 5.25, there are no
non-trivial Haar systems # on domains {2 containing bifurcations.

Proof. Suppose {2 contains a bifurcation (see Figure 5.3 for illustration).
Moreover, X = {z1,...,2,} C {2 be a subset of n > 2 pairwise distinct
points in 2. Now regard the determinant

s1(w1) s1(x2) s1(w3) -+ s1(2n)

so(x1) s2(x2) so(xz) - sa(xn)
d{fl,CEQ,Ig...,mn} = det(VH,X) = det,

sn('x1) sn(.m) sn(.:rg) e sp (1)

If diz) w0,05...,0,3y = 0, then H, by Theorem 5.23, is not a Haar system.
Otherwise, we can shift the two points 1 und z2 by a continuous mapping
along the two branches of the bifurcation, without any coincidence between
points in X (see Figure 5.4).
Therefore, the determinant dy,, », +,,....z,} has, by swapping the first two
columns in matrix V3 x, opposite sign to diz; vo.25,....0, 15 1-€:

sgn (d{$1,$2,$3,...,$n}) = —sgn (d{xz,xl,xg,...,xn}) .
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domain 2 X =(z1,...,2n) € 2"

step 1: shift of x; step 2: shift of x2

step 3: back-shift of z; step 4: back-shift of x2

Fig. 5.4. Illustration of the Mairhuber-Curtis theorem, Theorem 5.25. The two
points 1 and z2 can be swapped by a continuous mapping, i.e., by shifts along the
branches of the bifurcation without coinciding with any other point from X.
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Due to the continuity of the determinant, there must be a sign change of the
determinant during the (continuous) swapping between z; and z. In this
case, H = {s1,...,8,} cannot be a Haar system, by Theorem 5.23. But this
is in contradiction to our assumption to H. |

Due to the result of the Mairhuber-Curtis theorem, Theorem 5.25, we
restrict ourselves from now to the univariate case, d = 1. Moreover, we assume
from now that the domain {2 is a compact interval, i.e.,

N=la,b]CR for —oo<a<b<oo.

Before we continue our analysis on strongly unique best approximations,
we first give a few elementary examples for Haar spaces.

Example 5.26. For n € Ny and [a, b] C R the linear space of polynomials P,
is a Haar space of dimension n+1 on [a, b], since according to the fundamental
theorem of algebra any non-trivial polynomial from P,, has at most n zeros.

O

Example 5.27. For N € Ny the linear space T]Sj of all complex trigonometric
polynomials of degree at most N is a Haar space of dimension N + 1 on
[0, 27), since TI(VC is, by Theorem 2.36, a linear space of dimension N + 1, and,
moreover, the linear mapping p — px, for p € 7 is, due to Theorem 2.39,
for all sets X C [0,27) of | X| = N + 1 pairwise distinct points bijective.
Likewise, we can show, by using Corollaries 2.38 and 2.40, that the linear
space T,® of all real trigonometric polynomials of degree at most n € Ny is a
Haar space of dimension 2n + 1 on [0, 27). &

Example 5.28. For [a,b] C R and Ay < ... < A, the functions
{eA"w, e ,e’\"ac}

are a Haar system on [a, b]. We can show this by induction on n.
Initial step: For n = 0 the statement is trivial.
Induction hypothesis: Suppose the statement is true for n — 1 € N.
Induction step (n — 1 — n): If a function of the form

u(x) € span {e)‘”, e ,e/\"w}

has n + 1 zeros in [a, b], then the function

v(z) = P (7" - u(z)) for « € [a, b]

has, according to the RolleS theorem, at least n zeros in [a,b]. However,
v(x) € span {e()‘l_%)"”, . ,e(’\"_’\‘))x} ,

which implies v = 0 by the induction hypothesis, and so u = 0. O
5 MicHEL ROLLE (1652-1719), French mathematician
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Example 5.29. The functions fi(x) = x and fo(x) = e are not a Haar
system on [0,2]. This is because dim(S) = 2 for & = span{fi, f2}, but the
continuous function

fx)=e"—3x#£0
has by f(0) =1, f(1) =e—3 < 0 and f(2) > 0 at least two zeros in [0, 2].
Therefore, S cannot be a Haar space on [0, 2]. O

Example 5.30. For [a,b] C R let g € € [a, b] satisfy g1 (z) > 0 for all

x € [a,b]. Then, the functions {1,x,...,2", g} are a Haar system on |[a, b]:
First note that the functions 1, z, ..., z", g(x) are linearly independent, since
from

aol+arz+ ...+ 2™ + app19(z) =0 for x € [a, b]

we can conclude o, 119" (z) = 0 after (n+1)-fold differentiation, whereby
ant1 = 0. The remaining coefficients «y, ..., a, do also vanish, since the
monomials 1, z,...,z™ are linearly independent. Moreover, we can show that
any function u € span{1,z,...,2", g} \ {0} has at most n + 1 zeros in [a, b]:
Suppose

u() = 3 s + anargle) 20
§=0

has n + 2 zeros in [a,b]. Then, the (n + 1)-th derivative
W) = g™ (@)

has, due to the Rolle theorem, at least one zero in [a,b]. But this implies
ng1 = 0, since g+ is positive on [a, b]. In this case, u € P, is a polynomial
of degree at most n, which, according to the fundamental theorem of algebra,
vanishes identically on [a, b]. But this is in contraction to our assumption.

Now we return to the dual characterization of (strongly) unique best
approximations. According to Corollary 5.15, there is for any best approxi-
mation s* € S to f € €Ja, b] a characterizing dual functional ¢ : €(2) — S
of the form

o(u) = Z)\jsju(asj) for u € €la, b (5.25)

satisfying ¢(S) = 0, where m < n+1. For the case of Haar spaces S C €[a, ]
the length of the dual functional in (5.25) is necessarily m = n + 1. Let us
take note of this important observation.

Proposition 5.31. Let ¢ : €[a,b] — R be a functional of the form (5.25),
where m < n + 1. Moreover, let S C €la,b] be a Haar space of dimension
dim(S) =n € N on [a,b]. If ¢(S) = {0}, then we have m =n + 1.

Proof. Suppose m < n. Then, due to Theorem 5.23 (c), the Haar space S
contains one element s € S satisfying s(x;) = ¢;, for all 1 < j < m. But for
this s, we find ¢(s) = ||[A|l1 = 1, in contradiction to ¢(S) = {0}. ]
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In the following discussion, we consider, for a fixed basis H = (s1,..., )
of the Haar space S, points X = (21,...,7,11) € I"™!, and sign vectors
= (€1,...,6nt1) € {F£1}"TL the non-singular Vandermonde matrices

si(z1) -+ s1(@p—1) $1(@rt1) -+ $1(XTny1)
Vix\fey = | : : : € R™" (5.26)

sn(x1) - Sn(@r—1) Sn(Trt1) - Sn(Tnt1)

for 1 <k <n+1, and the alternation matrixz

€1 En+1

€ s1(x1) -+ s1(Tpy1)
AE,H,X = m = . .

e R+x(ndD) —(597)
Sp(1) * sp(Tpy1)
We first take note of a few properties for Vi x\ (2,1 and A 3 x.

Proposition 5.32. Let H = (s1,...,8,) be a Haar system on an interval
ICRand X = (21,...,2n41) € I be a vector of n + 1 pairwise distinct
points. Then, the following statements are true.

(a) For the Vandermonde matrices Vy x\{a,} in (5.26), the signs of the n+1
determinants

dp, = det(VH,X\{xk}) #0 for1<k<n+1

are constant, i.e., sgn(dy) = o, for all1 < k <n+1, for some o € {£1}.
(b) If the signs in € = (e1,...,en41) € {£1}"HL are alternating, i.c., if

6k=(—1)k_10 for1<k<n+1
for some o € {£1}, then the matriz Ac 3 x in (5.27) is non-singular.

Proof. (a): Suppose we have sgn(dy) # sgn(dy41) for some 1 < k <mn.
We consider a continuous mapping v : [0,1] — I satisfying v(0) = x4
and (1) = xg41. In this case, the continuous determinant mapping

d(e) = det(vﬂv(rl7~--75Ek—1>7(0‘)7zk+27---7mn+1)) for a € [0, 1]

satisfying d(0) = di4+1 and d(1) = dj, must have a sign change on (0,1). Due
to the continuity of d there is one a* € (0,1) satisfying d(a*) = 0. However,
in this case, the Vandermonde matrix Vi (o) ... ox_ 1 v(a*).znissznss) € R
is singular. Due to Theorem 5.23 (d), the elements in (si,...,$,) are not a
Haar system on I C R. But this is in contradiction to our assumption.
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(b): According to the Laplace” expansion (here with respect to the first
row), the determinant of A, 3, x has the representation

n+1 n+1
det(Azpx) = > (DM (=1 o dp =0 dr.
k=1 k=1

Due to statement (a), the signs of the determinants di, 1 < k < n+ 1, are
constant, which implies det(A. % x) # 0. [ ]

By using the results of Propositions 5.31 and 5.32, we can prove the
alternation theorem, being the central result of this chapter. According to the
alternation theorem, the signs € = (e1,...,e,41) of the dual characterization
in (5.25) are for the case of Haar spaces S alternating. Before we prove the
alternation theorem, we first give a formal definition for alternation sets.

Definition 5.33. Let S C €(I) be a Haar space of dimension n € N on an
interval I C R. Moreover, suppose s* € S and f € €(I)\S. Then, an ordered

set X = (1,...,Tps1) € Eg*tlf C I of n + 1 monotonically increasing
extremal points r1 < ... < Tpy1 15 called an alternation set for s* and f,
if

g; =sgn((s* — f)(z;)) = (-1)io forallj=1,....n+1
for some o € {£1}, i.e., if the signs of s* — f are alternating on X. O

Theorem 5.34. (Alternation theorem).

Let S C €(I) be a Haar space of dimension n € N on an interval I C R.
Moreover, let Iy C I be a compact subset containing at least n + 1 elements.
Then, there is for any f € €(Ix) \'S a strongly unique best approximation
s* € S to f with respect to || - |loo,1c- The best approzimation s* is charac-
terized by the existence of an alternation set X € Egilf - I?{H for s* and f.

Proof. Due to Corollary 3.8, any f € ¥ (1) has a best approximation s* € S.
Moreover, the strong uniqueness of s* follows from Theorem 5.19, where the
assumptions required therein for Theorem 5.17 are covered by Corollary 5.15.

Now we prove the stated characterization for s*.

To this end, let X = (z1,...,2p41) € E:*tlf - I}}H be an alternation
set for s* and f with (alternating) signs ; = sgn((s* — f)(z;)) = (—1)?0, for

1<j<n+1,and some o € {£1}. Then, we consider the linear system

€1 ' Entl 1M1 1
81(3?1) 81($n+1) 52>\2 0

. . : =1. (5.28)
Sn(xl) T Sn(xn+1) 5n+1)\n+1 0

" PIERRE-SIMON LAPLACE (1749-1827), French mathematician and physicist
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with the alternation matrix A, 4 x on the left hand side in (5.28). According

to Proposition 5.32 (a), the matrix A, 3 x is non-singular. Therefore, the

products exAg, for 1 < k <n + 1, uniquely solve the linear system (5.28).
Due to the Cramer® rule we have the representation

(_1)k71 dk
det(A57H’X)
where according to Proposition 5.32 (a) the signs of the n + 1 determinants
dy, = det(Vi x\(z1), for 1 <k <n+ 1, are constant. This implies ex A\ # 0,
and, moreover, there is one unique vector A = (A1,...,Apt1)7 € A,41 with
positive coefficients

EEAE = foral 1 <k <n+41,

dy,
St d;
which solves the linear system (5.28). This solution A € A, of (5.28) finally
yields the characterizing functional (according to Corollary 5.15),

A = >0 foralll1<k<n+1

n+1
o(u) = Z Ajeju(z;) for u € €(Ix), (5.29)
j=1

satisfying ¢(S) = {0}. Due to Corollary 5.15, s* is the (strongly unique) best
approximation to f.

Now suppose that s* € S is the strongly unique best approximation to
f € €(Ik)\S. Recall that the dual characterization in Corollary 5.15 proves
the existence of a functional ¢ : €(Ix) — R of the form (5.25) satisfying
»(S) = {0}, where ¢ has, according to Proposition 5.31, length m = n + 1.
We show that the point set X = (z1,...,Zp41) € E:f_lf (from the dual
characterization in Corollary 5.15) is an alternation set for s* and f, where

our proof is by contradiction. To this end, let € = (e1,...,6,41) € {F1}"F!
denote the sign vector of s* — f with €; = sgn((s*— f)(z;)), for 1 < j <n+1.
Now suppose there is one index k € {1,...,n} satisfying e = ex41. Then

there is one s € S\ {0} satisfying s(z;) = 0 for all j & {k,k + 1} and
s(x) = ek. Since s cannot have more than n — 1 zeros in I, we necessarily
have

er = sgn(s(zx)) = sgn(s(r+1)) = €rt1-
This particularly implies
o(s) = Ak + Apgals(zrr1)] > 0,
which, however, is in contradiction to ¢(s) = 0. |

We finally remark that the characterizing alternation set X & E;‘;‘ff for
s* and f in the alternation theorem, Theorem 5.34, is not necessarily unique.
This is because the set Eq«_; of extremal points can be arbitrarily large (see
Example 5.3).

8 GABRIEL CRAMER (1704-1752), Swiss mathematician
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5.4 The Remez Algorithm

In this section, we discuss the Remez’ algorithm [59, 60], an iterative method
to numerically compute the (strongly unique) best approximation s* € S to
f € €la,b] \ S, where [a,b] C R is a compact interval. Moreover, S C %[a, b]
denotes a Haar space of dimension n € N on [a, b].

In any of its iteration steps, the Remez algorithm computes, for an ordered
(i.e., monotonically increasing) reference set X = (x1,...,on11) € |a,b]" ™t of
length |X| = n + 1, the corresponding (strongly unique) best approximation
s% to f with respect to || - ||eo,x, SO that

8% = flloo.x <lls = fllox ~ forallse S\ {sx}.

To compute s%, we first fix an ordered basis H = (s1,...,s,) of the Haar
space S, so that s% can be represented as linear combination

n
sk = Za;fsj €S (5.30)
j=1
of the Haar system H with coefficients o* = (af,...,a)T € R™. According

to the alternation theorem, Theorem 5.34, the sought best approximation s%
necessarily satisfies the alternation condition

(s% — Hxp) = (=) o||s% — flloo.x for1<k<n+1 (5.31)
for some o € {£1}. Letting nx = o|[s% — f|lco,x we rewrite (5.31) as
si(zp) + (=D Fnx = flap) for1<k<n+1. (5.32)

Therefore, nx and the unknown coefficients a* € R™ of s% are the solution
of the linear equation system

Al x {Zji} = fx (5.33)
with the right hand side fx = (f(21),..., f(zn+1))T € R and the alter-
nation matrix A. 3 x € RHDX(M+D in (5.27), containing the sign vector
e=(-1,1,...,(=1)"") e {£1}"*L or,

-1 sl(xl) Sn(ifl) T1x f(xl)
1 s1(x2) -+ sn(x2) aj _ f(x2)
(_1.)n+1 sl(x'nJrl) s Sn(x'nJrl) a:; f($n+1)

By Proposition 5.32 (b), the matrix A. 3 x is non-singular, and so the
solution of the linear system (5.33) is unique. By the solution of (5.33), we

9 EVGENY YAKOVLEVICH REMEZ (1896-1975), mathematician
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*

do not only obtain the coefficients a* = (af,...,a%)T € R of the best
approximation s% in (5.30), but also by |nx| = ||s% — fllco.x We get the
minimal distance and the sign o = sgn(nx) in (5.31).

The following observation concerning Chebyshev approximation to a func-
tion f € €[a, b] by algebraic polynomials from P,,_; shows that, in this special
case, the linear system (5.33) can be avoided. To this end, we use the New-
ton representation (2.34) for the interpolation polynomial in Theorem 2.13.
Recall that the Newton polynomials are given as

k
Hm—m] S for0<k<n-1.

In particular, we apply the linear operator [x1, ..., Zn41] : €[a,b] — R of the
divided differencesto f (see Definition 2.10). To evaluate [z1, ..., Znt1](f), we
apply the recursion in Theorem 2.14. The recursion in Theorem 2.14 operates
only on the vector of function values fx = (f(z1),..., f(xns1))? € R
Therefore, the application of [x1,...,2,11] is also well-defined for any sign
vector ¢ € {£1}"*! of length n + 1. In particular, the divided difference
[z1,...,Zn11](g) can also be evaluated by the recursion in Theorem 2.14. In
the formulation of the following result, we apply divided differences to vectors
€ with alternating signs.

Proposition 5.35. Forn € N, let X = (21,...,Zn41) be an ordered set of
n+1 points in [a,b] CR, e = (—1,1,...,(=1)"1) € {£1}"! a sign vector,
and f € €la,b]\ Pn_1. Then,

Z 1y Tl (f — nxe)wr € Ppo1 (5.34)
k=0
is the strongly unique best approximation s% € Pn_1 to f w.rt || - |leo x,
e | 1)
L1y Tptl
= . 5.35
B ol (539

The minimal distance is given as

8% = flloc.x = Inx|-

Proof. Application of the linear operator [z1,...,Zn+1] @ €[a,b] — R to the
alternation condition (5.32) immediately gives the representation

[l’l,-u,xn—o—l}(f)

e PN TS

Indeed, due to Corollary 2.18 (b), all polynomials from P,,_; are contained
in the kernel of [x1, ..., Zy4+1]. In particular, we have [z1,...,z,4+1](s%) = 0.
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Under the alternation condition (5.32), s% € P,_1 is the unique solution
of the interpolation problem

si(xr) = flzr) — (=1)*nx for 1 <k <n,

already for the first n alternation points (x1,...,2,) € E;’}_f. This gives the
stated Newton representation of s% in (5.34). |

Remark 5.36. Note that all divided differences

(1, e (f —nxe) = o1, 2] (f) — nx[oe, - 2] (e)

in (5.34) are readily available from the computation of nx in (5.35). Therefore,
we can compute the best approximation s% € P,_; to f with respect to
| [loo,x by divided differences in only O(n?) steps, where the computation
is efficient and stable. O

To show how the result of Proposition 5.35, in combination with Re-
mark 5.36, can be applied, we make the following concrete example.

Example 5.37. Let F = %[0,2] and S = P; C F. We approximate the
exponential function f(x) = e® on the reference set X = {0,1,2}. To com-
pute the minimal distance nx and the best approximation s% € P; we use
Proposition 5.35 with n = 2. We apply divided differences to the sign vector
e = (=1,1,—1) and to the data vector fx = (1,e,e?), where e denotes the
Euler number. By the recursion in Theorem 2.14, we obtain the following
triangular scheme for divided differences (see Table 2.1).

X| fx X| ex

0 1 o] -1

1 e e—1 1 1 2

2] e ele—1) (e—1)%/2 2 -1 -2 -2

Hereby we obtain

= e = (651)2 and so |15 — flloo.x = (6;1>2,

Moreover,

e — 2 627
5}—[0}(fnxe)+[0,1](fnxe)x_1( 21) — 1

is the unique best approximation to f from P; w.r.t. ||| s, x (see Fig. 5.5 (a)).

¢



170 5 Chebyshev Approximation

8-

0 0.2 0.4 0.6 0.8 1 1.2 1.4 16 1.8 2

(a) Xo=10,1,2}, [Is§ = flleo,x, = 0.7381

(b) X1 = {0,2", 2}, [|s1 — flloo.x, ~ 0.7579

Fig. 5.5. Approximation to f(z) = e® on [0, 2] by linear polynomials from P;. (a)
Initial reference set Xo = {0, 1,2} with minimal distance |no| = (e—1)?/4 ~ 0.7381.
(b) Reference set X1 = {0,2*,2}, where z* = log((e* — 1)/2) ~ 1.1614, with

minimal distance || = 1 [(e* — 1)(z" — 1) + 2] ~ 0.7579 (see Example 5.45).
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We present another example, where we link with Example 5.7.

Example 5.38. We approximate the absolute-value function f(x) = ||
on [—1,1] by quadratic polynomials, i.e., S = Ps. By our previous investi-
gations in Example 5.7, Eps ;= {~1,-1/2,0,1/2,1} is the set of extremal
points for the best approximation p5 € Py to f. To compute p5, we ap-
ply Proposition 5.35 with n = 3. We let ¢ = (—1,1,—1,1) and we choose
X ={-1,-1/2,0,1/2} C Ej,;_; as the reference set. By the recursion in
Theorem 2.14, we obtain the following triangular scheme (see Table 2.1).

X| fx X| ex
-1 1 -1 -1
1 1 1
0 O -1 0 o -1 -4 =8
1 1 4 32
3l 3 1 2 3 2l 1 4 8 F

Hereby we obtain nx = 1/8, and so ||s% — fllco,x = 1/8, along with

@a](f —nxe) = 2, o @al(f — mxe) = —o,  [on,@n,@al(f — nxe) = L.

8’ 2’
Therefore,
9 3 1 1
smm82@+n+@+new2)8+ﬁ
is the unique best approximation to f from Ps with respect to || - ||«. Note
that this is consistent with our observations in Example 5.7, since p5 = s%.

o

Now we describe the iteration steps of the Remez algorithm. At any Remez
step the current reference set (in increasing order)

X = (z1,...,7n41) € [a, b]n+1

is modified. This is done by a Remez exchange of one point £ € X for one
point 2* € [a,b] \ X, where

[(sx = N = lIsx = flloos
so that the next reference set is
Xy =X\ {&h)uf{a*}=(af,...,2) ) € [a, b]" T

With the Remez exchange, the point * is swapped for the point & € X, such
that the points of the new reference set X are in increasing order, i.e.,
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a<zf <ay<..<azf <zt <o,
and with maintaining the alternation condition, i.e.,
sgn((s% — f)(xj)) = (-1)o forl1<j<mn+1

for some o € {£1}. The exchange for the point pair (Z,2*) € X X [a,b] \ X
is described by the Remez exchange, Algorithm 8.

Algorithm 8 Remez exchange
1: function REMEZ EXCHANGE(X,s%)

2: Input: reference set X = (x1,...,%nt1) € [a,b]"
3: best approximation s% to f with respect to | - ||oo,x;
4:
5 find 2" € [0, 8] satisfying |(s% — £)()] = 5% — fllo;
6: let o™ :=sgn((sk — f)(z");
7
8: if 2" € X then return X; > best approximation found
9: else if z* < x; then
10: if sgn((skx — f)(z1)) = 0" then X4 = (2", 22,...,Znt1);
11: else X = (2%, 21,...,2n);
12: end if
13: else if 2* > z,4+1 then
14: if sgn((s% — f)(zn+1)) = 0” then Xy = (z1,...,2n,2");
15: else Xy = (z2,...,Znt1,27);
16: end if
17: else
18: find j € {1,...,n} satisfying z; < % < xj41;
19: if sgn((sx — f)(z;)) =c" then X = (z1,...,2j—1,2",Tj11,. .., Tny1);
20: else X\ = (x1,...,2;,2",Tjq2,. .., Tnt1);
21: end if
22: end if
23: return X, ;

24: end function

Remark 5.39. The reference set X = (zf,..., 2, ) € [a,b]" !, after the
application of one Remez exchange, Algorithm 8, to the previous reference
set X = (21,...,Tn11) € [a,b]" T, satisfies the following three conditions.

o [(s% = f)(@")| = [|sk = fllco for one 2™ € Xy
o [(sx — /@) = llsx — flloo.x forall z € Xy;
o sgn((s% — f)(:r;r)) =(—1)Jo for 1 <j <n+1 and some o € {£1};

These conditions are required for the performance of the Remez algorithm.
|
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Now we formulate the Remez algorithm, Algorithm 9, as an iterative
method to numerically compute the (strongly unique) best approximation
s* €S to f € Ca,b]\S satisfying

n=1|s"—flloo <lIs = flloo for all s € S\ {s*}.

The Remez algorithm generates a sequence (X)ren, C [a,b]" ! of reference
sets, so that for the transition from X = X} to X = Xy41, for any k € Ny,
all three conditions in Remark 5.39 are satisfied. The corresponding sequence
of best approximations s, € S to f with respect to || - ||, x, satisfying

M= I8k = flloo.xi < lls = flloox,  foralls € S\ {si}

converges to s*, i.e., s; — s* and 0, — 7, for £ = oo, as we will prove in
Theorem 5.43.

Algorithm 9 Remez algorithm
1: function REMEZ ALGORITHM
2: Input: Haar space S of dimension n € N; f € €[a,b] \ S;

3:

4: find initial reference set Xo = (:17<10)7 e ,xgﬁl) € [a, bt

5: for k=0,1,2,... do

6: compute best approximation s; € S to f with respect to || - |loo,x,;

T et = s — flloets;

8: compute pr = |[si — flloo;

9: if pr < nr then return sj, > best approximation found
10: else

11: find reference set Xp41 = (w§k+1), c xifjf)) € [a,b]" ! satisfying
12: o |(si — f)(@")| = pk for some ¥ € Xj41;

13: o (s — f)(x)] > ni for all z € Xp1;
14: « sen((si — N ) = (Do

15: for 1 <j <m+1 and some o, € {£1}. > alternation condition
16: end if
17: end for

18: end function

Remark 5.40. We remark that the construction of the reference set X1
in line 11 of Algorithm 9 can be accomplished by a Remez exchange step,
Algorithm 8. In this case, all three conditions in lines 12-15 of Algorithm 9
are satisfied, according to Remark 5.39. g
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Next, we analyze the convergence of the Remez algorithm. To this end,
we first remark that at any step k in the Remez algorithm, we have

e a current reference set Xy = (:cgk), . ,xfﬂl) C la, b]" 1,
e alternating signs %) = (65“, . ,65[?_1) € {£1}+L,
e and positive coefficients A*¥) = ()\§k), ey AgﬁﬂT € Apia,

so that the dual functional ¢ : [a,b] — R, defined as
o(u) = Z )\g-k)eg-k)u(x;-k)) for u € €la, b,

satisfies the characterization (5.29) in the alternation theorem, Theorem 5.34.
In particular, by the alternation theorem, the following properties hold.

o X; C Esz_f;
° sgk) = sgn((s} ff)(xEk))) = (—1)oy forall 1 < j <n+1 with o}, € {£1};

o (st = D) = llsi = Flloo, =m forall L < j <m+1;

o p(s)=0forallses.

Now we prove the monotonicity of the minimal distances 7.

Proposition 5.41. Let the assumptions from the Remez algorithm be satis-
fied. Then, for any step k € Ng, where the Remez iteration does not terminate,
we have the monotonicity of the minimal distances,

Me+1 > Nk-
Proof. The representation

n+1

k k * k
Mo = DAV (g — )

j=1
n+1 . . .
1 1)/ x 1
= 2N - )
j=1

n+1

E+1) [/ « k
= > At - )
j=1
holds. Moreover, we have

E§»k+1) = sgn(sy — f)(m§k+1)) forall1<j<n+1

after the Remez exchange (see Algorithm 9, line 14).

Moreover, we have |(sZ—f)(x§»k+1))| >y, forall 1 < j < n+1 (cf. line 13),
and there is one index j* € {1,...,n+ 1} (cf. line 12) satisfying
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* k+1 *
(st = D@ = o = It = Flloo-
But this implies
Mer 2 A b (L= A e > A g+ (0= A me = e, (5.36)
which already completes our proof. |

Next, we show that the coefficients )\gk) are uniformly bounded away from
Zero.

Lemma 5.42. Let f € €[a,b]\S. Then, under the assumptions of the Remez
algorithm, the uniform bound

)\gk)za>0 foralll1 <j<n+41 and all k € Ny,

holds for some a > 0 which is independent of 1 < j <n and k € Ny.
Proof. We have

k k k k k k *
ZA”()f ) ZA” W (st = HEH) =00 = 15" = flloo.x0-
Jj=1

Suppose the statement is false. Then, there are sequences of reference sets
(X&), signs (€), and coefficients (%)), satisfying

n+1

me=—3 AWy >ng >0 forall k e N, (5.37)
j=1
where one index j* € {1,...,n + 1} satisfies )\yf) — 0, for k — 0.

But the elements of the sequences (Xg)g, (€%))g, and (A*)); lie in com-
pact sets, respectively. Therefore, there are convergent subsequences with

5- )—>a:je[a,b] for £ — oo,
y”) —reg; € {1} for £ — oo,
)\gk") — A €[0,1]  for £ — oo,

for all 1 < j <n+1, where ;- = 0 for one index j* € {1,...,n+1}.
Now we regard an interpolant s € S satisfying s(z;) = f(z;) for all
1<j<n+1,j#j* Then, we have
n+1

k k k k k k
My = ZA§ e)gg_ /z)(s ( z) Z)\( o) (ke) f)($§ e))
j=1

n+1
= 30 A s = D) + AR (s - i)
iy
n+1
— Z Ajej(s — f)(xj) + Ajeegj=(s — f)(zj«) =0 for £ — oo.

j=1
J#i*
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But this is in contradiction to (5.37). |
Now we can finally prove convergence for the Remez agorithm.

Theorem 5.43. Either the Remez algorithm, Algorithm 9, terminates after
k € N steps with returning the best approzimation sy, = s* to f € €la,b]
or the Remez algorithm generates convergent sequences of minimal distances
(Mk)k and best approzimations (sy), with limit elements

lim np =n=|s" - flle and lim sy =s" €S,
k— o0 k—o0

where s* € S is the strongly unique best approxzimation to f € €la,b] with
minimal distance 1. The sequence (ng )k of minimal distances converges lin-
early to n by the contraction

N —Nk+1 < 0(n—nk) for some 6 € (0,1). (5.38)

Proof. Let f € €[a,b]\ S (for f € S the statement is trivial).

If the Remez algorithm terminates after k£ € N steps, in line 9 of Algo-
rithm 9, with s}, € S, then s}, = s is, according to the alternation theorem,
Theorem 5.34, the strongly unique best approximation to f.

Now suppose the Remez algorithm does not terminate after finitely many
steps. For this case, we first show the contraction property (5.38).
By the estimate in (5.36),

err > AT (1= Ay, (5.39)
and from pi = ||s} — flleo > ||5* — flloo =1 > 0 it follows that
Mk+1 > A§§+1)U + (1 - /\yfﬂ))ﬂk

and so (et
+
SR

n—1kt1 < (=X 0= M)

By Lemma 5.42, there is one a > 0 satisfying )\gkﬂ) >a,foralll <j<n+l1
and all k£ € Ny. Therefore, the stated contraction (5.38) holds for 6 =1—« €
(0,1). From this, we get the estimate

n—me < 6%(n—mno) for all k € Ny

by induction on k. Therefore, the sequence (1) of minimal distances is
convergent with limit element 7, i.e., n, — 1, for k — oo.
From estimate (5.39), we can conclude

NMk+1 — Mk Me+1 — Mk
JUS W‘Fﬁk < ﬁﬂm
j*
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and this gives the estimates

Nk+1 — Nk

=9 + Nk

e < pr <
This implies the convergence of the distances py to 7, i.e.,
lim pp = lm |[sp = flloo = 15" = flloo =n-
k—o0 k—oco

We can conclude that the sequence (s})r C S of the strongly unique best
approximations to f on Xj converges to the strongly unique best approxi-
mation s* to f. |

Finally, we discuss one important observation. We note that for the ap-
proximation of strictly convex functions f € %[a,b] by linear polynomials,
the Remez algorithm may return the best approximation s* € P; to f after
only one step.

Proposition 5.44. Let f € €[a,b] be a strictly convex function on a compact
interval [a,b] and & = Py. Moreover, let Xy = (a,x0,b), for o € (a,b), be
an initial reference set for the Remez algorithm. Then, the Remez algorithm
terminates after at most one Remez exchange.

Proof. Regard s € P; in its monomial representation s(z) = m - x + ¢ for
m,c € R. Then, we have for z,y € [a,b], x # y, and A € (0,1) the strict
inequality

(f=s) Az +(1-A)y)
=fQx+1-Ny)—m-Qz+(1-Ny)—c

<A(@)+ A =Nfly) —m- Az + (1= Ny) —c
=A(z)—Admz—Ae+ (1 =N fly)— (1 —=Nmy—(1—Nc
=Af=s)(@)+ 1A= - 5)(¥)

by the strict convexity of f, i.e., f — s is also strictly convex.

Now let s* € P; be the strongly unique best approximation to f. Due to
the alternation theorem, Theorem 5.34, the error function f — s* has at least
three extremal points with alternating signs in [a, b]. Since f — s* is strictly
convex and continuous, f — s* has exactly one global minimum z* on (a, b).
Moreover, two global maxima of f — s* are at the boundary of [a, ], i.e., we
have {a,b} C Es_; with

(f =s%)(a) = [If = s"[loc = (f = s7)(D).
From the representation s*(x) = m* - x + ¢*, we obtain the slope

me = TOZI 1 )

—a
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Let s§ € P1 be the best approximation to f with respect to X = (a, 2, b).
Then, according to the alternation theorem, we have

(f = s0)(a) = allf = sglloc.xo = (f = sp)(b)  for some o € {+1},

*

whereby the representation s§(z) = mg - ¢ + ¢o implies mg = [a, b](f) = m*,
ie., s* and sg differ by at most one constant.

If 29 € Es-_¢, then 9 = z*, and the best approximation s* to f is
already found by sg, due to the alternation theorem. In this case, the Remez
algorithm terminates immediately with returning s* = sg.

If 29 € B¢y, then the Remez algorithm selects the unique global mini-
mum z* # zg of f — s* for the exchange with xo: Since s* and sf differ by
at most a constant, z* is also the unique global minimum of f — s on (a,b),
i.e., we have

(f —s5)(x") < (f —s5)(2) for all € [a,b], where x # x*.  (5.40)
By the strict convexity of f —s(, we can further conclude the strict inequality

(f = s0)(z") < (f = s0)(w0) <0,

or,

po = If =sollec = [(F =50)(@™)| > |(f =50) (o) = [If =$6llcc,x0 = 10- (5.41)

By (5.40) and (5.41), the point 2* is the unique global maximum of | f —s|
on [a, b]. Therefore, z* is the only candidate for the required Remez exchange
(in line 5 of Algorithm 8) for z5. After the execution of the Remez exchange,
we have X7 = (a,x*,b), so that the Remez algorithm immediately terminates
with returning s} = s*. [

For further illustration, we make an example linked with Example 5.37.

Example 5.45. We approximate the strictly convex exponential function
f(z) = exp(z) on the interval [0,2] by linear polynomials, i.e., F = €0, 2]
and § = P;. We take Xy = (0, 1,2) as the initial reference set in the Remez
algorithm, Algorithm 9. According to Example 5.37,

2 2
e—1 es—1
sé(az)zl—( 5 ) + 5 ¢

is the unique best approximation to f from P; with respect to || ||co. x,, With
minimal distance |no| = (e — 1)?/4 ~ 0.7381, where e is the Euler number.
The error function |s{(x) — exp(z)| attains on [0, 2] its unique maximum
po = ||s§ — exp|loo & 0.7776 at z* = log((e? — 1)/2) > 1. We have py > no,
and so one Remez exchange leads to the new reference set X; = (0,z*,2).
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According to Proposition 5.44, the Remez algorithm returns already after the
next iteration the best approximation sj to f.

Finally, we compute s, the best approximation to f for the reference set
X1 = (0,z*,2). To this end, we proceed as in Example 5.37, where we first
determine the required divided differences for f and e = (—1,1, —1) by using
the recursion in Theorem 2.14:

X‘ fX X‘ EX
0 1 0l 1
z* 6251 622;3 o 1 w%
e2 11 (e?=1)(z*—1)+2 _ 2 _ 2
2 ¢’ 2(2—2*) 3e-—17)z 2 1 =~ 2=z")z
From this we compute the minimal distance [|s} — f]lco,x, = —m1 =~ 0.7579
by
1 *
m=-7 [(e* —1)(z* — 1) + 2]
and the best approximation to f from P; with respect to | - ||co,x, by
* * 62 — 4771 -3
51:[0](]0777)(5)4»[03‘1 ](fang)x:]-‘i’nl‘i’TI

By Proposition 5.44, the Remez algorithm terminates with the reference set
X1 = Eg;_y, so that by s] € P; the unique best approximation to f with
respect to | - ||« is found. Figure 5.5 shows the best approximations s* € Py
to f for the reference sets X, for j =0, 1.

5.5 Exercises

Exercise 5.46. Let F = %[—1,1] be equipped with the maximum norm
| ||oo- Moreover, let f € P3\ P2 be a cubic polynomial, i.e., has the form

f(x)=az®+ba*+cax+d forxe|[-1,1]
with coefficients a, b, ¢, d € R, where a # 0.

(a) Compute a best approximation p3 € Py to f from Ps w.r.t. || - ||oo-
(b) Is the best approximation p} from (a) unique?

Exercise 5.47. Let Py, : €[a,b] — P,, denote the operator, which assigns
every f € €[a, b] to its best approximation pi_(f) € P, from P, w.r.t. ||| oo,
ie.,

Poo(f) =05 (f)  for f € Fla,b].

(a) Show that P is well-defined.
(b) Is P linear or non-linear?
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Exercise 5.48. For a compact interval [a,b] C R, let F = €Ja,b] be
equipped with the maximum norm || - ||o. Moreover, let f € €[a,b] \ Pr_1,
for n € N. Then, there is a strongly unique best approximation p* € P,,_1 to
f from P,_1 w.rt. || || and an alternation set X = (z1,...,%Tn41) € E:f_lf
for s* and f (see Corollary 5.4). For the dual characterization of the best
approximation p* € P,_; we use, as in (5.6), a linear functional p € F’ of

the form
n+1

o(u) = Z Ak ek u(xy) for u € €a, b]
k=1
with coefficients A = (A1,..., A\ys1)? € A, 41 and alternating signs
ex = sgn(p® — f)(xr) = o (=1)* fork=1,...,n+ 1

By these assumptions on ¢, two conditions of the dual characterization (ac-
cording to Theorem 3.48) are already satisfied, that is (a) [|¢]lcc = 1 and

(b) o(p* = f) = IP" = flloo-

Now this problem is concerning condition (c¢) of the dual characterization
in Theorem 3.48. To this end, consider using divided differences (cf. Defini-
tion 2.10) to construct, from given alternation points

a<r1 <...<z,<b
and o € {£1}, a coefficient vector A = (A1,..., A\py1)T € A,q1 satisfying
op)=0 for all p € P,,_1.
Exercise 5.49. Let F = €[0,2n] and S = P;. Moreover, for n € N, let
fn(x) = sin(nz) for x € [0, 27].

(a) Compute the unique best approximation s € P; to f, w.r.t. | - [loo-
(b) How many alternation points occur for the error function s} — f,, in (a)?
But should not there only be three alternation points?

Exercise 5.50. Let 7 = %¥[—2,1] be equipped with the maximum norm
|| - l]co- Compute the unique best approximation p* € Py from Ps to the
function f € €[—2,1], defined as

fl)=lx+1 forxe[-21]

with respect to the maximum norm || - ||co.
Moreover, determine the set of extremal points X = E,«_y, along with a
constant K > 0 satisfying

[P = flloo,x > IP* = flloo + K - [[p = P" |loo, x for all p € Po.

Plot the graphs of f and the best approximation p* to f in one figure.
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Exercise 5.51. Let F = %[0, 2] be equipped with the maximum norm || |-
Determine the strongly unique best approximation p* € P; from P; to the
function f € €10,2], defined as

f(z) =exp(—(z—1)%) forz €[0,2]

with respect to the maximum norm | - || -
Moreover, determine a constant K > 0 satisfying

1P = fllso = lIP" = flloo = K - lp = P" [l for all p € Py

Use this inequality to conclude the uniqueness of the best approximation
p* € Py yet once more.

Exercise 5.52. Let S C €J[a,b] be a Haar space with dim(S) =n+1 € N.

Prove the Haar condition: If s € S\ {0} has on the interval [a, b] exactly
m zeros from which k zeros are without sign change, then we have m+k < n.

Exercise 5.53. In this problem, let I C R be a compact set containing
sufficiently many points, respectively. Analyze whether or not the following
function systems H = (s1,...,8,) € (¢(I))™ are a Haar system on 1.

(a) H = (x,1/z) for I C (0,00).
(b) H=(1/(x —co),1/(x —¢c1)) for I C R\ {cg,c1}, where ¢y # ¢;.
() H= (1,22 2% . ..,2%") for [ = [-1,1].
(d) H=(1,z,...,2™, g(x)) for a compact interval I = [a, b],
where g € €"F[a,b] with g("*1) >0 and g+ £ 0 on [a, b].

Exercise 5.54. For n € Ny, let 7,¢ be the linear space of all even real-valued
trigonometric polynomials of degree at most n, and let 7, be the linear space
of all odd real-valued trigonometric polynomials of degree at most n.

a) Show that 7,¢ is a Haar space on the interval [0, 7).
b) Determine the dimension of 7,¢.

¢) Is 7,° a Haar space on the interval [0, 7)?

d) Is 7,° a Haar space on the open interval (0, )?

e) Determine the dimension of 7,°.

(
(
(
(
(

Exercise 5.55. Prove the following results.

(a) The functions
so(z) =1, si(x) =xzcos(z), sa2(x)=xsin(z)

are a Haar system on [0, 7].
(b) There is no two-dimensional subspace of

S = span{sg, s1, 82} C €0, 7],

which is a Haar space on [0, 7].
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Exercise 5.56. For n € Ny, let S C €la,b] be a (n + 1)-dimensional linear
subspace of €[a, b]. Moreover, let S satisty the weak Haar condition on [a, b],
according to which any s € § has at most n sign changes in [a, b].

Prove the following statements for f € €J[a, b).
(a) If there is an alternation set for s € S and f of length n+2, so that there

are n + 2 pairwise distinct alternation points a < xp < ... < 2py1 <0
and one sign o € {41} satisfying

(s = f)(zp) =0 (=D)F||s = flloo forall k=0,...,n+1,

then s is a best approximation to f from S with respect to || - ||oo-
(b) The converse of statement (a) is false (for the general case).

Exercise 5.57. Let F = %la,b] and S C F be a Haar space on [a,b] of
dimension n + 1 containing the constant functions. Moreover, let f € F\ S,
such that

span{S U {f}}

is a Haar space on [a, b]. Finally, s* € S be the unique best approximation to
f from S with respect to || - ||oo-
Show that the error function f — s* has exactly n + 2 extremal points

a=20<...<Zpy1 =D,
where f — s* is strictly monotone between neighbouring extremal points.

Exercise 5.58. In this programming exercise, we wish to compute for any
n € N the strongly unique best approximation p* € P,,_; to f € €[a,b]\Pp—1
from P,,—1 w.r.t. || - [|oo,x On a point set X = (z1,...,2p41) € [a,b]" T, s0
that

Ip" = flloo.x <llp= flloo,x  forallpePni\{p"}.

To this end, implement a function called mybestpoly with header
[alpha,eta] = mybestpoly(f,X),

which returns on input point set X (of length |X| = n + 1) the Newton
coefficients « = (ay, ..., an—1) € R™ of the best approximation

n—1 k
p*(z) = Zakwk(x) where wg(x) = H(x —z;) €Ppfor0<k<n-1
k=0 j=1

to f wr.t. || - |leo,x, along with the minimal distance nx = ||f — §*| o, x-

Exercise 5.59. To efficiently evaluate the best approximation p* € P,_1
from Exercise 5.58, we use the Horner'® scheme (a standard numerical

method, see e.g. [28, Section 5.3.3].

10 WiLLiaM GEORGE HORNER (1786-1837), English mathematician
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To this end, implement a function called mynewtonhorner with header
[p] = mynewtonhorner(X,alpha,x),

which returns on an input point set X = {z1,...,z,41} C [a,b], Newton
coefficients « = (g, ..., a,—1) € R” and z € R the value

n—1
p(z) = Z o wi () € Pp_1,
k=0

where the evaluation of p at x should rely on the Horner scheme.

Exercise 5.60. Implement the Remez exchange, Algorithm 8. To this end,
write a function called myremezexchange with header

[X] = myremezexchange(X,epsilon,x),

which returns, on input reference set X = (z1,...,7,41) € [a,b]"!, an
extremal point x = z* € [a,b] \ X satisfying

(" = N =1p" = fllo
and a sign vector € = (g1,&2) € {£1}? satisfying
er =sgn(p” — f)(z1) and e =sgn(p” - f)(z")
the updated reference set X (as output by Algorithm 8), i.e.,
Xt =X \{z;}))U{z"} foronel<j<n+1.

Exercise 5.61. Implement the Remez algorithm, Algorithm 9. To this end,
write a function myremez with header

[alpha,eta,X,its] = myremez(f,X),

which returns, on input function f € €[a, b]\ P, —1 and an initial reference set
X = (z1,...,%nt1) € [a,b]" !, the Newton coefficients o = (ag, ..., 1)
of the (strongly unique) best approximation p* € P,_; to f from P,_;
w.r.t. || - |0, the minimal distance n = ||p* — f||oo, & set of alternation points
X C Ep«_¢, and the number its of the performed Remez iterations. For
your implementation, use the functions mybestpoly (from Exercise 5.58),
mynewtonhorner (Exercise 5.59) and myremezexchange (Exercise 5.60).

Verify your function myremez by using the following examples.

(a) f(:r) = \3/53 [avb] = [Oﬂ]‘]? X = (Oa %a %al);
(b) f(x) = sin(bx) + cos(6x), [a,b] = [0, 7], X = (0, %, %, %,ﬂ).
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Exercise 5.62. Analyze for the case S = P,_; the asymptotic computa-
tional complexity for only one iteration of the Remez algorithm, Algorithm 9.

(a) Determine the costs for the minimal distance ng = ||s}, — £/l oo, x4 -
Hint: Use divided differences (according to Proposition 5.35).

(b) Determine the costs for computing the Newton coefficients of sj.
Hint: Reuse the divided differences from (a).

(¢) Sum up the required asymptotic costs in (a) and (b).

How do you efficiently compute the update n;4+1 from information that is
required to compute 77

Exercise 5.63. Assuming the notations of the Remez algorithm, Algorithm 9,
we consider the (global) distance

pr = llsk = fllo  for k € Ny

between f € €’[a,b] and the current best approximation s; € S to f, for the
current reference set Xy = (xgk), e ,:cfﬁzl) € [a,b]"! and w.r.t. || - [loo,x,-

Show that the sequence (pi)ken, is not necessarily strictly increasing. To
this end, construct a simple (but non-trivial) counterexample.
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6 Asymptotic Results

In this chapter, we prove asymptotic statements to quantify the convergence
behaviour of both algebraic and trigonometric approximation by partial sums.

For the trigonometric case, the analysis of Fourier partial sums plays a
central role. Recall that we have studied Fourier partial sums,

fi1 - . . N e
(Fuf)la) = LD 3 (14, cos(i) cos(ia) + (Fsin(s) sni)]
j=1
for f € %5y, already in Chapter 4: According to Corollary 4.12, F,, f is the
unique best approximation to f from the linear space 7, of trigonometric
polynomials of degree at most n € Ny with respect to the Euclidean norm ||-||.
As we proceed in this chapter, we will analyze the asymptotic behaviour

of the minimal distances with respect to both the Euclidean norm || - ||,

n(f, Tn) == 7}?% IT = fll = 1Fnf = fl for n — oo,
and with respect to the maximum norm || - ||«. To this end, we first show for

continuous functions f € %a, convergence of F,, f to f with respect to || - ||,
and then we prove convergence rates, for f € €¥ . k € Ny, of the form

n(f, Tn) = o(n™%) for n — occ.

Finally, we analyze the uniform convergence of Fourier partial sums, i.e., we
study the asymptotic behaviour of the distances

|Enf — flloo for n — oo.

In this chapter, we prove the following classical results of approximation:

e The Weierstrass theorem, according to which any function f € %, can,

w.r.t. ||-||oo, be approximated arbitrarily well by trigonometric polynomials.

e The Jackson inequalities, which allow us to quantify the asymptotic
behaviour of the minimal distances

OO;n::.fT_oo f .
Mool Ta) = it [T flle  forn o0

Likewise, we will also discuss the algebraic case for the approximation to
f € €[a,b] by partial sums P, f from P,,.
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6.1 The Weierstrass Theorem

We analyze the following two fundamental questions of approximation:

Question 1: Can we approximate any function f € %€[a, b] on a compact inter-
val [a, b] C R with respect to || - || arbitrarily well by algebraic polynomials?

Question 2: Can we approximate any continuous 27-periodic function f € %5,
with respect to || - ||oo arbitrarily well by trigonometric polynomials?

Not too surprisingly, the two questions are related. In fact, a positive ans-
wer to both questions was given already in 1885 by Weierstrass', who also
discovered the intrinsic relation between the two problems of these questions.
As we show in this section, the answer to the trigonometric case (Question 2)
can be concluded from the solution for the algebraic case (Question 1). The
solutions given by Weierstrass were celebrated as the birth of approximation.

In the following discussion, we will be more precise about the above two
questions. To this end, we need only a few preparations.

Definition 6.1. Let F be a normed linear space with norm || - ||. Then a
subset S C F is said to lie dense in F with respect to || - ||, if there exists,
for any f € F and any € > 0, an element s = s(f,e) € S satisfying

ls = fll <e.
O
Now we can give a more concise formulation for the above two questions.
e Are the algebraic polynomials P dense in €[a, b] with respect to || - [loo?
e Are the trigonometric polynomials 7 dense in %, with respect to || - ||oo?

Remark 6.2. If S C F is dense in F with respect to [|-||, then the topological
closure S of S (with respect to || - ||) coincides with F, i.e.,

S=7F

or, in other words: For any f € F, there is a convergent sequence (S, )nen in
S with limit f, so that ||s, — f|| — 0 for n — oo. O

Remark 6.3. For a linear subspace S C F, § # F, Definition 6.1 does only
make sense, if S is infinite-dimensional. Otherwise, if S # F is only finite-
dimensional, then there is, according to Corollary 3.8, for any f € F\ S a
best approximation s* € S to f at a positive minimal distance n(f,S) > 0,
i.e., f cannot be approximated arbitrarily well by elements from S, since the
closest distance between f and S is (f,S). In this case, S is not dense in F.

O

! KARL WEIERSTRASS (1815-1897), German mathematician
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Example 6.4. The set Q of rational numbers is dense in the set R of real
numbers with respect to the absolute-value function | - |. O

Now let us turn to the Weierstrass theorems, for which there exist many
different proofs (see, e.g. [33]). Our constructive proof for the algebraic case of
the Weierstrass theorem relies on a classical account via Korovkin sequences.

Definition 6.5. A sequence (Kp)nen of linear and monotone operators
K, : €la,b] — €a,b] is called a Korovkin® sequence on €|[a,b], if

li_>m |Knp — plloo =0 for allp € Ps.

O

To further explain the utilized terminology, we recall a standard charac-
terization for monotone linear operators.

Remark 6.6. A linear operator K : €la,b] — %[a,b] is monotone on
€la, b], if and only if K is positive on €a, b], i.e., the following two statements
are equivalent.

(a) For any f,g € €a,b] satisfying f < g, we have K f < Kg;
(b) For any f € €Ja,b] satisfying f > 0, we have K f > 0;
where all inequalities in (a) and (b) are taken pointwise on [a, b]. O
Next, we study an important special case for a Korovkin sequence. To
this end, we restrict ourselves to the continuous functions €[0, 1] on the unit
interval [0, 1]. This is without loss of generality, since otherwise, i.e., for any
other compact interval [a,b] C R, we may apply the affine-linear mapping
x+— (x —a)/(b—a), for x € [a,b].
Now we consider the Bernstein® polynomials

B (z) = (’;) il—2)"9eP, for0<j<n. (6.1)
Let us note a few elementary properties of Bernstein polynomials.
Remark 6.7. The Bernstein polynomials B,gn)7 . ,B,(Ln) € Py, for n € Ny,

(a) form a basis for the polynomial space P,,,
(b) are positive on [0,1], i.e., BJ(-") (x) > 0 for all = € [0, 1],
(c) are on [0,1] a partition of unity, i.e.,

Zﬁ;n)(x) =1 for all z € [0,1].
7=0

2 PaveL PETROVICH KOROVKIN (1913-1985), Russian mathematician
3 SERGEI NATANOVICH BERNSTEIN (1880-1968), Russian mathematician
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Note that property (c¢) holds by the binomial theorem, whereas properties (a)
and (b) can be verified by elementary calculations (cf. Exercise 6.83). O

By using the Bernstein polynomials in (6.1) we can make an important
example for monotone linear operators on %[0, 1].

Definition 6.8. For n € N, the Bernstein operator B, : ¥[0,1] — P,
is defined as

(Buf)(@) = fG/m)B" (@) for f € €[0,1], (6.2)
§=0
where ﬁ(()n), . ,61(1") € P, are the Bernstein polynomials in (6.1). O

The Bernstein operators B,, are obviously linear on %[0, 1]. By the posi-
tivity of the Bernstein polynomials BJ(-n), Remark 6.7 (b), the Bernstein ope-
rators B, are, moreover, positive (and therefore monotone) on %[0, 1]. We
note yet another elementary property of the operators B,,.

Remark 6.9. The Bernstein operators B, : €[0,1] — P, in (6.2) are
bounded on ¥[0, 1] with respect to || - ||oo, since for any f € €0, 1], we have

1Buflloo = | £G/m)BM @) < 1fllso | DB @) = 11£ll
j=0

and so
Han”oo < Hf”oo for all f € Cf[()y 1]'

In particular, by transferring the result of Theorem 3.45 from linear func-
tionals to linear operators, we can conclude that the Bernstein operators
B, : €[0,1] — P, are continuous on %[0, 1]. O

Now we prove the Korovkin property for the Bernstein operators.

Theorem 6.10. The sequence of Bernstein operators B, : €[0,1] — P,
for n € N, is a Korovkin sequence on %[0, 1].

Proof. The Bernstein operators B,, n € N, reproduce linear polynomials.
Indeed, on the one hand, we have B,1 =1, for all n € N, by the partition of
unity, according to Remark 6.7 (c). On the other hand, we find for p;(z) = «
the identity B,p1 = p1, for any n € N, since we get

(Bnp1)(z) = z”: % (?) /(1 —z)" 7 = zn: (?: i)xa‘(l )
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According to Definition 6.5, it remains to show the uniform convergence
n—oo

for the quadratic monomial ps(x) = 22. To this end, we apply the Bernstein
operators B, to the sequence of functions

fo(z) = z?

n z
€ Py for n > 2,

n—1 n-1

where for n > 2 we have
n '2 1 . .
(ann)(as) = Z (?) (;77,271 ﬁ . _ n(nji 1)) gﬂ(l — x)n—J

(1 — )"

I
NE
=

I s
.| =
Z
S|
I
C\_/

j=0
_ & (’I’L—Q)' 2 xn—j
"2 G- )

_ ijZ: (” S 2) 21— 2)" T2 = po ().

Together with the boundedness of the Bernstein operators B,, (according to
Remark 6.9), this finally implies

||Bnp2 _pQHoo = ||Bn(p2 - fn)”oo < ||p2 - fn”om
whereby through ||p2 — fulleco — 0, for n — oo, the statement is proven. W
The following result of Korovkin is of fundamental importance.

Theorem 6.11. (Korovkin, 1953). For a compact interval [a,b] C R, let
(Kn)nen be a Korovkin sequence on €|a,b]. Then, we have

nlgl;o IEKnf — flloo =0 for all f € €la,b]. (6.3)

Proof. Suppose f € €[a,b]. Then, f is bounded on [a,b], i.e., there is some
M > 0 with || f|lec < M. Moreover, f is uniformly continuous on the compact
interval [a, b], i.e., for any € > 0 there is some ¢ > 0 satisfying

e —yl<d = |f(x)—f(y) <e/2 for all x,y € [a, b].
Now let t € [a, b] be fixed. Then, we have for z € [a, b] the two estimates

2
f(:c)—f(t)§;+2M( - ) =%+2§—]\f[m2—2xt+t2]

2
f(x)—f(t)Z—Z—ZM(x_t> :_g_%[ﬁ—zxwﬂ],
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where €, and M are independent of x. If we apply the linear and monotone
operator K,,, for n € N, to both sides of these inequalities (with respect to
variable x), then this implies

(Knf)(x) = f()(Kn1)(z) <

(K@) + 257]‘24 [(Ko2?)(z) — 2(Kna)(x) + 2(Kal) ()]
(Knf)(x) = f(t) (K1) (2) >
S (Ka)(a) 257]‘24 [(Ko2?) (@) — 2t(Kna)(@) + 2(Knl)(a)]

for all z € [a,b]. Therefore, we have the estimate

(Ko f) (@) = fO)(Knl)(2)| <
2M

SN @) + = (o) (2) — 20(FK) (@) + B D @) (64)
By assumption, there is for any &€ > 0 some N = N(€) € N satisfying
[(Knz®) — a¥||o < & for k =0,1,2,

for all n > N. This in particular implies
|(KnD)(2)] < [[Knlfloo = [(Knl = 1) + oo <€ +1 (6.5)
as well as
|(Kna?)(2) = 2t(Kpo)(2) + 2 (K1) (@) =
|(K2?) (z) — 22) — 2t((Kpz)(z) — 2) + (K1) (2) — 1) + 2% — 2tz + 2|
<EL 20t + ) + (z —t)? (6.6)
for all n > N. From (6.4), (6.5) and (6.6), we obtain the estimate
(K f) (@) = FO)] < |(Knf) (@) — FO)EKnl)(2)| + [ (1) (Knl)(x) - £(D)]
g 25—]\2/[ [E(1+2[t| + %) + (z — t)*] + ME,

where for x = ¢, the inequality

AN

<-(E+1)+

(Kaf)() = F(B)] < SE+1) + 25—]‘24 [E+20t|+)] + M (67)

follows for all n > N.
Now the right hand side in (6.7) can uniformly be bounded from above
by an arbitrarily small £ > 0, so that we have, for some N = N(¢) € N,

1Enf — flloo <€ for all n > N.

This proves the uniform convergence in (6.3), as stated. ]
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Now we can prove the density theorem of Weierstrass.

Corollary 6.12. (Weierstrass theorem for algebraic polynomials).
The algebraic polynomials P are, w.r.t. the mazimum norm || - |l on a com-
pact interval [a,b] C R, dense in €a,b]. In particular, any f € €[a,b] can,
w.r.t. || - o, be approzimated arbitrarily well by algebraic polynomials, i.e.,
for any f € €[a,b] and € > 0, there is a polynomial p € P satisfying

Ip = flloo <e.

Proof. We use the Bernstein operators (B,,)nen, which are a Korovkin se-
quence on %[0,1]. Suppose f € €[0,1] and € > 0. Then, according to the
Korovkin theorem, there is one n = n(e) € N, satisfying || Bnf — flleo < €. By
p= B,f € P, C P, the statement follows immediately from Theorem 6.11.

|

Note that the Weierstrass theorem gives a positive answer to Question 1,
as posed at the outset of this section. Next, we specialize the density theorem
of Weierstrass, Corollary 6.12, to even (or odd) functions.

Corollary 6.13. Any even continuous function f € €[—1,1] can, w.r.t. the
norm ||+||eo, be approxzimated arbitrarily well by an even algebraic polynomial.

Likewise, any odd continuous function f € €[—1,1] can, with respect to
I |oo, be approzimated arbitrarily well by an odd algebraic polynomial.

Proof. Let f € €[—1,1] be even and & > 0. Then, due to the Weierstrass
theorem, Corollary 6.12, and Proposition 3.42; there is an even algebraic
polynomial p € P satisfying ||p — f|leo < €. Likewise, for odd f € €[-1,1],
the second statement follows by similar arguments (cf. Exercise 3.73). |

Now from our observations in Corollary 6.13, we wish to conclude a corres-
ponding density result for the case of trigonometric polynomials 7 C %5,. In
preparation, we first prove two lemmas.

Lemma 6.14. The linear space of real-valued trigonometric polynomials

jeN}

is a unital commutative algebra over R. In particular, T is closed under the
multiplication, i.e., the product of two real-valued trigonometric polynomials
is a real-valued trigonometric polynomial.

T = spang {\}5, cos(jx),sin(jx)

Proof. The statement follows directly from the trigonometric addition for-
mulas, in particular from the representations (4.16)-(4.18), for j, k € Z, i.e.,

2 cos(jz) cos(kx) = cos((j — k)x) + cos((j + k)x)
2sin(jx) sin(kx) = cos((j — k)x) — cos((j + k)x)
2sin(jx) cos(kz) = sin((j — k)z) + sin((j + k)x).

The remaining properties for a unital commutative algebra 7 are trivial. W
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Remark 6.15. Let p € P be an algebraic polynomial. Then,
p(sin(jx) cos(kzx)) € T for j,k € Ny
is a trigonometric polynomial. Moreover, every trigonometric polynomial
p(cos(kz)) € T for k € Ny
is an even function. g

We now show that the even trigonometric polynomials are, with respect
to the maximum norm || - ||, dense in €[0, 7.

Lemma 6.16. For any f € €[0,7] and € > 0, there is one even trigono-
metric polynomial T, € T satisfying

”Tg - f”oo <e.

Proof. Suppose f € €[0,n]. Then, g(t) = f(arccos(t)) € €[—1,1]. Therefore,
according to the Weierstrass theorem, Corollary 6.12, there is one algebraic
polynomial p € P satisfying |[p — g||,(—1,1] < €. This implies

[p(cos(+)) = flloo,jo,x] = I = lloo,(—1,1) < €

with the (bijective) variable transformation x = arccos(t), or, ¢ = cos(z).
Letting T, (z) = p(cos(z)) € T, our proof is complete. |

Now we transfer the Weierstrass theorem for algebraic polynomials, Corol-
lary 6.12, to the case of trigonometric polynomials. To this end, we consider
the linear space %2, C % (R) of all continuous 2w-periodic target functions.
Due to the periodicity of the elements in %5,, we can restrict ourselves to the
compact interval [0, 27].

This results in the formulation of the Weierstrass density theorem.

Corollary 6.17. (Weierstrass theorem for the trigonometric case).
The trigonometric polynomials T are, w.r.t. the mazimum norm ||||e, dense
in Gar. In particular, any function f € Gar can, w.r.t. ||-||eo, be approzimated
arbitrarily well by trigonometric polynomials, i.e., for any f € o and e >0
there is a trigonometric polynomial Ty € T satisfying | Ty — fllco < €.

Proof. Any f € %5, can be decomposed as a sum

1 1

f@) = 5(f(@) + f(=2)) + 5 (f(2) = f(=2)) = fe(2) + fol2)

of an even function f. € %5, and an odd function f, € %,. Now the two
even functions

fe(x)  and  ge(z) = sin(z) fo(z)
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can be approximated arbitrarily well on [0, 7] by even trigonometric polyno-
mials Ty, , Ty, € T, so that we have

||Tfe - fe”oo = ||Tfe - feHOO,[frr,‘rr] = ||Tfe - fEHoo,[O,‘rr] < 5/4
175, = gelloo = 1Ty — Gelloo,(—m,x] = [Ty, — elloo, 0,7 < €/4-
Therefore, we have, everywhere on R, the representations
fe:Tfe+nfe and ge:Tge+nge

with (even) error functions 7y, ,1, € %ar, where |1y, |loo, |74 [0 < €/4.
From these two representations, we obtain the identity

sin®(z) f(z) = sin®(2)(fe(2) + fo(z))
= Sln2($)Tfe () +sin(z) Ty, (x) + sin® (x)ny, () + sin(z)n,, (2)

where

~

w

&
Il
w0

in?(2)Ty, (z) + sin(z)T,, () € T
in? @)y, (2) +sin(@ng, (2) with [ e < /2.

=
o
—~
8
N
Il
]

Using similar arguments we can derive, for the phase-shifted function
f(@) = f(x+7/2) € Con,

a representation of the form

sin?(2) f(x) = T3a) +n3x)  with g3 < /2

with TJ‘; € T, so that after reversion of the translation z — x — 7/2, we
have

cos?(2) () = T(w—m/2) + 1 —7/2) = TH(x)+ 0 (x) with [0 < /2,

where T]?(:r) € 7. By summation of the two representations for f, we obtain
by

f(x) = Ti(x) + Ti(x) + nj () +nj(2) = Tr(x) +np(x)  with [0l <e

the stated estimate
ITs — fllo <€

for the so constructed trigonometric polynomial Ty = T +T5 € T. ]
This gives a positive answer to Question 2 from the outset of this section.

Finally, we remark that the maximum norm ||-|| is in the following sense
stronger than any p-norm || - ||, 1 < p < oo.
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Corollary 6.18. The algebraic polynomials P are, w.r.t. any p-norm || - ||p,
1 < p < oo, and for compact [a,b] C R, dense in €[a,b]. Likewise, the
trigonometric polynomials T are, w.r.t. ||-||p, dense in Gar for alll < p < oco.

Proof. For f € €[a,b] and € > 0 there is one p € P satisying ||p — f|lc < €.

This immediately implies the estimate

o mpf/Np D) dz < (b-a)[p—fIZ < (b—a)e? for 1 < p < oo,

ie., any f € %la,b] can, w.r.t. || - |, be approximated arbitrarily well by
algebraic polynomials. The case of trigonometric polynomials 7T, i.e., the
second statement, can be covered by using similar arguments. |

Remark 6.19. Corollary 6.18 states that convergence in the maximum norm

|l - llo implies convergence in any p-norm | - ||, 1 < p < co. The converse,
however, does not hold in general. In this sense, the maximum norm || - ||oo
is the strongest among all p-norms, for 1 < p < co. O

A corresponding statement holds for weighted Euclidean norms.

Corollary 6.20. Let w : (a,b) — (0,00) be a continuous and integrable
weight function, so that w defines on €[a,b], for compact [a,b] C R, the
inner product

b
<ﬁmw:/"ﬂ@MMw@Mx for f,9 € €la,b] (6.8)

and the Fuclidean norm ||+ ||w = (-, - )1/2 Then, any function f € €[a,b] can,
w.r.t. || - ||lw, be approzimated arbitrarily well by algebraic polynomials, i.e.,
the polynomial space P is, with respect to || - ||, dense in €la,b.

Proof. For f € €[a,b], we have

b
112 /u|2 M<wwfwmm:%m&

where Cy, = ||1]|w < 00. Now let € > 0 and p € P with ||p — f|leo < £/vVChw.

Then,
1P = fllw < VCullp = fllee <&,

i.e., f can, with respect to || - ||, be approximated arbitrarily well by p € P.
|
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6.2 Complete Orthogonal Systems and Riesz Bases

We recall the notion and properties of orthogonal (and orthonormal) systems
from Section 4.2. In the following discussion, we consider a Euclidean space
F with inner product (-,-) and norm || || = (-,-)*/2. Moreover, let S,, C F be
a finite-dimensional linear subspace of dimension dim(S,,) = n € N with an

(ordered) orthogonal basis (s;)}_; in Sy, so that the orthogonality relation

(sjrs) = i - ls;|> for 1<jk<n

holds. According to Theorem 4.5, the unique best approximation to f € F is
given by the orthogonal projection

anzf:(f’sj)sj €S, (6.9)

of f onto S,,, obtained by the orthogonal projection operator I1,, : F — S,,.

In the following discussion, we investigate approximation properties of the
partial sums IT,, f in (6.9), where our particular interest is placed on their
asymptotic behaviour. To this end, we analyze convergence for the sequence
(I, f )nen, for n — oo, where we link to our discussion in Section 4.2. On this
occasion, we recall the Pythagoras theorem (4.6), the Bessel inequality (4.12),
and the Parseval identity (4.10), or, (4.11), according to which we have

T f1)? = Z' (> 34)] for all f € F. (6.10)

I JII2

6.2.1 Complete Orthogonal Systems

We wish to transfer our results from Section 4.2 to infinite (countable and
ordered) orthogonal systems (and orthonormal systems) (s;);jen in F. Our
first result on this is based on the following characterization.

Theorem 6.21. Let (s;);en be an orthogonal system in a Euclidean space
F with inner product (-,-) and norm || - || = (-,-)"/2. Then, the following
statements are equivalent.

(a) The span of (s;);en is dense in F, i.e., F =span{s;|j € N}.
(b) For any f € F the sequence (II,,f)nen of partial sums II, f in (6.9)
converges to f with respect to the norm || - ||, i.e.,

I, f — f  forn — oc. (6.11)

(c) For any f € F we have the Parseval identity

112 = Z I l{ L (6.12)
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Proof. For any f € F, the n-th partial sum II, f is the unique best approxi-
mation to f from S,, = span{si,...,s,} with respect to || - ||.

(a) = (b): Suppose for f € F and € > 0, there is one N € N and sy € Sy
satisfying ||sy — f|| < €. Then, we have for n > N

_ — _ < 3 _ < _
T = £ = inf lls— £ < inf Jls— 71 < law — £l <c,
and so the sequence (IT, f)nen converges, with respect to || - ||, to f, i.e.,

H,.f — fll — 0 for n — oo,

or, in short, IT,(f) — f for n — oo.

(b) = (¢): Suppose the sequence (II,, f)nen of the partial sums IT,, f con-
verges to f € F, so that ||IT,, f—f|| — 0 for n — oo. Then, by the Pythagoras
theorem,

£ = 1T f = £IIP + 1T f11%, (6.13)

in combination with the Parseval identity (6.10) we obtain, for n — oo, the
representation

12 = tim 7,12 = 3 12
j=1

155112
(¢) = (a): From the Pythagoras theorem (6.13) and by (6.10), we obtain

|(f,55)I

— 0 forn— oo
[[5512

M = FI2 = 1117 =D
j=1

and so there is, for any € > 0, one N = N(¢) satisfying ||[IInf — f|| <e. B

Definition 6.22. An orthogonal system (s;)jen satisfying one of the proper-
ties (a), (b), or (c) in Theorem 6.21 (and so all three properties), is called a
complete orthogonal system in F. The notion of a complete orthonormal
system is defined accordingly. O

Remark 6.23. For a complete orthogonal system (s;)jen in F we have,
according to property (b) in Theorem 6.21, the series representation

f:E:(ﬁSQ% for f € F (6.14)

2 s
by convergence of (II,,f)nen to f with respect to || - ||. The series in (6.14)
is often referred to as (generalized) Fourier series of f with (generalized)
Fourier coefficients (f,s;)/|s;|? O

From the equivalence in Theorem 6.21, we can conclude a useful result.
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Corollary 6.24. Under the assumptions in Theorem 6.21, we have

[ f = flI* = i ()% forall feF (6.15)

112
2= sl
for the representation of the squared error norm of I, (f) — f.

Proof. The representation (6.15) follows from property (c¢) in Theorem 6.21
by the Pythagoras theorem (6.13) and the Parseval identity (6.10). |

By using the Weierstrass density theorems for algebraic and trigonometric
polynomials, in Corollaries 6.12 and 6.17, we can give examples for complete
orthogonal systems.

Our first example draws a link to Corollary 6.20.

Example 6.25. Let w : (a,b) — (0,00) be a continuous weight function,
so that w defines on €[a, b], for compact [a,b] C R, an inner product (-, ),
see (6.8). Moreover, suppose (p;) en, is a sequence of orthogonal polynomials
with respect to (-, ), (cf. our construction in Theorem 4.16). Then, (p;),en,
is a complete orthogonal system in %[a,b] with respect to the Euclidean
norm || - || = (-, ')71,1/2. Indeed, this is because the algebraic polynomials P
are, according to the Weierstrass theorem, Corollary 6.12, dense in %[a, b]
with respect to the maximum norm || - o, and so, by Corollary 6.20, P is
also dense in %’[a, b] with respect to || - [|«- &

Next, we prove a useful criterion for the completeness of systems (s;);en
in Hilbert spaces F, in particular for the completeness of orthogonal systems.

Theorem 6.26. (Completeness criterion). For a system (s;)jen of ele-
ments in a Hilbert space F, the following statements are equivalent.

(a) The system (s;);en is complete in F, i.e., F =span{s;|j € N}.
(b) If f € F is orthogonal to all elements s;, then f =0, i.e., we have the
implication
(f,sj)=0foralljeN = f=0.

Proof. Without loss of generality, we suppose that (s;);jen is an orthonormal
system in F. Otherwise, we can choose a subsequence (s, )ken of linearly in-
dependent elements, which we then orthonormalize (as in the Gram-Schmidt
algorithm, Algorithm 4). In the following, we use the notation

S:=span{s;|j e N} C F
for the closure of span{s; | j € N} in F and, moreover,

St:={ue Fl(u,s)=0forall s S} C F
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for the orthogonal complement of S in F, so that F =S & S+*.

(a) = (b): Let (s;),en be complete in F. Then, the Parseval identity (6.12)
holds according to Theorem 6.21. From this, we see that (f,s;) = 0, for all
j € N, implies || f|| =0, and so f = 0.

(b) = (a): Let f € F satisty (f,s;) = 0 for all j € N. In this case,
we have f € St by the linearity and the continuity of the inner product.
Conversely, for f € St the orthogonality relation (f,s;) = 0 holds for all
j € N. Therefore, f is contained in S*, if and only if (f,s;) = 0 for all j € N.
With the assumed implication in (b), we have S* = {0} andso S=F. N

6.2.2 Riesz Bases and Frames

Next, we extend the concept of complete orthonormal systems. To this end,
we fix a Hilbert space F with inner product (-,-) and norm || - || = (-,-)"/2. In
the following discussion, we regard systems (s, )necz with the bi-infinite index
set Z. Recall that for a complete orthonormal system (s, )nez in F, we have,
for any f € F, the series representation

=Y (f50)5n

ne”Z

according to Remark 6.23. Moreover, the Parseval identity in (6.12) holds,
which we represent as

111 = 11((f, $n))nezllee (6.16)

where £2 denotes the linear space of all square summable sequences with
indices in Z (cf. Remark 3.15).

Definition 6.27. A system B = (uy, )nez of elements in a Hilbert space F is
called a Riesz* basis of F, if the following properties are satisfied.

(a) The span of B is dense in F, i.e.,

F = span{u, |n € Z}. (6.17)

(b) There are constants 0 < A < B < oo satisfying

E CnlUin

neZ

2

Alle||Z < < Bc||Z for all ¢ = (cp)nez € £%.  (6.18)

For a Riesz basis B, the “best possible” constants, i.e., the largest A and the
smallest B satisfying (6.18), are called Riesz constants of B. O

* FriGYEs RiEsz (1880-1956), Hungarian mathematician
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Remark 6.28. Every complete orthonormal system in F is a Riesz basis
of F. Indeed, in this case, we have the Parseval identity in (6.16), whereby
equality holds in (6.18) for A = B = 1. Moreover, the completeness in (6.17)
holds by Theorem 6.21 (a).

We remark that the Riesz estimates in (6.18), often written in short as

E Cnln

nez

~ ||c|| 2 for all ¢ = (cy)nez € €2,

describe the stability of the Riesz basis representation with respect to per-
turbations of the coefficients in ¢ € £2. Therefore, Riesz bases are also often
referred to as £2-stable bases of F. g

In the following analysis concerning Riesz bases B = (uy,)nez of F, the
linear synthesis operator G : (> — F, defined as

Gl) =Y cnun €F  forc=(en)nez € 2, (6.19)
nez

plays an important role. We note the following properties of G.

Proposition 6.29. Let B = (up)nez be a Riesz basis of F with Riesz con-
stants 0 < A < B < oo. Then, the synthesis operator G : > — F in (6.19)
has the following properties.

(a) The operator G is continuous, where G has operator norm |G| = V/B.
(b) The operator G is bijective.
(¢) The inverse G~ of G is continuous with operator norm |G| = 1/V/A.

Proof. Statement (a) follows directly from the upper Riesz estimate in (6.18).

As for the proof of (b), note that G is surjective, since span{u, |n € Z}
is by (6.17) dense in F. Moreover, G is injective, since by (6.18) the kernel of
G can only contain the zero element. Altogether, the operator G is bijective.

Finally, for the inverse G=1 : F — ¢2 of G we find by (6.18) the estimate
_ 1
IGTHDIP < FIAP - forall feF

and this implies the continuity of G=' at operator norm ||G~'|| = 1/VA.
This proves property (c). |

Now we consider the dual analysis operator G* : F — (2 of G in
(6.19), where G* is characterized by the duality relation

(G*(f),c)e2 = (f,G(c)) for all ¢ € ¢* and all f € F. (6.20)

We note the following properties of G*.
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Proposition 6.30. The pair of dual operators G in (6.19) and G* in (6.20)
satisfies the following properties.

(a) The operator G* has the representation

G*(f) = ((f-un))nez € £ forall f € F.

(b) The operator G* is bijective and has the inverse (G*)~t = (G=1)*.
(¢) The operators G* and (G*)~! are continuous via the isometries

Gl =G| and [|G7| = [I(G*)7"].
Proof. By (6.20), we find for the dual operator G* : F — (2 the identty
(G*(f),c)e2 = (f,G(c)) = Z en(fyun) = (((f; un))nez, C)e2
neZ

for all ¢ € £2, and this already implies the stated representation in (a).
By the representation in (a) in combination with the Riesz basis property
of B, we see that G* is bijective. Moreover, for f,g € F the representation

(GG (), 9) = (G*(f), G Hg))ee = (f,GG(9)) = (f,9)

holds. Therefore, (G71)*G* is the identity on F. Likewise, we see that
G*(G71)* is the identity on ¢2. This proves statement (b).
As regards statement (c), we find on the one hand

IG* ()72 = (G*(F), G* (e = (F, GG () < IFI1- NG 1G(F)lez

by letting ¢ = G*(f) in (6.20), and this implies ||G*|] < ||G||. On the other
hand, we have

IG()]* = (G(c), G(c)) = (G*G(c), )z < |G- GO - llelle

by letting f = G(c) in (6.20), which implies ||G|| < ||G*||. Altogether, we have
|G|l = ||G*||- The other statement in (c¢) follows from similar arguments. W

Now we explain a fundamental duality property for Riesz bases.

Theorem 6.31. For any Riesz basis B = (un)nez of F with Riesz constants
0 < A< B < o0, there is a unique Riesz basis B = (Up)nez of F, such that

(a) the elements in B and B are mutually orthonormal, i.e.,
(Un, Upm) = Opm for all n,m € Z. (6.21)

(b) the Riesz basis B has Riesz constants 0 < 1/B < 1/A < oc.
(c) any f € F can uniquely be represented w.r.t. B or B, respectively, as

[= Z(f’ Uy )Up, = Z(fa Up, )Ty (6.22)

neZ ne”
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The Riesz basis B is called the dual Riesz basis of B in F.

Proof. We consider the linear operator G : ¢ — F in (6.19) associated with
the Riesz basis B = (uy,)nez and its dual operator G* : F — 2 in (6.20).
According to Propositions 6.29 and 6.30 each of the linear operators G and
G* is continuous and has a continuous inverse. Therefore, their composition
GG* : F — F is continuous and has a continuous inverse.

Now we consider B = (Un)nez, where

= (GG*) tu, for n € Z.
The elements in B satisfy the orthonormality relation (6.21) in (a), since
(U, Un) = (U, (GG M) = (G, G Mg )2 = Sy (6.23)
holds for any m,n € Z. Moreover, for ¢ = (¢,)nez € €2, we have the identity

Z Cnln, GG* (Z Cn“n) |

nez neEZ

= [@)7e]-

By ||G*||? = B and ||(G*)~||> = 1/A, we get the Riesz stability for B, i.e.,

2
§ Cnlin

neZ

1
< Z”CH?z for all ¢ = (¢,)nez € 2. (6.24)

1
Slellz <

Now the continuity of (GG*)~! and the completeness of B in (6.17) implies

F = span{a, |n € Z},
ie., Bis a Riesz basis of F with Riesz constants 0 < 1/B < 1/A < oo. The
stated uniqueness of B follows from the orthonormality relation (6.23).

Let us finally show property (c). Since G is surjective, any f € F can be
represented as

f= Z Cnlin for some ¢ = (¢, )nez € £2.
nez
But this implies

faum = <§ Cn“na“m) = Cm,

nez
whereby the stated (unique) representation in (6.22) holds, i.e.,
f=> (fiin)u,  forall feF.

neZ

Likewise, the stated representation in (6.22) with respect to the Riesz basis
B can be shown by similar arguments. ]



202 6 Asymptotic Results

From the estimates in (6.24) and the representation in (6.22), we get the
stability of the coefficients (f, un))nez € £2 under perturbations of f € F.

Corollary 6.32. Let B = (up)nez be a Riesz basis of F with Riesz constants
0 < A < B < 0. Then, the stability estimates

AP < I un)nezllz < BIFIP - for all f € F (6.25)
hold. |

Remark 6.33. Every Riesz basis B = (u,)nez of F yields a system of £2-
linearly independent elements in F, i.e., for ¢ = (¢, )nez € £% the implication

chunzO — ¢=0
nez

holds. In other words, G(c) = 0 implies ¢ = 0, as this is covered by Proposi-
tion 6.29 (b). Moreover, Corollary 6.32 gives the stability estimates in (6.25).
|

The required conditions for a Riesz basis B = (un)nez (according to
Definition 6.27) often appear as too restrictive. In fact, relevant applications
work with weaker conditions on B, where they merely require the stability
in (6.25), but not the ¢2-linearly independence of B.

Definition 6.34. A system B = (uy)nez of elements in a Hilbert space F is
called a frame of F, if for 0 < A < B < 0o the estimates

AILFIP < I((f, un)nezllz < BIFIP - forall f € F (6.26)

hold, where the “best possible” constants, i.e., the largest A and the smallest
B satisfying (6.26), are called frame constants of B. O

Remark 6.35. Any frame B = (u, )nez of F is complete in F, i.e., the span
of B is dense in F,

F = span{u, |n € Z}.

This immediately follows from the completeness criterion, Theorem 6.26, by
using the lower estimate in (6.26). O

Remark 6.36. Every Riesz basis B is a frame, but the converse is general not
true. Indeed, a frame B = (uy,)nez allows ambiguities in the representation

f:chun for f € F,

ne”Z

due to a possible ¢2-linear dependence of the elements in B. O
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Remark 6.37. For any frame B = (u,)nez of F, there exists a dual frame
B = (tin)nez of F satistying

f= Z(ﬁ Up )l = Z(f, U ) U, for all f € F.

neZ ne”

However, the duality relation (un,Um) = dnm in (6.21) does not in general
hold, since otherwise the elements of B and the elements of B would be £2-
linearly independent, respectively. O

For further illustration, we discuss the following examples.
Example 6.38. The three vectors
ur = (0,1)7, wp = (=v3/2,-1/2)", w3 = (v3/2,-1/2)"

form a frame in F = R2, since for f = (f1, f2)? € R?, we have

3 2 2
>t (—?fl - ;f2> ¥ (*f’fl - ;f2>
=2+ =S,

and so the stability in (6.25) holds with A = B = 3/2. However, note that
the vectors uy, us, us are £2-linearly dependent, since uq + ug +u3 =0. <

In our next example we discuss Riesz bases in finite-dimensional Euclidean
spaces for the prototypical case of the Euclidean space F = R%, where d € N.

Example 6.39. For the Euclidean space R?, where d € N, equipped with the
Euclidean norm || - ||z, any basis B = {uy, ..., us} of R? is a Riesz basis of R%.
Indeed, in this case, we have for the regular matrix U = (uy, ..., uq) € R¥*4
and for any vector ¢ = (cy,...,cq)’ € R? the stability estimates

IU=HIZ el < = [1Ucll2 < [Ull2l¢l2-

2

Therefore, the Riesz constants 0 < A < B < oo of B are given by the spectral
norms of the matrices U and U~!, so that A = |U~!|;? and B = ||U||3. The
unique dual Riesz basis B of B is given by the rows of the inverse U~1. This
immediately follows by UU ! = I from Theorem 6.31 (a). &

We close this section by studying an example for a frame of R?.
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Example 6.40. We continue to work with the Euclidean space R?, where
d € N, whose inner product is denoted by (-, ). For a frame B = (u,)Y_; of
RY, where N > d, we consider the dual operator G* : RY — R¥ in (6.20).
According to Proposition 6.30 (a), the representation

G'(f) = (Fun))oy = WEHN, €RY for f € RY
holds, or, in matrix notation,
G f=U"f=c;s for f € RY,
where U = (u1,...,un) € RN and ¢; = ((f,un)))_; € RY. Due to

n=1
the completeness of B, according to Definition 6.34 (a), we see that the
columns (uy,...,uy) of U must contain a basis of R?. Hence, U has full
rank, d = rank(U), and UT € RV*4 is injective. But this is consistent with
the injectivity of the dual operator G*, as established in the lower estimate
in (6.26), for A > 0.

Now we consider the dual frame B = (@,,)N_, of B, as characterized by

N
F=Y (fiup)in  forall feR™
n=1

By UTf = ¢f, we have UU” f = Ucy and so
f=UOUN"Ucs for all f € RY,

i.e., the dual frame B = (i,,)\_, is determined by the columns of (UUT)1U.
However, the elements in B and B do not satisfy the orthonormality relation
in Theorem 6.31 (a). &

6.3 Convergence of Fourier Partial Sums

In this section, we analyze the approximation behaviour of Fourier partial
sums in more detail. To this end, we recall our discussion from Section 4.3,
where, in particular, we had proven the orthonormality of the real-valued
trigonometric polynomials in 62, = %5, see Theorem 4.11. By using the
Weierstrass theorem for trigonometric polynomials, Corollary 6.17, we can
prove the following result.

Corollary 6.41. The real-valued trigonometric polynomials

{\}E,cos(j-),sin(j-) je N} C G (6.27)

form a complete orthonormal system in €. with respect to the Buclidean

norm || - |lr = (-, ~)I§/2, as defined by the (real) inner product

27

(ro== [ t@ade  for f.g e,
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Proof. The orthonormality of the trigonometric polynomials in (6.27) holds
by Theorem 4.11. Moreover, due to the trigonometric version of the Weier-
strass theorem, Corollary 6.17, the real-valued trigonometric polynomials

T = TR are dense in G2, = o with respect to the maximum norm || - [/,
and so T is a dense subset of %5, also with respect to the weaker Euclidean
norm || - ||g, cf. Corollary 6.18. |

Remark 6.42. The result of Corollary 6.41 can directly be transferred to
the complex case, whereby the complex-valued trigonometric polynomials

{e"|j € Z} C G5

form a complete orthonormal system in €5 with respect to the Euclidean

norm || - [|c = (-, -)(1C/ ?_ defined by the (complex) inner product
1 27
(fi9)c=5- | fl@gl@)de  for f.g € by, (6.28)
0
cf. Remark 4.10. g

Now we consider, for n € Ny, real-valued Fourier partial sums of the form

n
(Eof)(a) = % + 3 (ajcos(ja) + bjsin(jz))  for fe G (6.29)
j=1

with Fourier coefficients ag = (f, 1)r, a; = (f, cos(j-))r, and b; = (f,sin(j-))r,
for j € N, see Corollary 4.12. As we noticed in Section 4.3, the Fourier ope-
rator F, : ¢a. — T® gives the orthogonal projection of s onto 7,%. In
particular, F,, f € T,% is the unique best approximation to f € €5 from T,*
with respect to the Euclidean norm || - ||z.

As regards our notations concerning real-valued against complex-valued
functions, we recall Remark 4.10: For real-valued functions f € %2, = i,
we apply the inner product (-,-) = (+,-)r and the norm || - || = || - ||g. In
contrast, for complez-valued functions f € %5, we use (-,-)c and || - ||c.

6.3.1 Convergence in Quadratic Mean
From our above discussion, we can conclude the following convergence result.

Corollary 6.43. For the approzimation to f € Gar by Fourier partial sums
F,,f we have convergence in quadratic mean, i.e.,

ILm |E.f—fll=0 for all f € Gor.

Proof. The statement follows immediately from property (b) in Theorem 6.21
in combination with Corollary 6.41. ]
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Next, we quantify the speed of convergence for the Fourier partial sums
F, f. To this end, the complex representation in (4.23),

(Fuf)(@) = > c;e, (6.30)

j=—n
with the complex Fourier coefficients ¢; = ¢;(f) = (f,exp(ij -))c, i-e.,

L (z)e” 7" d f <j<
cj=— x)e x or —n n
J 27T 0 =J=m
and the orthonormal system {exp(ij-)| —n < j < n} C 7,¢ with respect to
the complez inner product (-, )¢ in (6.28) turns out to be particularly useful.

Indeed, from the representation in (6.30) we can prove the following result.

Theorem 6.44. For f € €¥_ the Fourier partial sums F,, f converge to f at
convergence rate k € Ny according to

=
(n+1)k
Proof. For k = 0, we obtain the stated convergence result from Corollary 6.43.

For k = 1, we apply integration by parts to obtain, for j # 0 and f € €.,
by the identity

[Enf = fIl <

£, f® _ ﬂk)” =o(n™") forn—oo. (6.31)

1 27 in i 1 im 2 i 1 27 Cim
¢(f) =5 ; f(z)e™ dx:;g[f(%‘)e 15 ~ 2 s f(x)e ™ dz

. 27
=L [ Pt de = 2 (f e ) = ‘%cj(f )

i
J2r Jo J

an alternative representation for the complex Fourier coefficients ¢; in (6.30).
By induction on k, we obtain for f € ¥ the representation

1
¢(f) = () e(®)  forallj e Z\ {0},
and so in this case, we find the estimate
1
lei ()] < W|cj(f<’€>)| for all j € Z\ {0} and k € Nj. (6.32)

By the representation of the error in Corollary 6.24, this in turn implies

IEf- 2= Y lG(P< Y e (fO)P

l7|=n+1 l7|=n+1
1
Sm Z e (f )7
l7|Zn+1
2

e
(n+1)%k

£,k _ (k)”
=1
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for f € €L and therefore

| Fnf = fIl < ﬁ Han(k) — f(k)H =o(n~*) for n — oo,

where we use the convergence

for f(%) € €,, according to Corollary 6.43. |

an(k) —f(k)H — 0 forn — o0

Remark 6.45. The convergence rate k € Ny, as achieved in Theorem 6.44,
follows from the asymptotic decay of the Fourier coefficients c¢;(f) of f
in (6.32), whereby

le;(H) =0 (5]7%)  for |j| — oc.

Further note that the decay of ¢;(f) follows from the assumption f € €¥..

As for the converse, we can determine the smoothness of f from the asymp-
totic decay of the Fourier coefficients ¢;(f). More precisely: If the Fourier
coefficients ¢;(f) of f have the asymptotic decay

e (£ =0 (17FF59) o |j] — oo

for some € > 0, then this implies f € €% (see Exercise 6.91).

Conclusion: The smoother f € @5, the faster the convergence of the Fourier
partial sums F, f to f, and vice versa. O

6.3.2 Uniform Convergence

Next, we analyze the uniform convergence of the Fourier partial sums F), f.
Although we have proven convergence in quadratic mean, i.e., convergence
with respect to the Euclidean norm ||-||, we cannot expect convergence in the
stronger maximum norm |||/, due to Remark 6.19. In fact, to prove uniform
convergence we need to assume further conditions on f € %5, especially
concerning its smoothness. As we show now, it is sufficient to require that f
has a continuous derivative, i.e., f € 65,

Corollary 6.46. For f € €,._, the Fourier partial sums F, f converge uni-
formly to f, i.e., we have

n— oo

Proof. For any n € N, the orthogonality F,,f — f L 1 holds, i.e., we have

2
/ (Fof—fz)dz =0 for all n € N.
0
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Therefore, the error function F,,f — f has at least one zero z,, in the open
interval (0, 27), whereby for « € [0,27] we obtain the representation

(Fd = 1)) = | (Pl - 1Y€ dé = / (B () de,

where we used the identity (F, f) = F,f’ (see Exercise 6.92). By the Cauchy-
Schwarz inequality, we further obtain

(Fuf — D@ < (Fnf' — F)E)P dﬁ‘

< @2m) 2| Fuf = f'|I?P — 0 forn— oo, (6.33)

1d§‘-

which already proves the stated uniform convergence. |

Now we conclude from Theorem 6.44 a corresponding result concerning
the convergence rate of (F), f)nen, with respect to the maximum norm || - |-

Corollary 6.47. For f € €X_, where k > 1, the Fourier partial sums F, f
converge uniformly to f at convergence rate k — 1, according to

IEnf = flloo = o(n™ V) for n — .
Proof. For f' € €y, we have by (6.33) and (6.31) the estimate
o |
(n+ 1)1

whereby we obtain for f(*¥) € %, the asymptotic convergence behaviour

_ f(k)

1Fnf = flloo < 2m[|Fnf" = f'I| <

i

|1Enf — flloo = of n~ (k= 1)) for n — oo

according to Corollary 6.43. ]

6.3.3 Pointwise Convergence

Next, we analyze pointwise convergence for the Fourier partial sums F,, f. To
this end, we first derive for x € R a suitable representation for the pointwise
error (F,,f)(z) — f(z) at x. We utilize, for f € %a,, the real representation
of F, f, whereby we obtain

(Fpf)(z) = 30 + Z [a; cos(jx) + bj sin(jz))

j=

—

I
3=
S—
(]
3
~
—~
\]
S—
m\»—t

Z cos(j7) cos(jx) + sin(j7) sin(jx)) | dr

I
\
~
—~
\]
SN~—"

Z (tr—2a))| dr. (6.34)

3
o
w\»—l
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Note that in the last line we applied the trigonometric addition formula
cos(u + v) = cos(u) cos(v) — sin(u) sin(v)
for u = j7 and v = —jz. Now we simplify the integrand in (6.34) by applying
the substitution z = 7 — = along with the representation
1 n
5 + Z cos(jz) | 2sin(z/2)

=1

=sin(z/2) + Z 2cos(jz) sin(z/2)

Jj=1

— sin(z/2) +; {sin ((3 4 ;) z) _sin ((; _ ;) z)]
— sin (<n + ;) z) , (6.35)

where we used the trigonometric identity

sin(u) — sin(v) = 2 cos (u ; U) sin (u 5 v)

for u=(j +1/2)z and v = (§ — 1/2)z. This implies the representation

(Fof)(z) = % O " VDo (r — 2)dr, (6.36)

where the function

_ 1sin((n+1/2)z)

D,(z) = > sin(22) for n € Ny (6.37)

is called Dirichlet® kernel. Note that the Dirichlet kernel is 27-periodic and
even, so that we can further simplify the representation in (6.36) to obtain

27
(FD)@) =1 [ 10D —a)ar
—2 [ se+ i)
- % ! f(z+ 0)Dy(0) do. (6.38)

Since F,,1 = 1, for n € Ny, we further obtain by (6.38) the representation

® PETER GUSTAV LEJEUNE DIRICHLET (1805-1859), German mathematician
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(Ff)@) = 1) = = [ 1 +0) = @] Dulo)do

T™J-xn

1 /7T g:(0) -sin((n+ 1/2)0) do

T J-m

for the pointwise error at = € R, where

_f@to) - @)

9:(0) = TS eT2) (6.39)

By using the trigonometric addition formula
sin(no 4+ 0 /2) = sin(no) cos(o/2) + cos(no) sin(c/2)
we can rewrite the representation for the pointwise error as a sum of the form

(Fnf)(x) = f ()
= l/ gz(0) cos(o/2) - sin(no) do + %/ gz(0)sin(o/2) - cos(no) do

= bn(g;(') cos(-/2)) + an(gz(-) sin(-/2)) _

with the Fourier coefficients b, (v,) and a,(w,) of the 27-periodic functions

vz (0) = go(0) cos(o/2)

x 9z
wy(0) = gz (o) sin(o/2).

Suppose g (o) is a continuous function. Then, v, w, € %a,. Moreover,
by the Parseval identity, we have in this case

el =D (ve,exp(in-))* < oo and uwgl|g =) |(ws, exp(in-))* < oo,
nez nez

so that the Fourier coefficients (b, (vs))nez and (an(wy))nez are a zero se-
quence, respectively, whereby the pointwise convergence of (F,, f)(z) to f(x)
at « would follow.

Now we are in a position where we can, from our above investigations,
formulate a sufficient condition for f € %5, which guarantees pointwise con-
vergence of (F, f)(x) to f(z) at x € R,

Theorem 6.48. Let f € %5, be differentiable at x € R. Then, we have
pointwise convergence of (F, f)(x) to f(x) at z, i.e.,

(Fof)(x) — f(x) forn — co.

Proof. First note that the function g, in (6.39) can only have singularities at
o = 27k, for k € Z. Now we analyze the behaviour of g, around zero, where
we find
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i g0 (o) — tiup FETD I Swto)f@)
o—0 o—0 2sin(o/2) a—0 o =0 2sin(o/2)
= f'(),
by using L’Hoépital’s ¢ rule. Therefore, the function g, is continuous at o = 0.

By the periodicity of g, and f, we see that the function g, is also continuous
at 0 = 27k, for all k € Z, whereby g, is continuous on R. |

6.3.4 Asymptotic Behaviour of the Fourier Operator Norms

Now let us return to the uniform convergence of Fourier partial sums, where
the following question is of particular importance.

Question: Can we, under mild as possible conditions on f € €ay \ €y, , prove
statements concerning uniform convergence of the Fourier partial sums F,, 7

To answer this question, we need to analyze the norm ||F,|/c of the

Fourier operator F,, with respect to the maximum norm || - ||s. To this end,
we first derive a suitable representation for the operator norm
F,
|Fn]loo :==  sup [ flloe for n € Ny, (6.40)

fetarfo} Iflloo

before we study the asymptotic behaviour of || F}, || for n — co.

From (6.38), we obtain the uniform estimate

T 2

1 ™
[(Fof)(2)] < ;Hflloo/ |Dn(0)| do = Hfllm;/o |Dn(0)|do. (6.41)

This leads us to a suitable representation for the norm || F}, || of F), in (6.40).

Theorem 6.49. The norm of the Fourier operator F,, has the representation

| Fnlloo = An for all n € Ny,

2 (7 1 [
Ap = —/ |Dp(0)|do = —/
T Jo T Jo

is called Lebesgue’ constant.

where

sin((n + 1/2)0)

Sin(0/2) do (6.42)

Proof. From (6.41), we immediately obtain

5 MARQUIS DE L’HOPITAL (1661-1704), French mathematician
" HeENRI LEON LEBESGUE (1875-1941), French mathematician
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and so we have, on the one hand, the upper bound ||F,||cc < Ap.

On the other hand, we can choose, for any € > 0 an even 27-periodic
continuous function f satisfying ||f||.c = 1, such that f approximates the

even step function sgn(D,,(z)) arbitrarily well, i.e.,

i f(o)D,(0)do

—T

‘/_: sgn(Dp(0)) Dn (o) do

1Bl = 1Buflle > [(ELF)(O)] = ©

1
T
2 s
:f/ |Dp(0)|do —¢
T Jo

=\, — €&,

whereby for e — 0 we have the lower bound || Fy,||cc > An-
Altogether, we find || F,|lco = An, as stated.

Remark 6.50. To obtain uniform convergence,

|1Enf — flloo — 0 for n — oo,

— &

for all f € %ar, we require the Fourier operator norms ||F,||cc = A, to be
uniformly bounded from above. We can see this from the triangle inequality

[Enflloe S NFnf = Flloo + [1f]loo-

Indeed, if the norms ||F, || are not uniformly bounded from above, then
there must be at least one f € %5, yielding divergence ||F), f||lcc —> oo for
n — o0, in which case the sequence of error norms ||F, f — f| oo must be

divergent, i.e., |Fnf — f|loo — 00 for n — oo.

O

Unfortunately, the operator norms ||F,|« are not uniformly bounded
from above. This is because we have the following estimates for A, = || F},|/co-

Theorem 6.51. For the Lebesque constants A\, in (6.42), we have
4
— log(n+1) < A, <1+log(2n +1) for all n € Ny.
T

Proof. For n = 0, the estimates in (6.43) are satisfied by \g = 1.

Now suppose n > 1. For the zeros

km

for k € Z
nr 12 or K €

Ok =

of D, (o) in (6.37) we obtain, on the one hand, the lower estimates

(6.43)
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1

Ok+1 3
A, > 1 Z/ sm((.n—ﬁ— 1;2)0) o
T oy sin(o/2)
2 Okt1
> — sin((n+1/2)o)|do 6.44
WZUkH/k [sin((n+ 1/2)o) (6.4)
n—1
a2 Z E+1
> ﬁ log(n + 1), (6.45)
where we have used the estimate
|sin(o/2)| < |o/2] for all o € R

n (6.44) and, moreover, we have used the estimate

n—1
1
Zmzlog(nJrl) forallm e N
k=0
n (6.45).

On the other hand, we have for the integrand in (6.42) the estimates
sin((n + 1/2)0) - )
W +Zcosga = 1+2;COS(]O’) <1+ 2n,

see (6.35), and, moreover,
sin((n+1/2)0) | - L ™ s T
sin(o/2) o/r o 2n 41

where we have used the estimate
sin(o/2) > o/m for all o € [0, 7].

But this already implies the upper bound

1 Hn ™
An </ (2n+1)d0+/ 7Tola)
™ \Jo tn

=(2n+ 1)— +log(m/pn) =1 +log(2n + 1).

IN

Since || Fy || oo is unbounded, we can conclude from Remark 6.50, that there
exists at least one function f € %5, for which the sequence of Fourier partial
sums F,, f does not converge uniformly to f. This fundamental insight is
based on the important uniform boundedness principle of Banach-Steinhaus.
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6.3.5 Uniform Boundedness Principle

Let us first quote the Banach8-Steinhaus® theorem, a well-known result from
functional analysis, before we draw relevant conclusions. We will not prove the
Banach-Steinhaus theorem, but rather refer the reader to the textbook [33].

Theorem 6.52. (Banach-Steinhaus, 1927).
Let (Lp)nen be a sequence of bounded linear operators

L, :By — By forneN

between two Banach spaces Bi and By. Moreover, suppose the operators L,
are pointwise bounded, i.e., for any f € By we have

sup || Ln f]| < oc.
neN

Then, the uniform boundedness principle holds for the operators Ly, i.e.,

sup || Ly || < oo.
neN

O

In conclusion, by the Banach-Steinhaus theorem, the pointwise bounded-
ness of the operators (L )nen implies their uniform boundedness. But this
has negative consequences for the approximation with Fourier partial sums.
We can further explain this by providing the following corollary.

Corollary 6.53. There is a function f € %o for which the sequence
(Fof)nen of Fourier partial sums does not converge uniformly to f, i.e.,

|Fnf — flloo —> 00 for n — oco.
Moreover, for this f, we have the divergence
|Fnflloo —> 00 forn — occ.

Proof. The function space %, equipped with the maximum norm || - ||, is
a Banach space. By the divergence || F,|cc = A\, — 00 for n — oo, there is
one f € Gar with ||F, f|lcc — 00 for n — oo. Indeed, otherwise this would
contradict the Banach-Steinhaus theorem. Now the estimate

[Enf = flloo = 1Fnflloo = 1flloo

immediately implies, for this f, the stated divergence ||F},f — f|lcoc — 00,
for n — oo, of the Fourier partial sums’ maximum norms. |

8 STEFAN BANACH (1892-1945), Polish mathematician
¥ Huco STEINHAUS (1887-1972), Polish mathematician
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Next, we show the norm minimality of the Fourier operator F,, among all
surjective projection operators onto the linear space of trigonometric poly-
nomials 7,,. The following result dates back to Charshiladse-Losinski.

Theorem 6.54. (Charshiladse-Losinski).
Forn € Ny, let L : €2, —> T, be a continuous linear projection operator,
i.e.,

L(Lf) = L(f) for all f € €or.
Moreover, suppose L is surjective, i.e., L(€a,) = T,. Then, we have
[Lllse = 15 |-
Proof. We define for s € R the translation operator Ty by
(Tsf)(x) := f(z+9) for f € €5, and z € R.

Note that || Ts||co = 1. Moreover, we define a linear operator G by

(Gf)(z) = 2i /7r (T_s LT, f)(x)ds for f € €or and z € R.  (6.46)

™J %

Then, G : €2, —> T, is bounded (i.e., continuous) on %5, since we have

(G (@) S NT-sLTs flloo < [|T=slloo | Llloc | Tsllooll flloo = I Lllsol £lloo
and 80 ||Gflleo < || Lol f]leo for all f € Ty, or,

1Glloe < [ILloo-

Now the operator G coincides on %5, with the Fourier operator F,, as we
will show by the following lemma. This then completes our proof. |

Lemma 6.55. Suppose the operator L : G2 — T, satisfies the assumptions
in Theorem 6.54. Then, the operator G in (6.46) coincides on €ay, with the
Fourier operator F,, : €or — Ty, i.e., we have

Gf=F,f for all f € Gor.
Proof. We obtain the extension L : €5 — T,C of the operator L by letting
Lf:=Lu+ilLv for f =u +iv € €r, where u,v € €5 = Gor.

In this way, the extension of G in (6.46) from %a, to s is well-defined.
Moreover, we work with the extension of F}, from %4, to €.

Since the orthonormal system {eV'|j € Z} is complete in €5 (cf. Re-
mark 6.42 and Exercise 6.89) and by the continuity of the linear operators
F, : 65 — TF and G : 65, — T,C, it is sufficient to show the identity
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G (7)) = F, (&) for all j € Z. (6.47)
To this end, we take a closer look at the operator G. First we note
(Ts (eij»)) (z) = eli(@+s) = glizeiis
and this implies - - B
(LT (e77)) (z) = eV* (LeV") (x)
and, moreover,

(T_sLT (e7")) (z) = e7* (Le'") (z — s). (6.48)

Case 1: For |j| < n, we have (since L is surjective)
(Lf)(x) = eV € T,
for one f € %5 . Together with the projection property L(Lf) = Lf, this
implies (for this particular f) the identity
(L(L)(@) = (L (7)) (2) = (Lf)(z) = €77,
ie., (L (V")) (z) = €. In combination with (6.48), we further obtain
(T_.LT, (¢7")) (x) = s eli(@—s) _ ijz
and so

G @ =5 [ @an=e = (5, () o)

T o o

Case 2: For |j| > n, we have (F, (¢")) (x) = 0. Moreover, the function
e* is orthogonal to the trigonometric polynomial (L (eV")) (z — s) € 7T, .
From this and by (6.48), we obtain

(G (7)) (z) = % /7r e’* (L (7)) (z — s)ds = 0.

Altogether, the identity (6.47) holds, as stated. |

Obviously, the result of Theorem 6.54 makes our situation worse. Indeed,
we can formulate one more negative consequence from the Charshiladse-
Losinski theorem.

Corollary 6.56. Let (Ly)nen, be a sequence of continuous and surjective
linear projection operators L, : $ar — Tn. Then, there is a function f € Gax
satisfying

[Lnfllooc —> 00 forn — oo,

whereby
|Lnf — flloo —> 00 for n — cc.
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Corollary 6.56 can be proven by similar arguments as for Corollary 6.53.

We finally draw another negative conclusion from the Banach-Steinhaus
theorem, which prohibits uniform convergence for sequences of interpolation
polynomials. The following important result is due to Faber!? [23].

Theorem 6.57. (Faber, 1914). For any sequence (I, )nen, of interpolation
operators I, : €la,b] —> P, there is a continuous function f € €la,b),
for which the corresponding sequence (I, f)nen, of interpolation polynomials
I.f € Py, does not converge uniformly to f. O

For a proof of the Faber theorem, we refer to Exercise 6.93.

6.4 The Jackson Theorems

In this section, we analyze the asymptotic behaviour of the minimal distances
Moo To) i= inf T~ flle  for f €%

Noo (f, Pn) i= inf [|p— flloo for f € €[a, ]
pe’Pn

for n — oo with respect to the maximum norm ||-||o. According to the Weier-
strass theorems, Corollaries 6.12 and 6.17, we can rely on the convergence

Noo(fyTn) — 0 and oo (f,Pn) — 0 for n — oo.

In this section, we quantify the asymptotic decay of the zero sequences

(noo(fvn))nENo and (noo(f7 Pn))neNo for n — oo.

We begin our analysis with the trigonometric case, i.e., with the asymp-
totic behaviour of (oo (f, Tn))nen,. On this occasion, we first recall the con-
vergence rates of the Fourier partial sums F, f for f € %5,. By the estimate

Moo (fs Tn) S N Enf = flloc for n € No

we expect for f € €F k> 1, at least the convergence rate k — 1, according
to Corollary 6.47. However, as it turns out, we gain even more. In fact, we
will obtain the convergence rate k, i.e.,

ﬂoo(fa'ﬁl):(’)(n_k) for n — oo forfe‘@kw.

Note that this complies with the convergence behaviour of Fourier partial
sums F), f with respect to the Euclidean norm || - ||. Indeed, in that case, we
have, by Theorem 6.44, the asymptotic behaviour

n(f, Tn) = o(n™%)  forn — oo for f € €F .

For an intermediate conclusion, we note one important principle:

The smoother f € €% is, i.e., the larger k € N, the faster the convergence
of the minimal distances n(f,T,) and ne(f,Ts) to zero, for n — oo.

10 Grorc FABER (1877-1966), German mathematician
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Remark 6.58. On this occasion, we recall Remark 6.45, where we had
drawn a similar conclusion for the approximation by Fourier partial sums
with respect to the Euclidean norm. As regards our above intermediate con-
clusion, we remark that the converse of that principle is covered by the clas-
sical Bernstein theorems (see e.g. [11]), albeit we decided to refrain from
discussing Bernstein theorems in more details. 0

In this section, we develop suitable conditions on f € %5, \ €., under
which the sequence (F), f)nen, of Fourier partial sums converges uniformly
to f. In this way, we give an answer to the question which we formulated
at the outset of Section 6.3.4. But first we require some preparations. Let
II, : € — T, denote the nonlinear projection operator, which assigns
f € %%, to its unique best approximation II,f € 7T, with respect to the
maximum norm || - ||, S0 that

7700(](77:1) = Hﬂnf - f”oo for all f € €ar.

Then, we have the estimate

Han_fHoo = ||an_an+an_ fHoo
= [1Fn(f = Inf) + (UInf = fllso
= [l = Fo)UInf = fllso
< ”I_FnHoo ’ ”an - f”oo
= I = Fallso " noo(f: Tn), (6.49)

where I denotes the identity on %5,. By Theorem 6.51 the sequence of ope-
rator norms ||Fy, || = A diverges logarithmically, so that

I — Frlloo < |[]loo + [|Frlloo = O(log(n)) for n — oo. (6.50)

On the ground of this observation, the asymptotic analysis of the mini-
mal distances 7.0 (f, Tr) is of primary interest: Namely, if we can show, for
f € @y, that the sequence (Moo (f, Tn))nen, converges to zero at least alge-
braically, so that

log(n) - o (f, Tn) —> 0 for n — oo, (6.51)

then the sequence (F, f)nen, converges by (6.49) and (6.50) uniformly to f.
To this end, the following inequalities of Jackson'! are indeed very useful.

We begin our asymptotic analysis of the minimal distances 1 (f, 75) for
continuously differentiable functions f € %5 . Recall that in this case the uni-
form convergence of the Fourier partial sums F), f to f is already guaranteed
by Corollary 6.46 and quantified by Corollary 6.47. Nevertheless, the follo-
wing Jackson theorem is of fundamental importance for further investigations
concerning convergence rates of the minimal distance (oo (f, Tn))neN, -

" DUNHAM JACKSON (1888-1946), US-American mathematician
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Theorem 6.59. (Jackson 1). For f € €s.., we have

(fv n)—2( )

Remark 6.60. The estimate of Jackson 1, Theorem 6.59, is sharp, i.e., there
is a function f € €3\ T, for which equality holds in (6.52). For more details,
we refer to Exercise 6.95. 0

1 loc = O(n™ ) forn — occ. (6.52)

Our proof for Theorem 6.59 is based on the following two lemmas.
Lemma 6.61. We have

2
min / Za] sin(j€)| d¢ = m (6.53)

a1,...,an ER

Lemma 6.62. For Ay,..., A, € R, let L, : o —> T, be a linear operator
of the form

(Lnf)(z) := ao + ZA [a; cos(jx) + b; sin(jz)] for f € €ar, (6.54)

j=1

where ag = (f,1), a; = (f,cos(j-)) and b; = (f,sin(j-)), for 1 < j <mn, are
the Fourier coeﬁ?czents of fin (6.29). Then we have, for f € €4, the error
representation

(Lot - Nla) =+ [

™

i) | f(x+m—¢&)dE. (6.55)

—T

i € n
5" Z
j=1
Now we can prove the statement of Jackson 1, Theorem 6.59.

Proof. (Jackson 1). For f € €4, we have for the minimal distance
oo (s Tn) = 1 f T - oo
Moo (f, Tn) = inf || — f]
the estimate

I " (—1)
<1 [ 5+ 3 5 4y ag

- ||f'||oo~1/0 5+22(_].1)JAjsin<j£) de

j=1
1 72

e =
7 2(n+1)

s —

= Il 55y
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where in the second line we use the error representation (6.55). Moreover,
in the penultimate line we choose optimal coefficients Ay, ..., A, according
o (6.53). |

Now let us prove the two lemmas.

Proof. (Lemma 6.62). Suppose f € 6,... We use the notation
é. n

5*2:

Jj=1

for the first factor of the integrand in (6.55). This way we obtain

€)

[ sorera-ga
=—i@ammw—a}-+ RIGICEESEE
— —

—ﬂw+§/wyu+w—owwwa

—T
after integration by parts from the error representation (6.55). Now we have
g'(z+m—0)

J
A;-j-cos(j(a+ 7 — o))

= +Z [cos(j(x + 7)) cos(jo) + sin(j(x + 7)) sin(jo)]

5 + Z(fl)jAj [(fl)j (cos(jz) cos(jo) + sin(jz) sin(ja))]

- % + Z Aj [cos(jz) cos(jo) + sin(jz) sin(jo)]
j=1
and so
L[ arn-are)an -2 + 2 Al cos(jz) + b sinfjo)

—(nﬁ@%

which already shows that the stated error representation holds. |
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Proof. (Lemma 6.61). For arbitrary aq,...,a, € R, we have the estimate
| e Y assntie)| ac
0 .
j=1

> | [ e Y asingie)| sentsinn+ 1) ag (6.56)
0 =

= /OTr ¢ - sgn(sin((n + 1)£)) dﬁ‘ (6.57)

n (k4+1)7/(n+1)

= (-n* €d¢
Yt

7/(n+1)

2

1 2 2
PG (D" ((k+1)* - &%)

bl
ngh
o

71_2

ORI (—1)*(2k + 1)

I
NE

B
Il
o

2

2

2(n+1)

where for the equality in (6.57) we use the identity
/ sin(j€) - sgn(sin((n 4+ 1)€))d¢ =0 for j <n+ 1. (6.58)
0

We prove the statement (6.58) by Lemma 6.63.

For the solution of the optimization problem (6.53), we determine coef-
ficients aq,...,a, € R, such that equality holds in (6.56). In this case, the
function

9() = €= 3 _a;sin(j€)

must necessarily change signs at the points & = kr/(n + 1) € (0,7), for
1 < k < n. Indeed, this is because the function sgn(sin((n + 1)&)) has sign
changes on (0, ) only at the points &1, ..., &,.

Note that this requirement yields n conditions on the sought coefficients

ai,...,a, € R, where these conditions are the interpolation conditions
n
& =Y a;sin(jé) for 1 <k <n. (6.59)
j=1

But the interpolation problem (6.59) has a unique solution, since the trigono-
metric polynomials sin(j-), 1 < j < n, form a Haar system on (0,7) (see
Exercise 5.54). ]
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Finally, it remains to show the identity (6.58).
Lemma 6.63. For n € N, we have the identity

/7T sin(j€) - sgn(sin((n 4+ 1)€))d¢ =0 for1<j<mn+1. (6.60)
0

Proof. The integrand in (6.60) is an even function. Now we regard the integral
in (6.60) on [—m, x| (rather than on [0, 7]). By using the identity

1 .. ..
Sln(jf) = — (elj§ — efljf)
2i
it is sufficient to show

I = /Tr ¢ . sgn(sin((n + 1)€))dé =0 for 1 <|j|<n+1. (6.61)

T

After the substitution £ = o +7/(n + 1) in (6.61) the representation
m—m/(n+1)
I = / elilo+m/(n+ 1) gon(sin((n + 1)o + 7)) do
—m—m/(n+1)

= —elm/(n+1) / 7 . sgn(sin((n + 1)o)) do

= —elim/(nHD) .

holds. Since —e¥™/("+1) =£ 1  this implies I; = 0 for 1 < [j| < n + 1. [ |

We wish to work with weaker conditions on f (i.e., weaker than f € €.
as in Jackson 1). In the next Jackson theorem, we only need Lipschitz'?
continuity for f.

Definition 6.64. A function f : [a,b] — R is said to be Lipschitz
continuous on [a,b] C R, if there is a constant L > 0 satisfying

|f(x) = f(y)| < L]z —y| for all x,y € R.
In this case, L is called a Lipschitz constant of f on [a,b]. O

Remark 6.65. For a compact interval [a,b] C R, every function f € ¢[a, b]
is Lipschitz continuous on [a, b]. Indeed, this is because in this case, the mean
value theorem applies, so that for any x,y € [a, b], we have the representation

f@)—fly)=f'&) (@—y)  for some £ € (a,b)
and this implies the estimate
1f@) = fWI < If'llo - le—yl  forallz,y € [a,b].

Therefore, L = || f'|| is a Lipschitz constant of f on [a, b]. O

12 RupoLr LipscHiTz (1832-1903), German mathematician
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Theorem 6.66. (Jackson 2). Let f € %>, be Lipschitz continuous on
[0, 27] with Lipschitz constant L > 0. Then, we have

- L
Noo (fs Tn) < 2(7;74_1) =O0(n™")  forn— oo
Remark 6.67. The estimate of Jackson 2, Theorem 6.66, is sharp. For more
details, we refer to Exercise 6.95. O

Proof. For § > 0, we consider the local mean value function
1 x+0
ps(z) = 27(5/ f(&d¢ forx € R (6.62)
z—0

of f on (z — 6,2+ §). Then, we have

o5(z) = fla+ 5)2_5f(x —9) for all x € R,

and so ;s is in €. Moreover, s satisfies the uniform bound
p5(2) < L for all z € R,

ie., ||¢5]lec < L. By Jackson 1, Theorem 6.59, this implies
m- L
e’} » In S o/ | 1\

Moreover, we have

1 z+6 I [*te
les(e) = @)l = 55| [ (O - @y < 55 [ je—alae
= P =50 ford o0

Now let T*(¢s) € Tn be the best approximation to @s from 7T, with
respect to || - ||oo, SO that
Moo (05, Tn) = 1T (¢s) — @s]loc-

Then, we have

<7 (ps) — esllos + lls — fllo
< m-L n £-6
~2(n+1) 2 7
whereby for § N\, 0, we obtain
m- L
2(n+1)

as stated. |

noo(fa%) <
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To obtain even weaker conditions on the target function f € %5,, we now
work with the modulus of continuity.

Definition 6.68. For [a,b] C R, let f € €[a,b] and 6 > 0. Then,

w(f,0) = sup |f(z+o)— f(z)]

2,2+ocla,b]
lo| <6

is called modulus of continuity of f on [a,b] with respect to 4. O

Remark 6.69. Note that the modulus of continuity w(f,d) quantifies the
local distance between the function values of f uniformly on [a,b]. In fact,
the smaller the modulus of continuity w(f, §), the smaller is the local variation
of f on [a,b]. For a compact interval [a,b] C R, the modulus of continuity
w(f,0) of f € €[a,b] is finite by

w(f,8) < 2[[flloo,a.b) forallb—a > 6 >0,
and, moreover, we have the convergence

w(f,6) — 0 for 6 \, 0.
For f € €*[a,b] and =,z + o € [a, b], we have
flx+o)— flz)=0c-f(&) for some £ € (z,z + 0)
by the mean value theorem, and so

For a Lipschitz continuous function f € €Ja, b] with Lipschitz constant L > 0
we finally have

w(f,8) <6-L.
O

The following Jackson theorem gives an upper bound for the minimal
distance oo (f, Tn) by involving the modulus of continuity of f € €.

Theorem 6.70. (Jackson 3). For f € €5,, we have

Moo (fs Tn) é S w (f, - 1) (6.63)

Remark 6.71. The estimate of Jackson 3, Theorem 6.70, is not sharp. For
more details, we refer to Exercise 6.97. O
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Proof. For the local mean value function s € €5, of f on (z — &,z + J)
in (6.62), we can give a uniform bound on the pointwise error by

z+5 1
| U@ — ) ag < g 25 wl1.8) = w(1.0).

leste) = f@I < 5| [

Moreover, ¢ is uniformly bounded above by

1
I5lloe < 5 (f,20).

Now let T*(¢s5) € T, be the best approximation to ¢s from 7, with
respect to || - [|so. Then, by Jackson 1, Theorem 6.59, this implies for § > 0
the estimate

Noo (s Tn) < 1T (05) — flloo
1T (5) = @slloo + [los — flloo

ﬁ.%-w(ma)w(m)

< lf,20) <46(n”+1)+1).

Letting 6 = m/(2(n + 1)), this gives the stated estimate in (6.63). |

IN

<

Next, we analyze the asymptotic decay rate of the minimal distances
Moo (f, Tn), for smoother target functions f. To be more precise, we prove
asymptotic convergence rates for f € €4, k € N. Given our previous results,
we can, for smoother f € €5, i.e., for larger k, expect faster convergence of
the zero sequence (Moo (f, Tn))nen,- Our perception matches with the result

of the following Jackson theorem.

Theorem 6.72. (Jackson 4). For f € €5, k > 1, we have

™

k
Moo (f, Tn) < (2(n+1)> Ao = O (n_k) for n — .

Our proof for Theorem 6.72 is based on two lemmas.

Lemma 6.73. For f € €}, and n € N, the estimate

s

Noo (f Tn) < 5

m 'noo(f/aﬂ)v

holds, where the linear space
T, := span {cos(k-),sin(k-) |1 < k < n} forneN

consists of all trigonometric polynomials from T, without the constants.
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Remark 6.74. For n € N, we have
To={T"€Cn|T €T} CTa
and this explains our notation 7. By 7,) C Ty, we find the estimate
Moo (f, Tn) < o (£, T)
for all f € €or. O

Proof. (Lemma 6.73). Let T* € 7, be best approximation to f’ from 7.
For

T = T (&) d T
@)= [ T
we have T' = T™* and so
T = ) lloo = 1T = F'lloe = 10 (f's T51)-

But this implies, by using Jackson 1, Theorem 6.59, the stated estimate:

T mo- ™ . 1
Mool To) = o7 = o) < g T = Y e = 5y el
|
Lemma 6.75. Let f € €4 satisfy
fl@)dz = 0. (6.64)
Then we have, for any n € N, the two estimates
oo (1 T2) < 5y 1l (6.65)
Moo £ T0) < 5o gy el T (6.66)

Proof. For the modified Fourier partial sum L, f in (6.54),
(L f)(z) = a?o + Z A (ay cos(kzx) + by sin(kx)),
k=1

we have ag = ao(f) = (f,1) = 0 by (6.64) and so L, f € 7,.. Therefore, we
have (6.65), since

oo (T S 1 Enf = e < 11+ 5075

holds for optimal coefficients Ay, ..., A, (like in the proof of Jackson 1).
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To show (6.66), suppose that T* € T, is best approximation to f’ from 7.
For

T(z) := /O T*(¢)dE € T,

we have T = T*. Moreover, for

S() =T - 5= [ 7)€ = T(a) - 25

we have ag(S) = (S,1) = 0. Therefore, S € T, and S’ = T*. But this already
implies the stated estimate (6.66) by

™

Moo (f; T) Moo (S — faﬁ;) m

NS = flloo = Moo (f, T)-

~ 2(n+1)
]

Now we are in a position where we can prove Jackson 4, Theorem 6.72.

Proof. (Jackson 4). For f € €5, we have

" F(e)de = f(m) — f(—m) =0,

—T

Now the estimate (6.66) in Lemma 6.75 implies

k—2
N AW m . (k—1) ! f %k—l
(T < (gt ) T o f e
by induction on k > 2. Moreover, by Lemma 6.73 and (6.65), we get

Moo (f, Tn) < 5 oo (f' T1)

2(n+1)

(k=1)
< () Ut

< (505 ) sy 1

~ (5T ) 17

for f € €F , where k > 1. |

Now we return to the discussion from the outset of this section concer-
ning the uniform convergence of Fourier partial sums. In that discussion, we
developed the error estimate (6.49),

I1Fnf — flloo <1 = Fulloo * oo (f, Tn) for f € Gar.
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Moreover, we took further note on the application of the Jackson theorems.
We summarize the discussion of this section by the Dini'3-Lipschitz theorem,
each of whose results follows directly from (6.51),

log(n) - Neo (f, Tn) —> 0 for n — oo,
and one corresponding Jackson inequality in Theorems 6.66-6.72.

Theorem 6.76. (Dini-Lipschitz, 1872).
If f € %, satisfies one of the following conditions, then the sequence
(Fnf)nen, of Fourier partial sums Fy, f converges uniformly to f, i.e.,

|Enf — flloo — 0 forn — oo,

at the following convergence rates.

(a) If
log(n) -w(f,1/n) =0o(1) for n — oo,

then we have (by Jackson 3)
[1Fnf = flloo = o(1)  forn — oo.
(b) If f is Lipschitz continuous, then we have (by Jackson 2)
[1Enf = flloo = O(log(n)/n)  for n — oo.
(c) If f € 6%, for k > 1, then we have (by Jackson 4)
|Fuf = flloo = Olog(n) /n*)  for n— oo.
O

Finally, we transfer the results of the theorems Jackson 1-4 concerning
the approximation of f € %5, by trigonometric polynomials from 7, to the
case of approximation of f € €[—1, 1] by algebraic polynomials from P,,.

Theorem 6.77. (Jackson 5). For the minimal distances
Noo(fsPr) = inf [[p = flloc,—1,1) for fe€[-1,1]
pEPx

the following estimates hold.

(a) For f € €[-1,1], we have

3 T
7700(f777n)<2w<f»n+1>

13 Urisse DINT (1845-1918), Ttalian mathematician and politician
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(b) If f is Lipschitz continuous with Lipschitz constant L > 0, then we have

3m- L
< ——.
(c) For f € €%[-1,1], k > 1, we have

T\ F 1
oo (£:Pn) < (3) CES YTy ey sy s | LA

=0 forn— .

We split the proof of Jackson 5, Theorem 6.77, into several lemmas. The
following lemma reveals the structural connection between the trigonometric
and the algebraic case.

Lemma 6.78. For f € €[—1,1] and g(v) = f(cos(p)) € €ar, we have

noo(f773n) = noo(g’T )

Proof. For f € €[—1,1] the function g € €5, is even. Therefore, the unique
best approximation T € T, to g is even, so that we have

T*(¢) = plcos(p))  for ¢ € [0,27]
for some p € P,,. Moreover, we find the relation
100 (9, Tn) = IT" = glloo = [P = flloo = IP" = flloo = 7100 (f, Pn),
where p* € P, is the unique best approximation to f from P,. |
Lemma 6.79. For f € €[—1,1] and g(v) = f(cos(p)) € Gar, we have
w(g,d) <w(f,9) for all § > 0.
Proof. By the mean value theorem, we have
|cos(yp +¢) — cos(p)| < e fore >0
which in turn implies

w(g,d) = sup |g(p +¢) — g(p)| = sup [f(cos(p +¢)) — f(cos(p))]

le| <6 lel<s
< |Sl\l£5 |f(z+0) = f(z)] = w(f,9).

Now we prove statements (a) and (b) of Theorem 6.77.
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Proof. (Jackson 5, parts (a),(b)).

(a): From Jackson 3, Theorem 6.70, in combination with Lemma 6.78 and
Lemma 6.79, we can conclude

3 s 3
el P =0T < 50 (907 ) < 50 (1)

for f € €[-1,1].

(b): Statement (a) implies, for Lipschitz continuous f € €[—1,1] with
Lipschitz constant L the estimate

3 3 w-L
noo(fapn)_ (f7n+1) <§ ’I’L—l—l'

|
To prove part (c) of Jackson 5, Theorem 6.77, we use the following lemma.

Lemma 6.80. For f € €'[—1,1], we have

oo (f,Pn) < mﬁoo(flvpn—l)-

™

Proof. Let p* € P,,_1 be best approximation to f’ from P,,_1. For

po) = [ r©dcen,
0
we have p’ = p* and so

T ™
oo (f, Pn) = 1o = £ Pn) < 5073 2(n+1)

holds by Jackson 1, Theorem 6.59, and Lemma 6.78. |

leff,”DO: noo(f/apn—l)

Now we can prove statement (¢) of Jackson 5, Theorem 6.77.

Proof. (Jackson 5, part (c)).
For f € €*[—1,1], we obtain from Lemma 6.80 the estimate

™ 1

k
5) (n+Dnn—1)...(n+2—k) oo (), Pri)

Moo (fs Pn) < (
by induction on k > 1. This already implies, by
Moo (f, Prie) < 1™ =0l = 1/ oo

the stated estimate

T\ % 1

oo (s Pn) < (5) m+nn—-1)...(n—(k—2)) 17 o
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We close this chapter by giving a reformulation of the Dini-Lipschitz the-
orem for the algebraic case.

Theorem 6.81. (Dini-Lipschitz).
If f € €[-1,1] satisfies one of the following conditions, then the sequence
(I1,,f)nen, of Chebyshev partial sums

fa Tk
Inf = Z I7l2,

in (4.32) converges uniformly to f, i.e.,
HInf — flloo — 0  forn — oo,

at the following convergence rates.

(a) If
log(n) -w(f,1/n) =0(1) forn — oo,

then we have by Jackson 5 (a)
HInf — flloo =0(1)  for n — cc.
(b) If f is Lipschitz continuous, then we have by Jackson 5 (b)
[T f = fllec = O(log(n)/n)  forn — occ.
(c) If f € €%[-1,1], for k > 1, then we have by Jackson 5 (c)

[T f = flloo = O(log(n)/n*)  for n — oco.

For the proof of the Dini-Lipschitz theorem we refer to Exercise 6.99.
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6.5 Exercises

Exercise 6.82. Prove the following results.

(a) Show that for a set of n 4 1 pairwise distinct interpolation points
a<zog<...<z,<Db

where n € N, the corresponding interpolation operator I, : €[a,b] — Py,
is not necessarily monotone. To this end, construct one counterexample
for the case n = 2 with three interpolation points a = zg < 1 < 9 = b.
(b) Develop for the case n = 1 a necessary and sufficient condition for two
interpolation points
a<xzyg<x1<b

under which the interpolation operator I; is monotone.

Exercise 6.83. For n € Ny, consider the Bernstein polynomials

,gn)(m) = (Z) (1 -z Fep, for x € [0,1] and 0 < k < n.

(a) Show that the Bernstein polynomials B,(cn) are non-negative on the unit
interval [0, 1], where they are a partition of unity (cf. Remark 6.7 (b),(c)).
(b) Determine the zeros (including their multiplicities) and the maximum of

the Bernstein polynomial B,in) on [0,1], for 0 < k < n, n € Ny.
(¢) Prove the recursion formula

ﬁ]in)(m) = xﬂl(::l)(x) +(1—2) l(ﬁnfl)(x) for x € [0, 1],
forn € Nand k£ =0,...,n, with initial and boundary values
V=1, piV=0, Y=o

(d) Show that the Bernstein polynomials B(()”), B of degree n € Ny
form a basis for the polynomial space P,, (cf. Remark 6.7 (a)).

Exercise 6.84. Consider the Bernstein operator By, : €[0,1] — Pn,
B _ S G mB™ f %[0,1) and n € N
(Buf)(x) = Y f(G/m)B;" (x)  for f € €[0,1] and n € No,

§=0

with the Bernstein polynomials 5§") (x) = (7;) I (1 —z)" 7, for 0 < j < n.
Show that, for any f € %[0, 1], the sequence ((Byf) )nen, of derivatives
of B, f converges uniformly on [0,1] to f/, i.e.,

. ’ / _
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Exercise 6.85. Prove the following results.

(a) For a compact interval [a,b] C R, let f € €[a,b]. Show that f vanishes
identically on [a, b], if and only if all moments of f on [a, b] vanish, i.e., if
and only if

b
mn:/aﬁ"f(m)dxzo for all n € Ny.

(b) Suppose f € @,. Show that f vanishes identically on R, if and only if
all Fourier coefficients of f vanish, i.e., if and only if

1 27 =
¢ =— flz)e™¥dz =0 for all j € Z.
27T 0

Exercise 6.86. Prove the following generalization of the Korovkin theorem.

Let 2 C R? be a compact domain, where d € N. Moreover, suppose for
S1y--+,8m € €(£2) that there are functions ay, ..., a, € €({2) satisfying

pe(x) = Zaj(t) sj(z) >0 for all t,x € (2,
j=1

where pi(x) = 0, if and only if ¢t = x. Then, for any sequence (Ly)nen of
linear positive operators L, : €(2) — €(12) satisfying

lim ||Lns; — Sjllec =0 forall1 <j<m
n— oo
we have the convergence

lim ||L,s — s|]jec =0 for all s € €(12).
n—oo

Conclude from this the statement of the Korovkin theorem, Theorem 6.11.

Exercise 6.87. Consider for n € Ny the operator I} : 62, — T,, which
assigns f € %, to its (strongly unique) best approximation IT}f from T,
with respect to || - ||, so that

oo (£, Ta) = it 1T = flloe = T2 = ]

Investigate II for the following (possible) properties.

a) projection property;
b) surjectivity;
¢) linearity;

d) continuity;

e) boundedness.

(
(
(
(
(
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Exercise 6.88. Let (u,)necz be a system of elements in a Hilbert space H.
Prove the equivalence of the following two statements.

(a) The system (up)nez is a Riesz basis of H.
(b) There is a linear, continuous and invertible operator T': H — H and a
complete orthonormal system (e, )ncz in H satisfying

Te, = up, for all n € Z.

Exercise 6.89. Prove the completeness of the orthonormal system
{e"|j € Z} C E5.
in €5 with respect to the Euclidean norm || - ||c .

Hint: Corollary 6.41 and Remark 6.42.

Exercise 6.90. Consider the linear space €4; of complex-valued 2L-periodic
continuous functions, equipped with the inner product
1 2L

(fag)zﬁ 0 f(l’)g(l’)dl’ forvaE%QCL'

(a) Determine a complete orthonormal system (e;);jcz in 47 .
(b) Develop the Fourier coefficients ¢; = (f,e;) of f € €sy.
(c) Formulate the Parseval identity in %5; with respect to (e;);ez.

Exercise 6.91. Let ¢;(f) be the complex Fourier coefficients of f € %€5,.
Show that the estimate

lej ()] < CL+ )=+ for all j € Z,

for some C' > 0 and ¢ > 0, implies f € €4 (cf. Remark 6.45).
Hint: Analyze the (uniform) convergence of the Fourier partial sums

n

(Fuf)(@) = ) cj(f)e’”

j=—n
and their derivatives.
Exercise 6.92. Show for f € %5, the identity
F.f' = (F.f) for all n € N
for the Fourier partial sums F,, f of the derivative f' € €.

Exercise 6.93. Prove Faber’s theorem, Theorem 6.57: For any sequence
(In)nen, of interpolation operators I, : €[a,b] — Py, there is a conti-
nuous function f € €la, b], for which the corresponding sequence (I, f)nen,
of interpolation polynomials I,, f € P,, does not converge uniformly to f.
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Exercise 6.94. Let [a,b] C R be a compact interval. For the numerical
integration of

= /bf(x) dz for f € €Ja, b

we apply the Newton-Cotes'* quadrature. For n € N, the n-th Newton-Cotes
quadrature formula is defined as

Qu(f)=b=a)Y_ ajnf;m)
j=0

at equidistant knots

h—
xj,n:a—&—jTa for j=0,...,n

and weights

1t ,
Qjpn = m/a L (z)dz for j=0,...,n

where {Lg ..., Lynn} C P, are the Lagrange basis functions for the knot set
Xn ={x0ns---,Tnn} (cf. the discussion on Lagrange bases in Section 2.3).

Show that there is a continuous function f € €Ja,b], for which the se-
quence of Newton-Cotes approximations ((Qnf))nen diverges.

Hint: Apply the Kuzmin'® theorem, according to which the sum of the
weights’ moduli | ,,| diverges, i.e.,

Z |ajn| —> 00 for n — oo.

Exercise 6.95. Show that the estimate of Jackson 1, Theorem 6.59,

Moo (f, Tn) < 1flc for f € €y, (6.67)

- 2(n+1)

is sharp, i.e., there is a function f € €3 \T,, for which equality holds in (6.67).
Conclude from this that the estimate of Jackson 2, Theorem 6.66,

m- L

Moo (f5 Tn) < m

for f Lipschitz continuous with constant L > 0

is also sharp.

4 RoGER COTES (1682-1716), English mathematician
5 RopioN OssIEWITSCH KuzMiN (1891-1949), Russian mathematician
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Exercise 6.96. Prove the theorem of de La Vallée Poussin'® : Let f € 6ar
and T, € T,. If there exist 2n + 2 pairwise distinct points

0< 20 <... <Topt1 < 2m,
such that T,, — f has alternating signs on x, k =0,...,2n+ 1, then we have

Noo(fs Tn) = _min (T, — f)(xx)].

0<k<2n+1

Exercise 6.97. The estimate of Jackson 3, Theorem 6.70, is not sharp. Show
that the estimate

noo(f77:1)<w<f;nj_1) fOffE%Q,r

is sharp (under the assumptions and with the notations in Theorem 6.70).

Hint: Apply the theorem of de La Vallée Poussin from Exercise 6.96.

Exercise 6.98. Verify the following properties of the modulus of continuity

w(f,6) = _sup |f(z+0) = f(z)]
T <s

of f:R — R on R with respect to ¢ > 0 (cf. Definition 6.68).

(a) w(f,(n+0)d) < nw(f,d) +w(f,05) for all € [0,1) and n € N.
(b) w(f,0) <nw(f,o/n) for all n € N.

Exercise 6.99. Prove part (c) of the Dini-Lipschitz theorem, Theorem 6.81,
in two steps as follows. First show that, for any f € €[—1, 1], the sequence
(I, f)nen, of Chebyshev partial sums

., f = Z I ”2 T; where T; = cos(j arccos(+)) € P,

converges uniformly on [—1,1] to f, i.e.,
lim (|11, f = fleo = 0.
n—oo
From this conclude, for f € €*[~1,1], k > 1, the convergence behaviour

T f — flloo = o(n*=%)  for n — occ.

6 CHARLES-JEAN DE LA VALLEE PoussIN (1866-1962), Belgian mathematician
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7 Basic Concepts of Signal Approximation

In this chapter, we study basic concepts of mathematical signal analysis. To
this end, we first introduce the continuous Fourier transform F,

(Fw) = /R f@) e ™ dw  for f € L\(R), (7.1)

as a linear integral transform on the Banach space L'(R) of absolutely
Lebesgue-integrable functions. We motivate the transfer from Fourier series
of periodic functions f € €. to Fourier transforms of non-periodic functions
f € LYR). In particular, we provide a heuristic account to the Fourier trans-
formation Ff in (7.1), where we depart from Fourier partial sums F, f, for
f € %2x. Then, we analyze the following relevant questions.

(1) Is the Fourier transform F invertible?
(2) Can F be transferred to the Hilbert space L?(R)?
(3) Can F be applied to multivariate functions f € LP(R9), for p = 1,2?

We give positive answers to all questions (1)-(3). The answer to (1) leads

us, for f € L(R), with Ff € L}(R), to the Fourier inversion formula
flx) = % / (Ff)(w)e™ dw for almost every x € R.
R

To analyze (2), we study the spectral properties of F, where we identify the
Hermite functions hy, in (4.55) as eigenfunctions of F. As we show, the Her-
mite functions (hy,)nen, form a complete orthogonal system in the Hilbert
space L2(R). This result leads us to the Plancherel theorem, Theorem 7.30,
providing the continuous extension of F to an automorphism on L?(R). The
basic properties of the Fourier operator F can be generalized from the uni-
variate case to the multivariate case, and this gives an answer to (3).

Finally, we formulate and prove the celebrated Shannon sampling theorem,
Theorem 7.34 (in Section 7.3), giving a fundamental result of mathematical
signal processing. According to the Shannon sampling theorem, a signal, i.e.,
a function f € L2(R), with bounded frequency density can be reconstructed
exactly from its samples (i.e., function values) on an infinite uniform grid at a
sufficiently small sampling rate. Our proof of the Shannon sampling theorem
serves to demonstrate the relevance and the significance of the introduced
Fourier methods.
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The second half of this chapter is devoted to wavelets. Wawvelets are popu-
lar and powerful tools of modern mathematical signal processing, in particular
for the approximation of functions f € L2(R). A wavelet approximation to f
is essentially based on a multiresolution of L2(R), i.e., on a nested sequence

ecVoacVocWVico-CcVj CV;C--- CLA(R) (7.2)

of closed scale spaces V; C L?(R). The nested sequence in (7.2) leads us to
stable approximation methods, where f is represented on different frequency
bands by orthogonal projectors II; : L?(R) — V. More precisely, for a fixed
scaling function ¢ € L?(R), the scale spaces V; C L*(R) in (7.2) are generated
by dilations and translations of basis functions @7, (z) := 2//2p(27x — k), for
.k € Z, so that

V; = span{y} : k € Z} C L*(R) for j € Z.

Likewise, for a corresponding wawvelet function ¢ € L?(R), the orthogonal
complement W; C Vj4q of V; in V4,

‘/j_;_l:WjEBij for j € Z,
is generated by basis functions 17 (x) := 2//24)(27z — k), for j, k € Z, so that

W, = span{y] | k € Z} for j € Z.

The basic construction of wavelet approximations to f € L?(R) is based
on refinement equations of the form

o(x) = Z hip(2z — k) and Y(z) = ngp(?x —k),

keZ kEZ
for specific coefficient masks (hi)rez, (gr)kez C £2.

The development of wavelet methods, dating back to the early 1980s, has
since then gained enormous popularity in applications of information techno-
logy, especially in image and signal processing. Inspired by a wide range of
applications in science and engineering, this has led to rapid progress concer-
ning both computational methods and the mathematical theory of wavelets.

Therefore, it is by no means possible for us to give a complete overview
over the multiple facets of wavelet methods. Instead, we have decided to
present selected basic principles of wavelet approximation. To this end, we
restrict the discussion of this chapter to the rather simple Haar wavelet

1 for x € 10,1/2),
V(x) = X[0,1/2)() — X2y (x) =4 =1 for z € [1/2,1),
0 otherwise,
and its corresponding scaling function ¢ = x[o,1). For a more comprehensive
account to the mathematical theory of wavelets, we recommend the classical
textbooks [14, 18, 49] and, moreover, the more recent textbooks [29, 31, 69]
for a more pronounced connection to Fourier analysis.
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7.1 The Continuous Fourier Transform

In Section 4.3, we introduced Fourier partial sums F,, f to approximate con-
tinuous periodic functions f € %y, or, f € €s.. Recall that we restricted
ourselves (without loss of generality) to continuous functions f with period
T = 27 (according to Definition 2.32).

In the following discussion, we assume f = fr : R — C to be a time-
continuous signal (i.e., a function) with period T, for some 7" > 0. In this
case, by following along the lines of our derivations in Section 4.3, we obtain
for the complex n-th Fourier partial sum F,, f; of fr the representation

(Fufr)(@) = Y cjeer (7.3)

j=—n
with the frequency w = 27/T and with the complex Fourier coefficients

1 [T/2

1 T —ijw _ —ijw
¢j = T/o fr(€e 4t dg = T/_T/2 fr(€)e Vw4 de (7.4)

for j = —n,...,n,asin (4.23) and in (4.24). Technically speaking, the Fourier
coefficient ¢; gives the amplification factor for the Fourier mode e ~7%" of the
frequency w; = j-w = j-2n/T, for j = —n,...,n, i.e., the Fourier coefficients
¢; yield the amplitudes of the present fundamental Fourier modes e v,

Then, in Section 6.3 we analyzed the convergence of Fourier partial sums.
According to Theorem 6.48, the Fourier series representation

fr(z) = Z cjelwr (7.5)

j=—oc0

holds pointwise at all points € R, where fr is differentiable.

The bi-infinite sequence (¢;);ez of complex Fourier coefficients in (7.5) is
called the discrete Fourier spectrum of the signal fr. Therefore, the discrete
Fourier spectrum of fr is a sequence (c;)jez of Fourier coefficients from
which we can reconstruct fr exactly via (7.5). If only finitely many Fourier
coefficients ¢; do not vanish, then only the frequencies of the (finitely many)
corresponding Fourier modes e =% will appear in the representation (7.5).
In this case, the frequency spectrum of fr is bounded.

Now we derive an alternative representation for the Fourier series in (7.5).
To this end, we first introduce the mesh width

2
Aw::wjﬂ—wjz? for j € Z
as the difference between two consecutive frequencies of the Fourier modes
e %", Then, the Fourier series in (7.5) can be written as
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T/2

Z o / Yelwi (T=8) q¢ . Aw. (7.6)

Pl T/2

The Fourier series representation (7.6) of the T-periodic signal fr leads
us to the following questions.

e Is there a representation as in (7.6) for non-periodic signals f : R — C?
e If so, how would we represent the Fourier spectrum of f?

In the following analysis on these questions, we consider a non-periodic
signal f : R — C as a signal with infinite period, i.e., we consider the limit

f(z) = Tlgn fr(z) for x € R, (7.7)

where the T-periodic signal fr is assumed to coincide on (—7'/2,T/2) with f.
Moreover, we regard the function

T/2 _
gr(w) = / Fr(€)eE d

—T/2
of the frequency variable w, whereby we obtain for fr the representation

oo

1 ‘o
by gr(w;) ei® . Aw (7.8)
T

j=—00

fr(z) =

from (7.6). We remark that the infinite series in (7.8) is a Riemannian sum
on the knot sequence {w, };ez. Note that the mesh width Aw of the sequence
{w;}jez is, for large enough T' > 0, arbitrarily small. This observation leads
us, via the above-mentioned limit in (7.7), to the function

g(w) = hm gr(w / f(&e s de for w € R. (7.9)

To guarantee the well-definedness of the function g in (7.9), we mainly
require the existence of the Fourier integral on the right hand side in (7.9)
for all frequencies w. To this end, we assume f € L!(R), i.e., we assume the
function f to be absolutely integrable. In this case, the Fourier integral in (7.9)
is, due to |e”'%’| = 1, finite, for all frequencies w. Recall that we work here
and throughout this work with Lebesgue integration.

Definition 7.1. For f € LY(R), the function

(Ff)(w) /f JeT ™ dx  forweR (7.10)

is called the Fourier transform of f. The Fourier operator, which assigns
f € LYR) to its Fourier transform Ff = f, is denoted as F. O
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Note that the Fourier transform F is a linear integral transform which
maps a function f = f(z) of the spatial variable x (or, a signal f of the
time variable) to a function Ff = f = f(w) of the frequency variable w.
The application of the Fourier transform is (especially for signals) referred
to as time-frequency analysis. Moreover, the function Ff = f is called the
continuous Fourier spectrum of f. If we regard the Fourier integral in (7.10)
as parameter integral of the frequency variable w, then we will see that the
Fourier transform f : R — C of f € LY(R) is a function that is uniformly
continuous on R (see Exercise 7.56). In particular, we have f € € (R). More-
over, due to the estimate

(@) =

/R f(z)e ™ dx

< / F@)] dz = [ fll @), (7.11)
R

the function f is uniformly bounded on R by the L'-norm | fllL: ) of f.

We note the following fundamental properties of F (see Exercise 7.58).

Proposition 7.2. The Fourier transform F : L1(R) — €' (R) has the fol-
lowing properties, where we assume f € LY(R) for all statements (a)-(e).

(a) For fy, := f(- —x0), where xo € R, we have
(Ffoo)(w) =e “*(Ff)w)  forallweR.
(b) For fo := f(a-), where a € R\ {0}, we have

(Ffa)(w) = i(]—'f)(w/oz) for allw € R. (7.12)

|al
(c) For the conjugate complex f € LY(R), where f(x) = f(z), we have
(FHw) = (Ff)(~w) for all w € R. (7.13)
(d) For the Fourier transform of the derivative f' of f, we have
(Ff)w) =iw(Ff)w)  foralweR

under the assumption f € €1 (R) N LY (R) with f' € L}(R).
(e) For the derivative of the Fourier transform Ff of f, we have

%(]—"f)(w) = —i(F(zf))(w) for allw € R

under the assumption zf € L}(R). O

All properties in Proposition 7.2 can be shown by elementary calculations.
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In the following discussion, we work with functions of compact support.

Definition 7.3. For a continuous function f : R — C, we call the point
set

supp(f) :={z € R| f(z) #0} CR
support of f. Therefore, f has compact support, if supp(f) is compact. O

We denote by %.(R) the linear space of all continuous functions with
compact support. Recall that 4.(R) is dense in L}(R), i.e., for any f € L*(R)
and € > 0 there is a function g € G.(R) satisfying || f — gl|L1(r) < €.

According to the Riemann!-Lebesgue lemma, the Fourier transform f of
f € LY(R) vanishes at infinity.

Lemma 7.4. (Riemann-Lebesgue).
The Fourier transform f of f € LY(R) vanishes at infinity, i.e.,

fw) — 0  for |w| — oc.

Proof. Let g be a continuous function with compact support, i.e., g € 6.(R).
Due to statement (a) in Proposition 7.2, the function

9orjw = 9(- + 7/w) € €.(R) C L'(R) forw#0
has the Fourier transform

(Fgr/w)(w) = ™ (Fg)(w) = —(Fg)(w) for w 7 0.

This implies the representation
2(F9)(w) = (Fg)(w) = (FY-rn/jw)(w) = /R(g(w) — g(z + m/w))e” ™ da,
whereby, in combination with the dominated convergence theorem, we get
)] = (Fo)w) < 5 [ lote) —gla-+m/w) de— 0 for [w]  oo. (714)

Now %.(R) is dense in L!(R), so that for any f € L}(R) and ¢ > 0 there is
one g € 6.(R) satisfying ||f — g[l1r) < €. From this, the statement follows
from the estimate (7.11), whereby

1f@) = 9@ < If =gl <e  forallweR,

in combination with the property (7.14). [ |

! BERNHARD RIEMANN (1826-1866), German mathematician
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Remark 7.5. By the Riemann-Lebesgue lemma, the Fourier transform F is
a linear mapping between the Banach space (L'(R), ||-||r1(r)) of all absolutely
integrable functions and the Banach space (45(R), || - ||oo) of all continuous
functions that are vanishing at infinity, i.e.,

F:LYR) — %(R).
0

In our following discussion, two questions are of fundamental importance:

o Is the Fourier transform F invertible?
e Can the Fourier transform JF be transferred to the Hilbert space L?(R)?

To give an answer to these questions, we require only a few preparations.
First, we prove the following result.

Proposition 7.6. For f,g € L'(R) both functions fg and f§ are integrable.
Moreover, we have

/R f(@)g(e) de = / F(@)3(w) dw. (7.15)

Proof. Since the functions f and g are continuous and bounded, respectively,
both functions fg and f§ are integrable. By using the Fubini® theorem, we
can conclude

[ @i as= [ e [ starear) a
= /]R </R fw)e = dw) g(x)dz = /Rf(x)g(:r) dz.

Now let us discuss two important examples for Fourier transforms.

Example 7.7. For a > 0, let My = X[—q,q) be the indicator function of the
compact interval [—a, @] C R. Then,

1
(FMy)(w) = / e dx = 2 - sinc(w) forweR
-1
is the Fourier transform of My, where the (continuous) function

. sin(w)/w for w #0
sine) 1= { e 7

is called sinus cardinalis (or, sinc function) (see Figure 7.1).

2 Guipo FUBINT (1879-1943), Ttalian mathematician



244 7 Basic Concepts of Signal Approximation

15
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(a) The indicator function My

0.5 4

05 I I I I I I I I I
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(b) The Fourier transform F; = 2sinc

Fig. 7.1. The sinc function yields the Fourier transform of the function M;.
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By the scaling property in (7.12), we find that (F,)(w) = 2« - sinc(aw),
for w € R, is the Fourier transform of M,. Note that the Fourier transform

Fla of My € LY(R) is not contained in L!(R), since the sinc function is not
absolutely integrable. &

Example 7.8. We compute the Fourier transform of the Gauss function

Ja(T) = oot forx € R
for a > 0 by

g;(w) = / 6*a1267izw dz = /efa(iE2+in/a) 4
R R
izw iw \2 i
- / oe(# (1)) () qp
R

— efw2/(4a)/e—a(ﬂc+;f‘;)2 dz
R

— \/? . e_w2/(4a)7
«

where in the last line we used the well-known identity

/ e—al@+iy)® qp — / e’ dg = \ﬁ for a > 0.
R R a

In conclusion, we note the following observation:

The Fourier transform of a Gauss function is a Gauss function.

In particular, for « = 1/2, we have
G1/2 = V21 - g12, (7.16)

i.e., the Gauss function g, 5 is an eigenfunction of F for the eigenvalue v/27.
The identity in (7.16) immediately implies the representation

2 1 2 .
—z%/2 _ —y°/2 izy
e =—— /e -eYd for all z € R, 7.17
=/ y (7.17)
where we used the symmetry gy /5(x) = g1/2(—x), for x € R. O

Now we can determine the operator norm of F.

Proposition 7.9. The Fourier transform F : LY(R) — %p(R) has operator
norm one, i.e.,

1 F Lt ®)—%o@) = 1.
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Proof. For f € LY(R), the Fourier transform Ff = f is bounded, due
o (7.11), where ||Ffllc < [[fllLi(). This implies ||F[lL1@)yme,@ < 1.

For the Gauss function g;/2(z) = exp(—?/2) from Example 7.8, we ob-
tain [|g1 /2l ®) = V27, on the one hand, whereas, on the other hand, we
have || Fg1/2]lcc = V27, due to (7.16). This implies

- _ 1 flse
| FllLr®)»%@® =  sup
rerr@noy IfllLie
|
From the result of Proposition 7.9, we can draw the following conclusion.

Corollary 7.10. Let (fn)nen be a convergent sequence in LY(R) with limit
f € LY(R). Then, the corresponding sequence (fn)nen of Fourier transforms
Ffn = fn € €R) converges uniformly on R to f.

Proof. The statement follows immediately from the estimate
[fn = Flloo = IF(fn = Hlloe < NFN- 10 = fller @) = 1fn = fllLrw,
where || || = || F|lL1 (r)—%,®) = 1, due to Proposition 7.9. [ ]
In the following discussion, the convolution in L' is of primary importance.

Definition 7.11. For f,g € L'(R) the function

(f*g)(z /fx— y) dy forzeR (7.18)

is called convolution product, in short, convolution, between f and g. O

We note that the convolution between L!-functions is well-defined, i.e.,
for f,g € LY(R), the integral in (7.18) is finite, for all 2 € R. Moreover, the
convolution fx*g is in L*(R). We take note of this important result as follows.

Proposition 7.12. For f,g € LY(R), the convolution f*g is absolutely inte-
grable, and we have the estimate

If*gllee < Ifllb) - l9llow)- (7.19)

Proof. For f,g € L*(R), we have the representation

/(f*g dx_//fx— y)dy dz
= Lo ([ s@-nac) ay= [ @iz [ san

by using the Fubini theorem. Therefore, f * ¢ is integrable. From a similar
representation for |f * g|, we get the estimate in (7.19). ]
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Remark 7.13. Due to Proposition 7.12, the Banach space L!(R) is closed
under the convolution product *, i.e., we have fxg € L'(R) for f,g € L'(R).
Moreover, for f,g € L'(R), we have the identity

(f * 9)a /f:c— dy—/f y)dy = (g f)(x)

for all x € R, i.e., the convolution * is commutative on L*(R).
Therefore, L' (R) is a commutative Banach algebra. O

Due to Proposition 7.12 and Remark 7.13, we can apply the Fourier trans-
form F to the convolution of two L!-functions. As we show now, the Fourier
transform F(f * g) of the convolution f * g, for f,g € L}(R), coincides with
the algebraic product of their Fourier transforms F f and Fg.

Theorem 7.14. (Fourier convolution theorem).
For f,g € LY(R) we have

F(f*g)=(Ff) (Fg).

Proof. With application of the Fubini theorem we immediately obtain by

F ) = [Fra@e=de = [ ([ g ar) e as
/ (/ flz —y)e iemve dx) gy)e ¥ dy

= [ED@atedy = FN) - (Fa)w)

the stated representation for all w € R. [ |
Next, we specialize the Fourier convolution theorem to autocorrelations.

Definition 7.15. For f € L(R) the convolution product

0= [fa-0f W= [ farfdy  foroc®
R R
is called autocorrelation of f, where the function f* € LY(R) is defined as
f*(x) = f(—x) for all x € R. O

From the Fourier convolution theorem, Theorem 7.14, in combination with
statement (c) in Proposition 7.2, we immediately get the following result.

Corollary 7.16. For real-valued f € L*(R), we have the representation
FUf+f)w) = (FHWP  forallweR

for the Fourier transform of the autocorrelation of f. O
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7.1.1 The Fourier Inversion Theorem

In this section, we prove the Fourier inversion formula on L!(R), as we already
motivated in the previous section. To this end, we derive a continuous version
of the Fourier series representation in (7.5) by using the continuous Fourier
spectrum f = Ff, for f € LY(R).

In order to do so, we need only a few preparations.
Definition 7.17. A sequence of functions (6x)ren is called a Dirac® sequence
in LY*(R), if all of the following conditions are satisfied.

(a) For all k € N, we have the positivity
Or(x) >0 for almost every x € R.

(b) For all k € N, we have the normalization

/R(Sk(ac) dz =1,

(¢) For all r > 0, we have

lim Op(x)dx = 0.
k—o0 R\[f’r‘,’r‘]

O

If we interpret the functions 6, € L'(R) of a Dirac sequence as (non-
negative) mass densities, then the total mass will be normalized to unity,
due to property (b). Moreover, the total mass will at increasing k£ € N be
concentrated around zero. This observation motivates the following example.

Example 7.18. For the Gauss function g /5(z) = e /2

we have
/ g1/2(z)dr = / e /2 dy = /27
R

R

in Example 7.8,

Now we let 61 (x) := \/%gl/Q(x) and, moreover, 0 (z) = kdy(kx), for k > 1,
so that
k —k2z?/2
dp(x) = —"-e for k € N. (7.20)
By elementary calculations, we see that the Gauss sequence (0 )ren satisfies

all conditions (a)-(c) in Definition 7.17, i.e., (0x)ren is a Dirac sequence. <

Next, we prove an important approximation theorem for L!-functions,
according to which any f € L!(R) can be approximated arbitrarily well by
its convolutions f * §; with elements of a Dirac sequence (03, )ren in L(R).

3 PAUL ADRIEN MAURICE DIRAC (1902-1984), English physicist
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Theorem 7.19. (Dirac approximation theorem).
Let f € LY(R) and (6x)ken be a Dirac sequence in L*(R). Then, we have

If = f*0kllLiwy — 0 for k — oo, (7.21)
i.e., the sequence (f * 0 )ren converges in LY(R) to f.

Proof. Let g be a continuously differentiable function with compact support,

i.e., g € €}(R). Then, the functions g and ¢’ are bounded on R, i.e., there is

a constant M > 0 with max(||g||ec, [|¢]lcc) < M. We let K := |supp(g)| < oo

for the (finite) length [supp(g)| of the support interval supp(g) C R of g.
We estimate the L'-error ||g — g * 0g |11 (r) from above by

lg — g% Sullwr zy = / ] / 5:(v) (9(z) — g(z — 1)) dy‘ d

</ ( [ ) late) — gt =) dy) r,

B R
= [ ([ ) - gte =l ar) an. (22

where we used the properties (a) and (b) in Definition 7.17. Note that the
function hy := g — g(- — y) satisfies, for any y € R, the estimate

[y (@) < Nlg'llo - [yl < M - Jy|  for all z € R. (7.23)

Now we split the outer integral in (7.22) into a sum of two terms, which
we estimate uniformly from above by (7.23), so that we have, for any p > 0,

lg — g * 0kllL(w)

< [aw ([ mwia) ae [ a ([ inwiar) 4

< 2 |supp(9)] - 1|¢' lle - p + 2 - [supp(g)| - |9llso / Or(y) dy
R\(=p,p)

<4.K-M-p

for all k > N = N(p) € N satistying

R\ (—p,p)

by using property (c) in Definition 7.17. For € > 0 we have ||g—g*d |11 (») < €,
for all k > N, with assuming p < ¢/(4KM), Therefore, g € €}(R) can
be approximated arbitrarily well in L!(R) by convolutions g * ;. Finally,
%1(R) is dense in L!(R), which implies the stated L!-convergence in (7.21)
for f € LY(R). |
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Now we turn to the Fourier inversion formula. At the outset of Section 7.1,
we derived the representation (7.8) for periodic functions. We can transfer
the inversion formula (7.8) from the discrete case to the continuous case. This
motivates the following definition.

Definition 7.20. For g € LY(R) we call the function

1
T or

(F'g)(z) = g(2) : /Rg(w) - e dw forx € R (7.24)

inverse Fourier transform of g. The inverse Fourier operator, which
assigns g € LY(R) to its inverse Fourier transform §, is denoted as F~*. (O

Now we can prove the Fourier inversion formula
f=FFf
under suitable assumptions on f € L!(R).

Theorem 7.21. (Fourier inversion formula).
For f € LY(R) satisfying f = Ff € L}(R) the Fourier inversion formula

1 ~ .
fz) = o / f(w) - e dw for almost every x € R (7.25)
T JRr

holds with equality at every point x € R, where f is continuous.

Proof. In the following proof, we utilize the Dirac sequence (0y)ren of Gauss
functions from Example 7.18. For dy in (7.20), the identity (7.17) yields the
representation

k ; 1 ;
Or(z) = o /}Re*y2/2 etk dy = o /Reﬂﬁ/(%% -edw (7.26)

for all £ € N. This in turn implies

(f % k) (x) = /Rf(y) (;ﬂ /]Re—w2/(2k2) ell@—y)w dw) dy

1 ; iz
- (/ f(y) CeTlyw dy) e—wz/(2k2) el oy
2w R R

1 a 2 2 .
= / Flw) - o=/ R g g, (7.27)
T Jr

where, for changing order of integration, we applied t}216 dominated conver-
gence theorem with the dominating function |f(y)le™*".
For k — oo, the sequence of integrals in (7.27) converges to

%/Rf(w) el duw,
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where we use the assumption f € L'(R).

According to the Dirac approximation theorem, Theorem 7.19, the se-
quence of Dirac approximations f * & converges in L*(R) to f, for k — oo.
This already proves the stated Fourier inversion formula (7.25) in L!(R).

Finally, the parameter integral in (7.25) is a continuous function at z.
Therefore, we have equality in (7.25), provided that f is continuous at x. B

Remark 7.22. According to Remark 7.5, the Fourier transform maps any
f € LYR) to a continuous function f € %,(R). Therefore, by the Fourier
inversion formula, Theorem 7.21, there exists for any f € L*(R) satisfying
f € LY(R) a continuous representative f € LY(R), which coincides with f
almost everywhere on R (i.e., f = f in the L!-sense), and for which the
Fourier inversion formula holds on R. ]

The Fourier inversion formula implies the injectivity of F on L(R).

Corollary 7.23. Suppose Ff = 0 for f € L*(R) . Then, f = 0 almost
everywhere, i.e., the Fourier transform F : L1 (R) — %,(R) is injective. W

In the following discussion, we will often apply the Fourier inversion for-
mula to continuous functions f € L*(R) N ¢ (R). By the following result, we
can in this case drop the assumption f € L*(R) (see Exercise 7.64).

Corollary 7.24. For f € LY(R) N € (R) the Fourier inversion formula

f(z) = lim (1 f(w) - elrwe—elwl? dw) forallz € R (7.28)

holds. [ |

7.2 The Fourier Transform on L2 (R)

In this section, we transfer the Fourier transform F : L!(R) — %,(R) from
LY(R) to L2(R). We remark, however, that the Banach space L!(R) is not a
subspace of the Hilbert space L?(R) (see Exercise 7.57). For this reason, we
first consider the Schwartz* space

S(R) = {f e € (R)

df
2% . — f(x) is bounded for all k, £ € N
dat

of all rapidly decaying €°° functions.

4 LAURENT SCHWARTZ (1915-2002), French mathematician
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Remark 7.25. Every function f € S(R) and all of its derivatives f*), for
k € N, are rapidly decaying to zero around infinity, i.e., for any (complex-
valued) polynomial p € P¢ and for any k € Ny, we have

p(x)f®(z) — 0 for |z| = .

Therefore, all derivatives f*) of f € S(R), for k € N, are also contained
in S(R). Obviously, we have the inclusion S(R) C L'(R), and so f € S(R)
and all its derivatives f(*), for k € N, are absolutely integrable, i.e., we have
f*) e LY(R) for all k € Ny. O

Typical examples of elements in the Schwartz space S(R) are € func-
tions with compact support. Another example is the Gauss function g, for
a > 0, from Example 7.8. Before we give further examples of functions in the
Schwartz space S(R), we first note a few observations.

According to Remark 7.25, every function f € S(R) and all its derivatives
f®) for k € N, have a Fourier transform. Moreover, for f € S (R) and
k,?¢ € Ny, we have the representations

dé
W(]—'f)(w) = (-)Y(F(f))(w) forallw e R
(Ff®) (w) = (iw)*(Ff)(w) for all w € R,

as they directly follow (by induction) from Proposition 7.2 (d)-(e) (see Exer-
cise 7.59). This yields the uniform estimate

k40

k
D) < | gl 1) frallwcR (729

L (R)

i.e., all functions w®(Ff)® (w), for k, ¢ € Ny, are bounded. Therefore, we see
that the Fourier transform Ff of any f € S(R) is also contained in S(R).
By the Fourier inversion formula, Theorem 7.25, the Fourier transform F is
bijective on S(R). We reformulate this important result as follows.

Theorem 7.26. The Fourier transform F : S(R) — S(R) is an automor-

phism on the Schwartz space S(R), i.e., F is linear and bijective on S(R).
|

Now we make an important example for a family of functions that are
contained in the Schwartz space S(R). To this end, we recall the Hermite
polynomials H,, from Section 4.4.3 and their associated Hermite functions
h,, from Exercise 4.42.

Example 7.27. The Hermite functions
hyn(z) = Hp(x) - e /2 for n € Ny (7.30)

are contained in the Schwartz space S(R). Indeed, this follows from the rapid
decay of the Gauss function g;2(z) = exp(—2?/2), cf. Example 7.8. &
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The Schwartz space S(R) is obviously contained in any Banach space
LP(R), for 1 < p < co. In particular, S(R) is a subspace of the Hilbert space
L%(R), i.e., S(R) C L?(R). In the following discussion, we work with the
L2-inner product

(f.9) = /R f@g@de  for f.g € L2(R). (7.31)

Now we prove the completeness of the Hermite functions in L2(R).

Proposition 7.28. The Hermite functions (hp)nen, i (7.30) are a com-
plete orthogonal system in the Hilbert space L2(R).

Proof. The orthogonality of (hy)nen, follows from the orthogonality of the
Hermite polynomials in Theorem 4.28. According to (4.47), we have

(B, ) = 2"nIN/T + Gy, for all m,n € Ny. (7.32)

Now we show the completeness of the system (hy,)nen,. To this end, we
use the completeness criterion in Theorem 6.26, as follows.

Suppose that f € L?(R) satisfies (f,h,) = 0 for all n € Ny. Then, we
consider the function g : C — C, defined as

g(z) = /Rho(x)f(m)e_i“ dz for z € C.

Note that g is holomorphic on C, and, moreover, we have

g™ (z) = (-)™ / 2" ho(z) f(z)e %% dx for m € Np.
R

Therefore, g™ (0) can be written as a linear combination of the inner
products (f,hy), for k = 0,...,m, so that ¢g(™(0) = 0 for all m € Np.
From this, we conclude g = 0, since g is holomorphic, which in turn implies
F(hof) = 0. By Corollary 7.23, we get hof = 0 almost everywhere. In par-
ticular, we have f = 0 almost everywhere. Due to the completeness criterion,
Theorem 6.26, the orthogonal system (h,,)nen, is complete in L2(R). |

Theorem 7.29. For any n € Ny, the Hermite function h, in (7.30) is an
eigenfunction of the Fourier transform for the eigenvalue /2w (—1)", i.e.,

E =271 (=1)"hy, for all n € Ny.
Proof. We prove the statement by induction on n € Ny.
Initial step: For n = 0 the statement holds for hg = g1, by (7.16).

Induction hypothesis: Assume that the Hermite function h, is an eigen-
function of the Fourier transform for the eigenvalue v/2m(—1)", for n € Ny.



254 7 Basic Concepts of Signal Approximation

Induction step (n — n + 1): By partial integration, we obtain

—

i (w) = / e~ h 1 () dw
R

o —izw n+1 z2/2 d dn —x?
f/Re (=)™ re /dx<dx"e )dx

: 2,5 A" N
lim [e—lww(_l)n-l-lem /276_1 :|

R—o0 dxm
. dan
_/(_iw_|_m)eflmwezQ/Q(_l)nJrliefmz dx
R "

: —izw r=R s —izw

= Rhl};o [—e hn(:c)]$:7R + /R(—lw +z)e " hy(z) dx
= —iwﬁ;(w) + x/f;l(w)

From the induction hypothesis and Proposition 7.2 (e), we conclude

T (W) = V2r(—0)" (whi (w) — By (@) - (7.33)

Now the three-term recursion of the Hermite polynomials in (4.48) can
be transferred to the Hermite functions, so that

hni1(x) = 2zhy, (z) — 2nh,—1(2) forn >0 (7.34)

holds with the initial values h_; = 0 and ho(x) = exp(—22/2). By using the
recursion H, (z) = 2nH,_1(x), for n € N, from Corollary 4.30, we get

@) = g (67 Hale) = e ) T
= —2ha(z) + e % 2(2nH,_1(z))
= 2nh,_1(x) — zh,(2). (7.35)

Moreover, the representations in (7.34) and (7.35) imply the recursion
hpi1(x) = zh, (z) — bl (x) forn >0 (7.36)

(cf. Exercise 4.42). Therefore, h/n: = V27 (—1)""th, 41 by (7.33) and (7.36).
|

Given the completeness of the Hermite functions (hy)nen, in L*(R), ac-
cording to Theorem 7.28, there is a unique extension of the Fourier transform
F : S(R) — S(R) to the Hilbert space L?(R). Moreover, by the spectral
property of the orthonormal system (h,)nen, in L2(R), as shown in Theo-
rem 7.29, the Parseval identity (6.12) can also be extended to L?(R). This
important result is referred to as the Plancherel® theorem.

® MICHEL PLANCHEREL (1885-1967), Swiss mathematician
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Theorem 7.30. (Plancherel theorem).

The Fourier transform F : S(R) — S(R) can uniquely be extended to a
bounded and bijective linear mapping on the Hilbert space L?(R). The ex-
tended Fourier transform F : L?(R) — L2(R) has the following properties.

(a) The Parseval identity

(Ff, Fg) =2n(f,9) for all f,g € L*(R),

holds, so that in particular
IFfle@ = V2rl fllz@ — for all f € L*(R).
(b) The Fourier inversion formula holds on L%(R), i.e.,
FYUFf)=+f for all f € LA(R).
(¢c) For the operator norms of F and F~! on L*(R), we have

||~7:||L2(R)—>L2(]R) = (27T)1/2

IF L2 @ysrem) = (2m) Y2

We close this section by the following remark.

Remark 7.31. The Fourier operator F : L?(R) — L2(R) is uniquely de-
termined by the properties in Theorem 7.30. Moreover, we remark that the
Fourier transform F : L}(R) — %3(R) maps any f € LY(R) to a unique
uniformly continous function F f € %5(R). In contrast, the Fourier transform
F : L*(R) — L%*(R) maps any f € L?(R) to a function Ff € L*(R) that is
merely almost everywhere unique. |

7.3 The Shannon Sampling Theorem

This section is devoted to the Shannon® sampling theorem, which is a funda-

mental result in mathematical signal processing. According to the Shannon

sampling theorem, any signal f € L?(R) with bounded frequency density can

be reconstructed ezactly from its samples (i.e., function values) on an infinite

uniform grid {jd|j € Z} C R at a sufficiently small sampling rate d > 0.
We formulate the mathematical assumptions on f as follows.

Definition 7.32. A function f € L%(R) is said to be band-limited, if its
Fourier transform Ff has compact support supp(Ff), i.e., if there is some
constant L > 0 satisfying supp(F f) C [—L, L], where the smallest constant
L with this property is called the bandwidth of f. O

5 CLAUDE ELWOOD SHANNON (1916-2001), US-American mathematician
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Remark 7.33. Every band-limited function f is analytic. This important
result is due to the Paley” - Wiener® theorem. A detailed discussion concerning
the analyticity of Fourier transforms can be found in [58, Section IX.3]. O

Theorem 7.34. (Shannon sampling theorem).
Let f € L%(R) be a band-limited function with bandwidth L > 0. Then, we
have the reconstruction formula

= Z f(m/L) - sinc(Lz — jm) for all x € R. (7.37)
JEZ
Proof. Without loss of generality, we assume L = 7 for the bandwidth of f,
since otherwise we can resort to the case §(w) = f(w - n/L).

For a fixed z € R, we work with the function e;(w) = exp(izw). By
ex € L?[—m, 7], the Fourier series representation

w) = ch(ex) el
JEZ
holds in the L%-sense. The Fourier coefficients c;(e,) of e, can be computed
as

1

cjleg) = %/ ex(w) - e 9% dw = sinc(m(z — 7)) for all j € Z.

Now f has a continuous representative in L? which satisfies the representation

1

f@)=5-| f( ) - e dw (7.38)
= Zsmc m(x —§)) - ;ﬂ f( ) - e dw (7.39)

JEZ
= Z f(4) - sine(m(z — 7)) (7.40)

JEZ

pointwise for all z € R. Note that we have applied the Fourier inversion
formula of the Plancherel theorem, Theorem 7.30, to obtain (7.38) and (7.40).

Finally, we remark that the interchange of integration and summation
in (7.39) is valid by the Parseval identity

I — —

o g(w)h(w)dw = ch (9) - ¢j(h) for all g, h € L*[—n, 7],
- ‘ez

which completes our proof for the stated reconstruction formula in (7.37). B

" RAYMOND PALEY (1907-1933), English mathematician
8 NORBERT WIENER (1894-1964), US-American mathematician
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Remark 7.35. By the Shannon sampling theorem, Theorem 7.34, any band-
limited function f € L*(R) N €(R), or, f € L*(R) with bandwidth L > 0
can uniquely be reconstructed from its values on the uniform sampling grid
{jd|j € Z} C R for all sampling rates d < m/L. Therefore, the optimal
sampling rate is d* = 7/L, and this rate corresponds to half of the smallest
wave length 27 /L that is present in the signal f. The optimal sampling rate
d* = 7/L is called the Nyquist rate (or, Nyquist distance). O

Remark 7.36. In the commonly used literature, various formulations of the
Shannon sampling theorem are given for band-limited functions f € L!(R),
rather than for f € L?(R). We remark that the representation in (7.37) does
also hold for band-limited functions f € L!(R), or, to be more precise, the
representation in (7.37) holds pointwise for a continuous representative of
f € LY(R). In fact, this statement can be shown (for compact supp(f) C R)
by following along the lines of our proof for Theorem 7.34. O

Remark 7.37. The Shannon sampling theorem is, in its different variants,
also connected with the names of Nyquist’, Whittaker'®, and Kotelnikov'!'. In
fact, Kotelnikov had formulated and published the sampling theorem already
in 1933, although his work was widely unknown for a long time. Shannon
formulated the sampling theorem in 1948, where he used this result as a
starting point for his theory on maximal channel capacities. O

7.4 The Multivariate Fourier Transform

In this section, we introduce the Fourier transform for complex-valued func-
tions f = f(x1,...,xq) of d real variables. To this end, we can rely on basic
concepts for the univariate case, d = 1, from the previous sections. Again,
we first regard the Fourier transform on the Banach space of all absolutely
integrable functions,

LY(RY) = {f:]Rd —>(C’ / |f(m)|dx<oo},
Rd
equipped with the L'-norm

Il = [ If@lde for f e LR,

? HARRY NYQUIST (1889-1976), US-American electrical engineer
19 EpMUND TAYLOR WHITTAKER (1873-1956), British astronomer, mathematician
" ViapIMIR KOTELNIKOV (1908-2005), Russian pioneer of information theory
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Definition 7.38. For f € LY(RY), the function
(Faf)w) = fw):= [ fl@)e @) dz  forweR? (7.41)
Rd

is called the Fourier transform of f. The Fourier operator, which assigns
f € LY(R?) to its d-variate Fourier transform Fuf = f, is denoted as Fg.
Likewise, for g € LY(R?) the function

(]:d_lg)(a:) =g(x) := (27r)7d/Rg(w) T du forz eR (7.42)

is called the inverse Fourier transform of g. The operator, which assigns
g € LY (R?) to its inverse Fourier transform §, is denoted as fd_l. O

By separation of the variables in the R%-inner product (-, ),
(z,w) = z1w1+. . .+ Tqwy for = (a1, ... ,xd)T,w = (w1, ... ,wd)T e R?,
appearing in the Fourier transform’s formulas (7.41) and (7.42) we can, via
ti(ww) _ gFiziwr | oHizaws

e

)

generalize the results for the univariate case, d = 1, to the multivariate case,
d > 1. In the following of this section, we merely quote results that are
needed in Chapters 8 and 9. Of course, the Fourier inversion formula from
Theorem 7.21 is of central importance.

Theorem 7.39. (Fourier inversion formula).
For f € LY(R?) with f = Fyf € L}(R?), the Fourier inversion formula

f(z) = (2m)~¢ y f(w) - el®«) dy for almost every x € R (7.43)

holds with equality at every point x € R, where f is continuous. O
As in Corollary 7.24, formula (7.43) holds also for f € L*(R9) N €' (R9).

Corollary 7.40. For f € L}(R%) N €' (RY), the Fourier inversion formula

f(z) = 1{% ((27r)_d f(w) Cel@w)g—ellwly dw> for all z € R? (7.44)
€ R4

holds. O

An important example is the Fourier transform of the Gauss function.
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Example 7.41. The d-variate Fourier transform of the Gauss function
Ga(z) = ezl for z € R? and a > 0

is

d/2 2
(Faga)(w) = (g) e lwll2/ () for w € R%.

¢
Moreover, we apply the Fourier transform F; to convolutions.
Definition 7.42. For f,g € LY(R?), the function
(Fr9)@) = [ fa-vowdy  frack! (1)
R

is called the convolution product, in short, convolution, between f and g.
Moreover, for f € LY(RY) the convolution product

(f*f")(x) :/]Rdf(l’—y)f*(y)dyZ/Rdf(m—&-y)f(y)dy for z € R?

is called the autocorrelation of f, where f*(z) := f(—x) for allx € RY. O

As for the univariate case, in Theorem 7.14 and Corollary 7.16, the Fourier
convolution theorem holds for the multivariate Fourier transform.

Theorem 7.43. (Fourier convolution theorem).
For f,g € LY(RY), the identity

Fa(f +g) = (Faf) - (Fag)-
holds. In particular, for real-valued f € L'(R), we have
Falf = f)w) = [(Faf)w)*  for allw e R
for the Fourier transform of the autocorrelation of f. O

By following along the lines of Section 7.2, we can transfer the multivariate
Fourier transform Fy : L'(R?) — %, (R9) to the Hilbert space

L2(RY) = {f : R¢ —><c’ / |f(2)]? dz < oo}
Rd
of all square-integrable function, being equipped with the L2-inner product

(fo)= [ f@a@de  for g € L2RY
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and the Euclidean norm || - [|p2(gay = (-,-)'/2. To this end, we first introduce
the Fourier transform F; on the Schwartz space

L
S(R?) = {f € (RY) |- %f(x) is bounded for all k, ¢ € Ng}

of all rapidly decaying €°° functions. As for the univariate case, Theorem 7.26,
the Fourier transform J; is bijective on S(R?).

Theorem 7.44. The multivariate Fourier transform Fy : S(R?) — S(R?)
is an automorphism on the Schwartz space S(R?). O

This implies the Plancherel theorem, as in Theorem 7.30 for d = 1.

Theorem 7.45. (Plancherel theorem).

The Fourier transform Fy : S(R?) — S(R?) can uniquely be extended to
a bounded and bijective linear mapping on the Hilbert space L*(RY). The
extended Fourier transform Fy : L2(R?) — L2(RY) has the following pro-
perties.

(a) The Parseval identity
(Faf, Fag) = (2m)*(f, 9) for all f,g € L*(RY),
holds, so that in particular
| FafllLe(ray = (27T)d/2||fHL2(Rd) for all f € L*(RY).
(b) The Fourier inversion formula
Fi'(Faf)=f for all f € L*(RY)
holds on L%(R), i.e.,

f(z) = (2m)~¢ ) Fw)e'™) duw for almost every x € R%.
R

¢) For the operator norms of Fyq and F; ' on L2(RY), we have
d

||]:d||L2(Rd)—>L2(Rd) = (27T)d/2

||]:d_1||L2(Rd)—>L2(Rd) = (2m) "2

7.5 The Haar Wavelet

In this section, we turn to the construction and analysis of wavelet methods.
Wavelets are important building blocks for multiresolution representations of
signals f € L2(IR). To this end, suitable wavelet bases of L?(R) are utilized. A
very simple-structured wavelet basis of L%(R) is due to the work [32] of Alfréd
Haar in 1910. In the following discussion, we explain important principles of
wavelet methods by using the Haar'? wavelet.

12 ALFRED HAAR (1885-1933), Hungarian mathematician
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Let us first introduce a basic ingredient. For an interval I C R, we denote
by x1 : R — R,
) 1 forxel,
xi () = {0 otherwise,

the indicator function of I. Now we can give a definition for the Haar wavelet.

Definition 7.46. The function v : R — R, defined as

1 forxz €10,1/2),

() = Xp0,1/2)(@) — X2 (2) =4 =1 forxz €[1/2,1),
0 otherwise,

is called Haar wavelet. O

In the following, we wish to construct a wavelet basis of L2(R) by using the
Haar wavelet 1. To this end, we apply dilations (i.e., scalings) and translations
(i.e., shifts) to the argument of . To be more precise, we consider, for j, k € Z,
the wavelet functions

Wl (x) == 2122 — k) for z € R (7.46)

that are generated from the Haar wavelet ¥ by multiplication of ¢ with factor
27/2 along with the application of dilations with 27 and translations about k&
on the argument of 9. In particular, for j = k = 0, we get the Haar wavelet
1 = . Figure 7.2 shows the function graphs of Yy, for j = —1,0,1.

Let us note only a few elementary properties of the wavelet functions wi.
Proposition 7.47. For 7,/1% in (7.46), the following statements hold.

(a) The wavelet functions wi have zero mean, i.e.,
/ Pl (z)dz =0 for all j,k € Z.
b) The wavelet functions 1/1j have unit L2-norm, i.e.,
( k )
97 |2y = 1 for all j.k € Z.

(c¢) For any j, k € Z, the wavelet function 1/)% has compact support, where

supp(¥]) = 277k, 277 (k + 1)).

Proposition 7.47 (a)-(c) can be proven by elementary calculations.

Another important property is the orthonormality of the function system
{41} kez with respect to the L?-inner product (-,-), defined as

(f.9) = / f@)g)dz  for f.g € L(R).
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Proposition 7.48. The function system {¢i}j,kez is orthonormal in L2(R),
i.e.,

(V) f") = 8jmdke  for all j, k.6, m € Z.
Proof. According to Proposition 7.47 (b), any dzi has unit L?-norm.

Now suppose that wi and y", are, for j, k, ¢, m € Z, distinct.

Case 1:1f j = m, then k # £. In this case, the intersection of the support
intervals of ¢} and ¢}* contains at most one point, according to Proposi-

tion 7.47 (c), so that (¥],}") = 0.

Case 2: If j # m, then we assume m > j (without loss of generality). In
this case, we either have, for £ # 2™ Jk,... . 2m~J(k+1) -1,

supp(¢7,) N supp(yy") = 0,
whereby (z/)i,z/Jg”) =0, or we have, for £ =2m 7k ... 2m~I(k+1) -1,
supp(¢7") = [276, 27" (£ +1)] C [277k, 277 (k + 1)] = supp(v4),
so that
wlop =222 [ gp@de=o.
supp(¥7")

This completes our proof. |

Next, we wish to construct a sequence of approximations to f € L?(R)
on different scales, i.e., at different resolutions. To this end, we work with
a decomposition of L?(R) into "finer” and ”coarser” closed subspaces. In
the following construction of such closed subspaces, the relation between the
Haar-Wavelet ¢ and its scaling function

¥ = X][o0,1)
plays an important role. For the functions
gofv(:c) = 22p(2x — k) for j,k € Z, (7.47)

generated by ¢, we note the following elementary properties.
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Proposition 7.49. For @i in (7.47) the following statements hold.
(a) We have the orthonormality relation
(01, ¢3) = One for all j,k,0 € Z.
(b) For any j, k € Z, the function gpi has compact support, where

supp(goi) =277k, 277 (k + 1)].

Proposition 7.49 can be proven by elementary calculations.

Now we turn to a very important property of ¢, which in particular ex-
plains the naming scaling function.

Proposition 7.50. The refinement equations
ol =272 4 hy)  forallj ke (7.48)
Ul =2 — ehya)  forall gk e (7.49)
hold.
Proof. By the representation
o(x) = p(2z) + 2z — 1) for all z € R

the refinement equation in (7.48) holds for j = k = 0. By linear transforma-
tion of the argument 2 + 291z — k, this implies the representation in (7.48).
Likewise, the representation in (7.49) can be verified, by now from the identity

Y(x) = p(22) — (22 — 1) for all z € R.
]

By the refinement equations in (7.48) and (7.49), the coarser functions
cpf;1 and 1/)%71 are represented by a unique linear combination of two finer
functions, 3, and ¢, 41, respectively. We collect all functions of refinement
level j € Z in the L2-closure

V; = span{y] : k € Z} C L3(R) for jeZ (7.50)

of all linear combinations of functions cpi, for k € Z. For the properties of
the scale spaces V;, we note the following observation.

Proposition 7.51. The spaces V; in (7.50) have the following properties.

(a) V; is 279 Z-translation-invariant, i.e., f € V; implies f(- —277k) € V;.
(b) The inclusion V;_1 C V; holds.
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Proof. Property (a) follows from the scale-invariance of the wavelet basis,
Pl —277k) = 20/2p(2 (2 — 279k) — £) = P22z — (k+ 1)) = ol
Property (b) follows directly from the refinement equation in (7.48). W

Remark 7.52. According to property (b) in Proposition 7.51, the coarser
scale space V,_1 (spanned by the coarser basis elements cpi_l) is contained in
the finer scale space V; (spanned by the finer basis elements @ff) Therefore,
the scale spaces (V;);ez in (7.50) are a nested sequence

ecVaycVocWVic-CVjgCV;C--- CLAR) (7.51)
of subspaces in L?(R). O

Now we study further properties of the nested sequence (V;),ecz. To this
end, we work with the orthogonal projection operator II; : L*R) — Vi,
for j € Z, which assigns every f € L2(R) to its unique best approximation
s;=1I;f in L2(R). According to our discussion in Section 6.2, we have the
series representation

I;f = (f.el)el €V, for f € L3(R) (7.52)
keZ

for the orthogonal projection of f on V;, as in (6.9). The following result
describes the asymptotic behaviour of the approximations (I7;f),cz to any
function f € L?(R) with respect to || - || = || - [|lL2(r)-

Proposition 7.53. For the sequence (II;f)jecz of orthogonal projections
II; f of f € L*(R) in (7.52) the following statements hold.

(a) The sequence (II; f);cz converges for j — oo w.r.t. || - || to f, i.e.,
I f = fll—0  forj— oo.
(b) The sequence (II;f)jez converges for j — —oo to zero, i.e.,
L fll — O for j — —oc.

Proof. Let e > 0 and f € L?(R). Then there is, for a (sufficiently fine) dyadic
decomposition of R, a step function 7' € L?(R) with ||7'— f|| < &/2. Moreover,
for the indicator functions x; of the dyadic intervals I 1=[277k, 277 (k+1)),
we have the reproduction property Hjxl_; = X3 for all k£ € Z. Therefore,
there is a level index jo € Z with T" = II;T for all j > jo. From this, we can
conclude statement (a) by the estimate

M f = fI < I (F =Dl + [HGT =T+ (1T = £l
<G =TI+ IT = fll < e for j > jo,
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where we use ||II;]| = 1 from Proposition 4.7.

To prove statement (b), we take on given € > 0 a continuous function g
with compact support supp(g) = [~ R, R], for R > 0, such that || f—g|| < /2.
Now for 27 < R~ we have

- [(/ORQ(@ d:c) o+ </OR g(x) dx) XI&]

=2 (coaxp |+ coxgy)s

where ¢_; = (g,¢” ;) and ¢g = (g, ¢})). Then, we have || IT;g||> = 27/(c%, + )
and, moreover, ||I1;g] < ¢/2 for j = j(e) € Z small enough. For this j, we
finally get

L fIl < 1L (f = 9l + gl < 1F = gll + [T gll < e
by the triangle inequality, and so (b) is also proven. |
Proposition 7.53 implies a fundamental property of the scale spaces V;.

Theorem 7.54. The system (V;)jez of scale spaces Vj in (7.50) forms a
multiresolution analysis of L?(R) by satisfying the following conditions.

(a) The scale spaces in (V) ez are nested, so that the inclusions (7.51) hold.
(b) The system (V;)jcz is complete in L?(R), i.e., L2(R) = Ujez Vi
(¢) The system (V;)jez satisfies the separation (5 V; = {0}

Proof. Property (a) holds according to Remark 7.52.
Property (b) follows from Proposition 7.53 (a) and Theorem 6.21.
To prove (c), let f € L2(R) be an element in Njez Vj- Then, f must have
the form
c for x € (—00,0),
o) ={ ¢ (~o0,0)

¢ for z €[0,00),

for some constants ¢, ¢, € R. Since f € L?(R), we have ¢, = ¢, = 0 and so
f = 0. Hence, statement (c) is proven. ]

In the following analysis, we consider the orthogonal complement
W1 ={w e Vj|(w,v)=0forallveV,_1} CV; for j€Z
of Vj_1 in Vj;, where we use the notation
V= Wyi1 &V (7.53)

for the orthogonality relation between W;_; and V;_;. In this way, the lin-
ear scale space V; is by (7.53) decomposed into a smooth scale space V;_1
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containing the low frequency functions of V; and a rough orthogonal comple-
ment space W;_1 containing the high frequency functions from Vj. A recursive
decomposition of the scale spaces V; yields the representation

Vi=W,o1@W,_2® - @W,_(@dVj,  forfeN, (7.54)

whereby the scale space V; is being decomposed in a finite sequence of sub-
space with increasing smoothness. By Theorem 7.54, we get the decomposi-
tion

L*(R) = EPW;, (7.55)

JEL

i.e., L?(R) is decomposed into the orthogonal subspaces W;. The linear func-
tion spaces W; are called wavelet spaces. The following result establishes
a fundamental relation between the wavelet functions {wi }jkez of the Haar
wavelets 1 and the wavelet spaces W;.

Theorem 7.55. The functions {lﬁi}j,kez form an orthonormal basis of
L%(R), i.e., {¢}; ez is a complete orthonormal system in L?(R).

Proof. The orthonormality of the functions {wi }j.kez is covered by Proposi-
tion 7.48. Therefore, it remains to prove the completeness of the orthonormal
system {7}, rez in L?(R). Due to the decomposition in (7.55), it is suffi-
cient to show that the wavelet space Wj is, for any refinement level j € Z,
generated by the functions wi, for ke Z,ie.,

W, = span{y] | k € Z} for j € Z.
To this end, we first verify the orthogonality relation
Wit el =0 for all k¢ € Z. (7.56)

We get (7.56) as follows. For k # £, we have supp(¥7 ") Nsupp(e) ") = 0,
whereby (¥, 3 7") = 0. For k = £, the orthogonality in (7.56) follows from
Proposition 7.47 (a). Now by the orthogonality relation in (7.56), we have

ITtew,y forallkeZ
The refinement equations (7.48) and (7.49) in Proposition 7.50 imply
=2 ()
e =2 (o7 ")

Therefore, any basis element {(pi}kez of V; can be represented as a unique

linear combination of basis elements in {cp{c_l}kez C Vj_1 and elements in
-1 kez, and so the statement follows from the decomposition (7.53). W
k
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According to our more general discussion concerning complete orthogonal
systems in Section 6.2, we obtain for all elements of the Hilbert space L2(R)
the representation

F=> (vl for all f € L%(R). (7.57)

J.keZ

This representation follows directly from Theorem 6.21 (b) and Theorem 7.55.

Now we organize the representation (7.57) for f € L%(R) on multiple
wavelet scales. Our starting point for doing so is the multiresolution analysis
of L?(R) in Theorem 7.54. For simplification we suppose supp(f) C [0,1]. We
approximate f on the scale space Vj, for j € N, by the orthogonal projectors
II; : L2(R) — Vj, given as

If =Y cyleV; for f € L3(R), (7.58)

where c,7C = (f, gofg), for k=0,...,N — 1, and where we assume N = 27, The
representation in (7.58) follows directly from (7.52), where the range of the
summation index k € {0,...,N — 1} in (7.58) is due to

supp(f) € [0,1]  and  supp(p]) = 277k, 277 (k + 1)].

By (7.53), Hjl_l = II; — II;_ is the orthogonal projector of L?(R) onto
W;_1, so that the decomposition

I f =10 f+ Iy f for all f € L*(R) (7.59)
holds. The orthogonal projector Hﬁl : L2(R) — W;_; is described by

N/2—1

o, f= Y di7 '™t for f e L*(R), (7.60)
k=0

where dfl = (f,@[}i*l), for k=0,...,N/2—1.
By (7.58) and (7.60), the identity (7.59) can be written in the basis form
N-1 N/2-1 N/2-1
>oavi= i+ 3ol (e
k=0 0 k=0

With the recursive decomposition of the scale spaces in (7.54), for £ = j,
Vj:Wj_l@Wj_QGB"'EBWQEB‘/O fOI‘jEN,

we can write the orthogonal projector II; : L% (R) — V; as a telescoping sum
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j—1
Of =Y IL'f+Iof  for f € L*(R), (7.62)

r=0

whereby I1;f € V; is decomposed into a sum of functions IT;-f € W,, for
r=4—1,...,0, and Il f € Vy with increasing smoothness, i.e., from high
frequency to low frequency terms. By (7.58) and (7.60), we can rewrite (7.62)
in basis form as

N—-1 _ ) j—12"-1
Sl =D divg + e (7.63)
k=0 r=0 k=0

In practice, however, we have only discrete samples of f € L(R). Suppose
the function values f(277k) are known for all k = 0,..., N —1, where N = 27.
Then, f is interpolated by the function

N—-1
s= 3 F@IR)e(2T - —k) €V,
k=0

at the sample points. Indeed, by (k) = dor. we get
s(2790) = f(2790) for £=0,...,N—1.

For the approximation of f, we use the function values of the finest level,
o ~ 2792 f(277k) for k=0,...,N —1,

for the coefficients ¢/ = (cf;)fCV;OI € RY in (7.58).
Now we consider the representation of I7, f in (7.63). Our aim is to com-
pute, from the input coefficients ¢/ = (c;)kN;Ol € RV, all wavelet coefficients

d=(,d (@), .. (@@ H"T e RN (7.64)
of the representation in (7.63), where
A =()eR and d"=(dy)i ) €R forr=0,...,5 1.

The linear mapping 7 : RY — RY, which maps any data vector ¢/ € RV
to its corresponding wavelet coefficients d € RY in (7.64) is bijective, and
referred to as discrete wavelet analysis. In the following discussion, we
describe the discrete wavelet analysis in detail.

The computation of the wavelet coefficients d in (7.64) can be performed
by recursive decompositions: At the first decomposition level, we compute
7t = (c{j”iﬁ?l and /! = (difl)i\zg_l in (7.61). To this end, we apply
the refinement equation in (7.48) to the representation in (7.61), whereby

N/2-1 N/2-1
i J j J _
E Cox¥Por T E : C;k+1(p2k+1 =
k=0 k=0
N/2—1 N/2-1

272 [N (et )Y (G ol

k=0 k=0
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By comparison of coefficients, we obtain the decomposition equation

H.1 . ci—1 ) -1
Blo-[s0] w mee-[50] o

with the orthogonal decomposition matriz T € RY*N containing the matrix
blocks
11 1-1
Hj :271/2 .. , G] :271/2 - GRN/QXN.
11 1-1

In the next level, the vector ¢/~ € RN/2 is decomposed into the vec-
tors ¢/=2 € RN/* and d?=2 € RM/4. The resulting recursion is called the
pyramid algorithm. The decomposition scheme of the pyramid algorithm is
represented as follows.

=t @2
/ 7 s/

d—dl g2 5. . —O

We can describe the decompositions of the pyramid algorithm as linear
mappings T : RY — RV ¢/ — T'¢/ = d, whose matrix representation

T-d=T To...-Tj_1-Tj-¢ =(,d (d),.... (@ )T =d

contains the decomposition matrices Tj_,, r = 0,...,5 — 1, of the recursion
levels. The orthogonal decomposition matrices are block diagonal of the form

H,_,

Tj = ||Gi-r € RVXN forr=0,...,5—1 (7.66)

with H;_,.,Gj_, € RN/27TXN/2" a0 d the identities I, € RN(1—=27)xN(1=277)
Therefore, the orthogonal matrix

T=T -Ty-...-Tj_y - T; e RNV (7.67)

represents the discrete wavelet analysis. '

For given wavelet coefficients d in (7.64), the coefficients ¢/ = (c} )N ~' can
thereby be reconstructed from II; f in (7.63). The linear mapping of this re-
construction is called discrete wavelet synthesis. The wavelet synthesis
is represented by the inverse matrix

Tl=T1t T Ty T =TT T T e RV

of T in (7.67), so that
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Jd=1"....1]d

The discrete wavelet analysis and the discrete wavelet synthesis are as-
sociated with the terms discrete wavelet transform (wavelet analysis) and
inverse discrete wavelet transformation (wavelet synthesis).

Due to the orthogonality of the matrices T;_, in (7.66), the wavelet trans-
form is numerically stable, since

ldllz =Ty - ... Ty -2 = [|]2-

Moreover, the complexity of the wavelet transform is only linear, since the j
decomposition steps (for r =0,1,...,j — 1) require altogether

N+N/2+...42=2N-2=0(N) for N — 0

operations.

7.6 Exercises

Exercise 7.56. Show that the Fourier transform f :R— C,
flw) = / f(z)e ™ dx for w € R,
R

of f € LY(R) is a uniformly continuous function on R.

Exercise 7.57. Consider the Banach space (L'(R), ||-||r1(r)) and the Hilbert
space (L*(R), || - [|L2(r)). Show that neither the inclusion L*(R) C L?(R) nor
the inclusion L2(R) C L!(R) holds. Make a (non-trivial) example for a linear
space S satisfying S C L'(R) and S C L*(R).

Exercise 7.58. Consider Proposition 7.2.

(a) Prove the properties (a)-(e) in Proposition 7.2.
(b) Give a multivariate formulation for each of the statements (a)-(e).

Exercise 7.59. Prove the following statements for the Fourier transform F.
(a) For the Fourier transform of the k-th derivative f(*) of f, we have
(Ff®) (w) = (W) (Ff)(w) for all w € R

under the assumption f*) € ¥(R) NL(R).
(b) For the k-th derivative of the Fourier transform Ff of f, we have

k
%(]—'f)(w) = (—)M(F@" f))(w) for all w € R

under the assumption z¥f € L}(R).
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Exercise 7.60. Conclude from the results in Exercise 7.59 the statement:
7f € LY(R) is smooth, if and only if Ff has rapid decay around infinity”.
Be more precise on this and quantify the decay and the smoothness of f.

Exercise 7.61. Let f € L}(R) \ {0} be a function with compact support.
Prove the following statements for the Fourier transform Ff = f of f.

(a) f has arbitrarily many derivatives, i.e., f € € (R);
(b) f does not have compact support.

Exercise 7.62. Prove the estimate

I1f % glloo < IfllLr) - llglls  for all f € LY(R), g € €o(R).
Exercise 7.63. Prove the convolution formula
Faf + Fag= @n)Fa(f-g)  forall f,g€ LI (RY)
in the frequency domain of the multivariate Fourier transform F.

Exercise 7.64. Prove for f € L}(R) N ¢ (R) the Fourier inversion formula

1 A : 2
f(z) = lim ( f(w) - emweell dw) for all z € R,
2 R

i.e., prove Corollary 7.24 as a conclusion from Theorem 7.21.
Hint: see [26, Chapter 7].

Exercise 7.65. Let f : R — R be a Lebesgue-measurable function with
f(z) # 0 for almost every z € R. Moreover, suppose that f satisfies the
decay condition

|f(z)| < C-e Tl for all z € R

for some C, 7 > 0. Show that the system (2" f(z))nen, is complete in L%(R),
ie.,

span{z" f(z)|n € No} = L*(R).
Hint: Proposition 7.28.
Exercise 7.66. Prove the statements of Proposition 7.47.

Exercise 7.67. Let Vy; C Vi be closed subspaces of L%(R). Moreover, let
II; : L2(R) — V4 be linear projectors of L?(R) onto V;, for £ =0, 1.

(a) Show that the operator P = I, — IIy : L>(R) — Vj is a projector of
L2(R) onto Vi, if and only if Iy o IT; = I,.

(b) Make an example for two projectors IT, : L?(R) — V;, for £ = 0, 1, such
that the condition ITy o IT; = Il is violated.
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Exercise 7.68. For v € L2(R), let {¢)(- — k) |k € Z} be a Riesz basis of

Wy = span{y(- — k) | k € Z}
with Riesz constants 0 < A < B < oco. Moreover, let
Pl o= 29/2(20 . k) for j, k € Z.

(a) Show that {¢] |k € Z} is a Riesz basis of

W, = span{y] | k € Z} for j € Z

with Riesz constants 0 < A < B < oo.
(b) Show that {4 |j,k € Z} is a Riesz basis of L*(R) with Riesz constants
0 < A < B < o0, provided that

L*(R) = P w;.

JEL
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8 Kernel-based Approximation

This chapter is devoted to interpolation and approximation of multivariate
functions. Throughout this chapter, f : 2 — R denotes a continuous func-
tion on a domain 2 C R?, for d > 1. Moreover, X = {x1,...,2,} C §2is a set
of pairwise distinct interpolation points where we assume that the function
values of f at X are known. We collect these function values in a data vector

fx = (fl@a),. f@a))" = (fr,-o. fu)T €R™ (8.1)

Since we do not make any assumptions on the distribution of the points X in
the domain 2, the point set X is considered as scattered. We formulate the
basic interpolation problem for scattered data sets (X, fx) as follows.

Problem 8.1. On given interpolation points X = {z1,...,z,} C {2, where
2 C R for d > 1, and function values fx € R find an interpolant s € € (12)
satisfying sx = fx, so that s satisfies the interpolation conditions

s(zj) = flzy) forall1<j<n. (8.2)
O

According to the Mairhuber-Curtis theorem, Theorem 5.25, there are no
non-trivial Haar systems in the truly multivariate case, i.e., for multivariate
parameter domains 2 C R%, d > 1, containing at least one interior point.
Therefore, the interpolation problem for the multivariate case, as formulated
by Problem 8.1, is much harder than that for the univariate case.

To solve the posed multivariate interpolation problem, we construct fami-
lies of basis functions that are generated by a reproducing kernel K of a
Hilbert space F. The construction of such kernels K requires suitable charac-
terizations for positive definite functions, as we explain this in detail later in
this chapter. To this end, we rely on fundamental results from functional ana-
lysis, which we develop here. For only a few standard results from functional
analysis, we omit their proofs and rather refer to the textbook [33].

In the following discussion of this chapter, we show how positive definite
kernels lead to optimal solutions of the interpolation problem, Problem 8.1.
Moreover, we discuss other features and advantages of the proposed interpola-
tion method, where aspects of numerical relevance, e.g. stability and update
strategies, are included in our discussion. Finally, we briefly address basic
aspects of kernel-based learning methods.
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276 8 Kernel-based Approximation
8.1 Multivariate Lagrange Interpolation

8.1.1 Discussion of the Interpolation Problem

Before we develop concrete solutions to Problem 8.1, we discuss the interpo-
lation problem in (8.2) from a more general viewpoint. To this end, suppose
that for a continuous function and for pairwise distinct interpolation points
X ={x1,...,2,} C 2 C R d > 1, a data vector fx containing function
values of the form (8.1) is given.

To solve the interpolation problem in (8.2), we fix a suitable (finite-
dimensional) subspace S C €(£2), from which we wish to determine an in-
terpolant s € S satisfying the interpolation conditions (8.2). To this end,
we choose a set B = {s1,...,8,} C €(£2) of n linearly independent con-
tinuous functions s; : 2 — R, 1 < j < n, so that the finite-dimensional
interpolation space

S =span{si,...,sp} C €(12)

consists of all linear combinations of functions in B. In this approach, the
sought interpolant s € S is assumed to be of the form

s= chsj. (8.3)
j=1

Now the solution of Problem 8.1 leads us to the linear system
Vx-c=fx
for (unknown) coefficients ¢ = (ci,...,¢,)T € R™ of s in (8.3), where

Ve,x = (Sj(xk))lgj,kgn S

is the generalized Vandermonde-Matriz with respect to the basis B.

We wish to determine the basis B, and so the interpolation space S, such
that the interpolation problem (8.2) has for any set of interpolation points
X and function values fx a unique solution s from S, i.e., we require the
regularity of Vg x for any set of interpolation points X.

As we recall from our discussion in Chapter 5, especially in Section 5.3,
there is, according to the Mairhuber-Curtis theorem, Theorem 5.25, no non-
trivial Haar space S C %({2) on domains 2 C R containing bifurcations.
The negative result of Mairhuber-Curtis is in particular critical for the case of
multivariate domains. In other words, according to Mairhuber-Curtis, there
is for n > 2 no Haar system {s, ..., s, }, such that for any data vector fx the
interpolation problem fx = sx assuming an interpolant s € span{si, ..., s,}
is guaranteed to have a unique solution.

To further explain this dilemma, we refer to the characterization of Haar
spaces in Theorem 5.23. According to Theorem 5.23, for the unique solution
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of the interpolation problems (8.2) we need to work with a basis B whose
elements do necessarily depend on the interpolation points X. To construct
such data-dependent bases B = {s1,...,s,}, we choose the approach

s; = K(-,zj) for 1 <j<m, (8.4)

so that the j-th basis function s; € B depends on the j-th interpolation
point z; € X. In this approach, K : 2 x 2 — R in (8.4) denotes a suitable
continuous function, whose structural properties are discussed in the following
section.

Note that our assumption in (8.4) leads us, for a fixed set of interpolation
points X = {z1,...,z,} C {2 to the finite-dimensional interpolation space

Sx =span{K (-, z;)|z; € X} C €(£2),

from which we wish to choose an interpolant of the form
n
s:chK(-,xj). (8.5)
j=1

The solution of the interpolation problems fx = sx is in this case given by
the solution ¢ = (c1,...,c,)T € R™ of the linear equation system

Agx-c= [l

with the interpolation matriz Ax x = (K(2k, %;)), < <, € R™*™.

8.1.2 Lagrange Interpolation by Positive Definite Functions

For the sake of unique interpolation, in Problem 8.1, and with assuming (8.5),
the matrix A x must necessarily be regular. Indeed, this follows directly
from Theorem 5.23. In the following discussion, we wish to construct conti-
nuous functions K : 2 x 2 — R, such that Ag x is symmetric positive
definite for all finite sets X of interpolation points, in which case Ax x would
be regular. Obviously, the matrix Ax x is symmetric, if the function K is
symmetric, i.e., if K(z,y) = K(y,z) for all z,y € R? The requirement
for Ax x to be positive definite leads us to the notion of positive definite
functions. Since we allow arbitrary parameter domains 2 C R?, we will from
now restrict ourselves (without loss of generality) to the case 2 = R<.

Definition 8.2. A continuous and symmetric function K : R? x R — R
is said to be positive definite on R?, K € PDy, if for any set of pairwise
distinct interpolation points X = {x1,...,r,} C RY, n € N, the matriz

Ax x = (K(ok, 7j))1<jk<n € R™T, (8.6)

is symmetric and positive definite. O
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We summarize our discussion as follows (cf. Theorem 5.23).

Theorem 8.3. For K € PDy, let X = {z1,...,2,} CRY, forn € N, be a
finite point set. Then, the following statements are true.

(a) The matriz Ax x in (8.6) is positive definite.

(b) If s € Sx vanishes on X, i.e., if sx =0, then s = 0.

(¢) The interpolation problem sx = fx has a unique solution s € Sx of the
form (8.5), whose coefficient vector ¢ = (c1,...,c,)T € R™ is determined
by the unique solution of the linear system Ak x -c¢ = fx.

By Theorem 8.3, the posed interpolation problem, in Problem 8.1, has
for K € PDy a unique solution s € Sx of the form (8.5). In this case, for
any fixed set of interpolation points X = {x1,...,z,} C R? there is a unique
Lagrange basis {{i,...,{,} C Sx, whose Lagrange basis functions /;,
1 < j < n, are uniquely determined by the solution of the cardinal interpola-
tion problem

1 forj=k .
. = 0 = < <
li(xg) = 6k {0 for j % k forall 1 <j,k <n. (8.7)
Therefore, the Lagrange basis functions are also often referred to as cardinal
interpolants. We can represent the elements of the Lagrange basis {¢1,...,4,}
as follows.

Proposition 8.4. Let K € PDy and X = {x1,...,2,} C R Then, the
Lagrange basis {{1,...,0,} C Sx for X is uniquely determined by the solution
of the linear system

Ag x - 4(x) = R(z) for x € RY, (8.8)
where
U(z) = (L1(2),... . Lo(x)T € R™ and R(z) = (K(z,21),..., K(z,z,))T € R™.
The interpolant s € Sx satisfying sx = fx has the Lagrange representation

5(2) = (fx, £(2)), (8.9)

where (-,-) denotes the usual inner product on the Fuclidean space R™.
Proof. For x = x;, the right hand side R(z;) in (8.8) coincides with the j-th
column of Ak x, and so the j-th unit vector e; € R™ is the unique solution

of the linear equation system (8.8), i.e.,

Uzj)=e; €R"  foralll<j<n.
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In particular, ¢; satisfies the conditions (8.7) of cardinal interpolation.
Moreover, any Lagrange basis function ¢; can, by using ¢(z) = fll_(lxl%(:v)7
uniquely be represented as a linear combination

li(x) = E?AI_(}XR(CC) for1<j<n (8.10)

of the basis functions K(z,z;) in R(z), ie., {; € Sx for 1 < j < n.
From (8.10), we obtain, in particular, the stated representation in (8.8).
Finally, the interpolant s in (8.5) can, by using

s(x) = (¢, R(x)) = (Ax!x fx, R(x)) = (fx, Agx R(2)) = (fx, {(2)),

be represented as a unique linear combination in the Lagrange basis, where

n

s(a) =Y fl)l;()

j=1

and so we find the Lagrange representation, as stated in (8.9). |

8.1.3 Construction of Positive Definite Functions

In this section, we discuss the construction and characterization of positive
definite functions. To this end, we use the continuous multivariate Fourier
transform from Section 7.4.

But let us first note two simple observations. For K € PDy and X = {z},
for z € R4, the matrix Ak x € R is positive definite, i.e., K(z,z) > 0.
For X = {z,y}, with 2,y € R%, x # y, we have det(A x) > 0, whereby
K(z,y)* < K(z,2)K(y,y).

In our subsequent construction of positive definite functions we assume

K(z,y) = ®(x —y) for 2,y € R? (8.11)

for an even continuous function @ : R? — R, i.e., &(x) = &(—x) for all
x € R%. Important special cases for such @ are radially symmetric functions.

Definition 8.5. A continuous function ® : R? — R isradially symmetric
on R?, with respect to the Euclidean norm || - |2, in short, ® is radially
symmetric, if there exists a continuous function ¢ : [0,00) — R satisfying
&(x) = ¢(||z]|2) for all x € R,

Obviously, every radially symmetric function @ = ¢(|| - ||2) is even. In the
following discussion, we call @ or ¢ positive definite, respectively, in short,
® € PDy or ¢ € PDy, if and only if K € PDy.

We summarize our observations for K € PDy in (8.11) as follows.
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Remark 8.6. Let @ : R? — R be even and positive definite, i.e., ® € PDy.
Then, the following statements hold.

(a) @(0) > 0;

(b) |@(z)| < ®(0) for all x € R4\ {0}.

From now, we assume the normalization ¢(0) = 1. This is without loss of
generality, since for @ € PDy, we have a ® € PDy for any a > 0. g

Now let us discuss the construction of positive definite functions. This is
done by using the continuous Fourier transform

flw) = f(x)e o) dg for f € L'(R%).
Rd

The following fundamental result is due to Bochner! who studied in [8] posi-
tive (semi-)definite functions of one variable. We can make use of the Bochner
theorem in [8] to prove suitable characterizations for multivariate positive
definite functions.

Theorem 8.7. (Bochner, 1932).
Suppose that @ € %(Rd)ﬂgl (R%) is an even function. If the Fourier transform
& of @ is positive on R, & > 0, then & is positive definite on R?, & € PDy.

Proof. For @ € € (R%) N L' (RY), the Fourier inversion formula

&(x) = (2m) ¢ / B(w)e'™) dw

R4
holds (see Corollary 7.24). Moreover, & is continuous on R? (cf. our discussion
in Section 7.1). If @ > 0 on R%, then the quadratic form

2

n n
Ak xc= Z cicr®(z; —xp) = (27r)_d/ chei<””j’°"> P (w) dw
jk=1 Re 151

is non-negative for any pair (¢, X) of a vector ¢ = (c1,...,¢,)T € R” and a
point set X = {z1,...,2,} C R ie., T Ak xc > 0. If T Ak xc = 0, then
the symbol function

n
S(w) =8 x(w) = X:Cj(a“zj"*’> for w € RY
j=1

must vanish identically on R?, due to the positivity of @ on R%. By the linear
independence of the functions e!(*i»} we can conclude ¢ = 0 from S = 0 (see
Exercise 8.61). Therefore, we have ¢T Ax xc > 0 for all ¢ € R™\ {0} and
X Cc R? with |X|=n € N.

! SALOMON BOCHNER (1899-1982), mathematician
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Remark 8.8. We could also work with weaker assumptions on & € ¢ (R%)
in Theorem 8.7, if we merely require non-negativity b > 0, with & £ 0, for @.
But the somewhat stronger requirements for & in Theorem 8.7 are sufficient
for our purposes and, in fact, quite convenient in our following discussion. [J

By using Bochner’s characterization of Theorem 8.7, we can make three
examples for positive definite radially symmetric functions @.

Example 8.9. The Gauss function
P(x) = e lwl for x € R?
is for any d > 1 positive definite on R?, & € PDy, by Example 7.41, where
(w) = 72— lwlI3/4 S 0,
and so K(z,y) = exp(—||z — y||2) € PDy, according to Theorem 8.7. %

Example 8.10. The inverse multiquadric
o) = (1+]2)2) " for B>d/2

is positive definite on R? for all d € N. The Fourier transform of & is given
as

. 21-8 —d/2
B(w) = (2m) 2. annﬁ V2K ajo-p(Iwll2), (8.12)

where
K,(2) = / e o50(@) cosh(va) da for z € C with |arg(2)| < m/2
0

is the modified Bessel function of the third kind of order v € C. We decided to
omit the rather technical details concerning the Fourier transform ¢ in (8.12)
and its positivity, but rather refer to [72, Theorem 6.13]. &

Example 8.11. The radial characteristic functions

1—||z]9)? for [|z]l2 < 1
B(z) = (1 |lz]2)] = {( |(|) ) for Htz >1

of Askey [2] are for d > 2 positive definite on R<, provided that 3 > (d+1)/2.
In this case, the Fourier transform @ of @ can (up to some positive constant)
be represented as

b(s) = 5~ /2D /0 (s — )Pt T (4_9y o(t) dt > 0 (8.13)

for s = ||w||2, where
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0 (_1Yi(4/2)v 20
J,,(z)zjz_:o(j”p(y(_'_/?_’_l) for z € C\ {0}

is the Bessel function of the first kind of order v € C. Again, we decided to
omit the technical details concerning the Fourier transform & in (8.13). Fur-
ther details on the construction and characterization of these early examples
for compactly supported radial positive definite functions are in [37]. &

Now that we have provided three explicit examples for positive definite
(radial) functions, we remark that the characterization of Bochner’s theorem
allows us to construct even larger classes of positive definite functions. This
is done by using convolutions. Recall that for any pair f,g € L'(R?) of
functions, the Fourier transform maps the convolution product fxg € L' (R),

(f*g)(z / fz—y)g(y)dy for f,g € L'(R%)
to the product of their Fourier transforms, i.e.,

Fxg=1Ff-g  for f,ge L'\(RY)

by the Fourier convolution theorem, Theorem 7.14.
For g(z) = f*(z) = f(—x), we get the non-negative autocorrelation

Fefr=F-f=IfF  for feL'(RY).
This gives a simple method for constructing positive definite functions.

Corollary 8.12. For any function ¥ € L*(R%)\ {0}, its autocorrelation

B(z) = (T« 0*)(x) = / (x— y)¥(—y) dy

Rd
is positive definite, & € PDy.

Proof. For¥ e L'(R%)\{0}, we have & € L'(R%)\ {0}, and so @ € €(RY)\{0}.
Moreover, the Fourier transform & = |¥|2 of the autocorrelation ¢ = ¥ * ¥*
is, due to the Fourier convolution theorem, Theorem 7.43, non-negative, so
that @ € PDy, due to Remark 8.8. |

The practical value of the construction resulting from Corollary 8.12 is,
however, rather limited. This is because the autocorrelations %™ are rather
awkward to evaluate. To avoid numerical integration, one would prefer to
work with explicit (preferably simple) analytic expressions for positive defi-
nite functions @ = ¥ x ¥*.

We remark that the basic idea of Corollary 8.12 has led to the construc-
tion of compactly supported positive definite (radial) functions, dating back to
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earlier Gottingen works of Schaback & Wendland [62] (in 1993), Wu [74] (in
1994), and Wendland [71] (in 1995). In their constructions, explicit formulas
were given for autocorrelations @ = ¥xW* whose generators ¥ (z) = ¢(||z]2),
x € R, are specific radially symmetric and compactly supported functions
¥ : [0,00) — R. This has provided a large family of continuous, radially
symmetric, and compactly supported functions @ = ¥ % ¥* as they were
later popularized by Wendland [71], who used the radial characteristic func-
tions of Example 8.11 for ¥ to obtain piecewise polynomial positive definite
compactly supported radial functions of minimal degree. For further details
concerning the construction of compactly supported positive definite radial
functions, we refer to the survey [61] of Schaback.

8.2 Native Reproducing Kernel Hilbert Spaces

The discussion of this section is devoted to reproducing kernel Hilbert spaces
F which are generated by positive definite functions K € PDy. In particular,
for any fixed K € PDy, the positive definite function K is shown to be the
reproducing kernel of its associated Hilbert space F = Fg, whose structure
is entirely determined by the properties of K. Therefore, F is also referred
to as the native reproducing kernel Hilbert space of K, in short, native space.

To introduce F, we first define, for a fixed positive definite K € PDy, the
reconstruction space

S={seSx|X cR%|X]| < o0} (8.14)

containing all (potential) interpolants of the form
s(x) = chK(x,xj) (8.15)
j=1

for some ¢ = (c1,...,¢,)T € R™ and X = {zy,...,7,} CR%
Note that any s € S in (8.15) can be rewritten as

s(x) = sa(z) := MWK (x,y) for A = Z Cjlq; (8.16)
j=1

where 4, is the Dirac?® point evaluation functional, defined by 8, (f) = f(x),
and AY in (8.16) denotes action of the linear functional A on variable y.

2 PAUL ADRIEN MAURICE DIRAC (1902-1984), English physicist
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8.2.1 Topology of the Reconstruction Space and Duality

Now we consider the linear space
= A= Zc] =(c1,.. )T €RY, X ={21,...,2,} CRY,n €N

containing all finite linear combinations of §-functionals. We equip £ with
the inner product

nx Ny

Mg =N uYK(z,y) ZchdkK (xj,yk) for \,pe L, (8.17)
j=1k=1

for K € PDy, where

LN My
A= chdz]. eL and p= deéyk e L.

j=1 k=1

By || llx :== (- ~)}(/2, L is a Euclidean space. Likewise, via the duality relation
n (8.16), we can equip S with the inner product

(sx:8u)K == (A, )k for sx,s, €S (8.18)

and the norm || - ||k = (-, )1/2 Note that the normed linear spaces S and £
are isometric isomorphic, § 2 £, via the linear bijection A — sy and by the

norm isometry
IMlx = lIsallx for all A € L. (8.19)

Before we study the topology of the spaces £ and S in more detail, we first
discuss a few concrete examples for inner products and norms of elements in
L and S.

Example 8.13. For any pair of point evaluation functionals 6,,,6,, € L,
with 21,20 € R?, their inner product is given by
(020,02, = 03, 0%, K(x,y) = K(21, 22) = @(21 — 22).
Moreover, for the norm of any d, € £, z € R%, we obtain
18:1% = (6:,0) K = 620K (z,y) = K(2,2) = $(0) = 1,

with using the normalization @(0) = 1, as introduced in Remark 8.6. Likewise,

we have
(K(-,21),K(-,22))k = K (21, 22) = P(21 — 22) (8.20)

for all z1, 22 € R* and

|K(2) ||k =0:]lx =1 for all z € R%.
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To extend this first elementary example, we regard, for a fixed point set
X ={w1,...,2,} C R? the linear bijection operator G : R — Sy, defined
as

Gle) = chK(-,zj) = (¢, R(x)) for ¢ = (c1,...,¢c,)" € R™.  (8.21)

Proposition 8.14. For any X = {x1,...,7,} C R, we have
(G(c),G(d))k = (e, d) A x for all ¢,d € R",

where
(e,d)ay = c" Ak xd forec,d e R"

denotes the inner product generated by the positive definite matric Ax x. In
particular, G is an isometry by

IG@lx = lellaxx  forallceR,
1/2
where || - [lag.x = ()2 .

Proof. By (8.20), we have

n

(G(e),G(d)k = > cjdp(K (- a5), K(-,2x))k = " A xd = (e, d)a
jik=1

for all ¢ = (c1,...,c,)T € R* and d = (dy,...,d,)T € R™. [ ]
The result of Proposition 8.14 leads us to the dual operator of G.

Proposition 8.15. For any finite point set X = {x1,...,1,} C R%, the dual
operator G* : Sx — R™ of G in (8.21), characterized by the relation

(G(e),s)k = (¢, G*(s)) for c € R™ and s € Sx, (8.22)

is given as
G*(s) = sx for s € Sx.

Proof. Note that for any s € Sx, there is a unique d € R” satisfying G(d) = s,
so that we have

(G(C)vs)K = (G(C)a G(d))K = <Cv d>AK,X = <C’ AK7Xd> = <Cv SX>
for all ¢ € R™, in which case the assertion follows directly from (8.22). ]

Next, we compute inner products and norms for the Lagrange basis func-
tions f1,..., ¢, of Sx. The following proposition yields an important result
concerning our subsequent stability analysis of the interpolation method.
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Proposition 8.16. For X = {z1,...,x,} C R%, the inner products between
the Lagrange basis functions {; € Sx satisfying (8.7) are given as

(4, le) i = aj_kl forall1 < j, k <mn,
where A;(’IX = (a;kl)lgj,kgn € R™*". In particular, the norm of £; € Sx is
14;11% = aj;' forall1<j <n.

Proof. The representation of the Lagrange basis functions ¢; in (8.10) yields

(4, o)k = e?A;(}XAK,XA;(,IXek = ejTA;(TXek = Qi
forall 1 < j,k <n. |

From Example 8.13 and Proposition 8.16, we see that the matrices

Ax x = (02500, ) K )1<jk<n € RTX"

AI_(,lX = ((45, k) K )1<jk<n € R™"

are Gramian, i.e., the entries of the symmetric positive definite matrices Ag x
and A]_(lx are represented by inner products, respectively.

8.2.2 Construction of the Native Hilbert Space

In this section, we introduce the native Hilbert space F = Fg of K € PDy.
To this end, we perform a completion of the Euclidean space S. On this
occasion, we recall the general concept of completion for normed linear spaces
from functional analysis. But we decided to omit the proofs, where we rather
refer to the more general discussion in [33, Appendix B]. The following result
can, for instance, be found in [33, Corollary 16.11].

Theorem 8.17. (Completion of normed linear spaces). Let S be a
normed linear space. Then, S is isometric isomorphic to a dense subspace
of a Banach space F, which is, up to norm isomorphy, unique. The Banach

space F is called completion of S, in short, F = S. O

The concept of completion can, obviously, be applied to Euclidean spaces:
For any Euclidean space S in (8.14), there is a unique (up to norm isomorphy)
Hilbert space F, which is the completion of & with respect to the Euclidean
norm ||-||x, i.e., F = S. Likewise, for the dual space £ of S, there is a unique
(up to norm isomorphy) Hilbert space D satisfying D = L.

By the norm isomorphy in (8.19) and by the continuity of the norm || - || x,
we obtain another important result, where we extend the linear bijection

A — sy between £ and S to D and F.
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Proposition 8.18. The Hilbert spaces D and F are isometric isomorphic,
D=F,
via the linear bijection A — sy and by the norm isometry
IMlx = llsallx ~ forall A €D.
|

Remark 8.19. Any functional p € D is continuous on the Hilbert space F
by the Cauchy-Schwarz inequality

ln(sx)| = [ MWK (2, y)| = [(1, M| < llplle - 1M = llpllx - [lsallx-

In particular, any point evaluation functional 6, € £, x € R?, is continuous
on F, since we have

102 ()] < W0l - 1fllx = [l forall feF,
where 0]k =1 (see Example 8.13). O

Resorting to functional analysis, we see that F is a reproducing kernel
Hilbert space. But let us first recall some facts about reproducing kernels [1].

Definition 8.20. Let H denote a Hilbert space of functions f : R? — R,
with inner product (-,-)y. Then, a function K : R x R* — R is said to be
a reproducing kernel for H, if K(-,x) € H, for all z € RY, and

(K(,z), fl)m = f(z) for all f € H and all x € R™.

O

Next, we prove an important result concerning the characterization of
reproducing kernel Hilbert spaces. To this end, we rely on the representation
theorem of Fréchet’-Riesz*, giving another standard result from functional
analysis, which can be found, for instance, in [33, Section 8.3].

Theorem 8.21. (Fréchet-Riesz representation theorem). Let H be a
Hilbert space. Then, there is for any bounded linear functional ¢ : H — R
a unique representer u, € H, satisfying

o(u) = (up, u)y for allu € H.

The mapping ¢ — u,, is linear, bijective and isometric from H' onto H. O

3 MAURICE RENE FRECHET (1878-1973), French mathematician
* FricyEs Riesz (1880-1956), Hungarian mathematician
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Theorem 8.22. A Hilbert space H of functions f : R — R has a repro-
ducing kernel, if and only if all point evaluation functionals 6, : H — R,
for x € R, are continuous on H.

Proof. Suppose K is a reproducing kernel for 7. Then, by the estimate

162() = [f(@)] = [(K( ), Iml < NKC @) [ fllne for e RY

any point evaluation functional J, is bounded, and so continuous, on H.

As for the converse, suppose that all point evaluation functionals d,, are
continuous on H. Then, due to the Fréchet-Riesz representation theorem,
Theorem 8.21, there is, for any 2 € R?, a unique function k, € H satisfying

f(@) =62(f) = (ka, fln for all f € H,
and so the function K(-,z) := k, is a reproducing kernel for H. |

Remark 8.23. A reproducing kernel K for #H is unique. Indeed, if K is
another reproducing kernel for H, then we have

(K(-,z), )n = f(x) for all f € H and all z € RY,
For k, := K(-,z) and k, := K(-,z) this implies

(ky — kg, f)n =0 for all f € H and all z € RY,

and so ky = ky, i.e., K = K. O

8.2.3 The Madych-Nelson Theorem

Now we are in a position where we can show that the positive definite function
K € PDy is the (unique) reproducing kernel for the Hilbert space F = F.
To this end, we rely on the seminal works [45, 46, 47] of Madych and Nelson.

Theorem 8.24. (Madych-Nelson, 1983).
For any dual functional A € D, we have the representation

M) =K (Ly), ik forall f € F. (8.23)
Proof. For A € £ and s, = p K (-,y) € S the representation
WK y),sp)k = (Sxsp)kx = (A )k = A" p K(z,y) = A(s,)  (8.24)

holds, with the inner products (-,-)x : LX L — Rand (-, )g : SxS — R
in (8.17) and in (8.18). By continuous extension of the representation (8.24)
from £ to D and from S to F we already obtain the statement in (8.23). W

From the result of Theorem 8.24, we note the following observation.
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Remark 8.25. Any dual functional A € D is, according to (8.23) and in the
sense of the Fréchet-Riesz representation theorem, Theorem 8.21, uniquely
represented by the element sy = AWK (-, y) € F. O

Now we can formulate the central result of this section.

Corollary 8.26. FEvery positive definite function K € PDy is the unique
reproducing kernel of the Hilbert space F = Fg generated by K.

Proof. On the one hand, we have, for §, € £ , € R%, the representation
SUK(y)=K(,z)€F for all z € RY.
On the other hand, by letting A = J, € £ in (8.23), we obtain
(K(-,2), f)x = f(x) for all f € F and all x € R,

Therefore, K is the reproducing kernel of F according to Definition 8.20. H

Another useful consequence of the Madych-Nelson theorem is as follows.
Corollary 8.27. Every function f € F is continuous on R?, F C €(R?).
Proof. Recall that we assume continuity for K € PD,. Therefore, by

|f(@) = f)l = [(K(2) = K( ), Nl < 1 fllx - 1KG ) = K(L )l

for f € F, and by

1K () = K(y)ll%
= (K('vx)’K('7x))K - 2(K(~,1‘),K(-,y))[( + (K('7y)7K('ay))K
= K(m,x) - QK(.’E,y) +K(y7y)

(cf. Example 8.13) we see that every f € F is a continuous function. ]

8.3 Optimality of the Interpolation Method

In this section, we prove further results that directly follow from the Madych-
Nelson theorem, Theorem 8.24. As we show, the proposed Lagrange interpo-
lation method is optimal in two different senses.

8.3.1 Orthogonality and Best Approximation

The first optimality property is based on the Pythagoras theorem.
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Corollary 8.28. For X = {x1,...,2,} CR?, F can be decomposed as
F=8x®{feF|fx=0}, (8.25)

where Sy = {f € F| fx = 0} is the orthogonal complement of Sx in F.
For f € F and the unique interpolant s € Sx to f on X satisfying
sx = fx, the Pythagoras theorem holds, i.e.,

IF1I% = sl +1f = sll%- (8.26)

Proof. For f € F, let s € Sx be the unique interpolant to f from Sx

satisfying sx = fx. Then, s can, according to (8.16), be represented as

s = AVK(-,y), for some dual functional A € £ of the form A = Z?:l 0z, -
By the Madych-Nelson theorem, Theorem 8.24, we have

(s,9)k =0 forall g € F with A(g) =0,
i.e., s is perpendicular to the (algebraic) kernel of A\, and so the implication
gx =0 = g1 S8x

holds. But this implies f —s 1 Sx, or f —s € Sx, since (f —s)x = 0.
Therefore, the stated decomposition with the direct sum in (8.25) holds by

f=s+(f—s)cSx®Sx
and, moreover,
1% = 11f —s+sl% = If = slli +2(f =5, 8)x + lIslli = I|If = sl% + lIsll%,
whereby the Pythagoras theorem (8.26) is also proven. |

By the result of Corollary 8.28, we can identify the unique interpolant
s* € Sx to f on X as the orthogonal projection of f onto Sx. Therefore, the
interpolant s* is, according to Remark 4.2, the unique best approximation
to f from Sx with respect to (F, || - ||x) . Note that the projection operator
s, : F — Sx, f — s, satisfies the property

f—Hs f=(I-Ms)(f) LSx  forall feF,

so that the operator I — IIs, : F — Sy maps, according to the decom-
position in (8.25), onto the orthogonal complement Sy C F of Sx in F.
The linear operator I — IIs, is also a projection operator (cf. our general
discussion on orthogonal projections in Section 4.2).

We summarize our observations as follows.
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Corollary 8.29. For f € F and X = {x1,...,2,} C R? the unique inter-
polant s* € Sx to f on X, s% = fx, satisfies the following properties.

(a) s* is the unique orthogonal projection of f € F onto Sx.
(b) s* is the unique best approzimation to f € F from Sx w.r.t. | - | k-

[
Moreover, Corollary 8.28 implies that the interpolant has minimal variation.

Corollary 8.30. For X = {x1,...,2,} C R? and fx € R", the interpolant
s € Sx satisfying sx = fx is the unique minimizer of the energy functional
|| - llx among all interpolants from F to the data fx, i.e.,

Isllx < llgllx for all g € F with gx = fx.
The interpolant s is uniquely determined by this variational property. |

Now we analyze to stability of the proposed interpolation method. To
this end, we compute the norm of the interpolation operator Ix : ¥ — Sx,
which maps every f € F to its unique interpolant s € Sx satisfying fx = sx.
On this occasion, we recall the definition for the norm of linear operators,

which is in particular for Iy : F — S with respect to || - ||k given as
I
xls = sup x7le
rervoy Ifllx
Theorem 8.31. For X = {z1,...,7,} C RY, the native space norm ||Ix| x

of the interpolation operator Ix : F — Sx is one, i.e.,
x|k = 1.
Proof. The variational property in Corollary 8.30 implies
IIx fllx < | fllx  forall feF, (8.27)

and so ||[Ix |k < 1. Due to the projection property Ixs = s, for all s € Sy,
equality in (8.27) is attained at any s € Sx, i.e.,

Hxsllx = sk for all f € Sx,
and therefore we have || Ix||x = 1. [
The above result allows us to draw the following conclusion.

Remark 8.32. By the stability property (8.27) in Theorem 8.31, the pro-
posed interpolation method has minimal condition number w.r.t. || - ||x. O
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8.3.2 Norm Minimality of the Pointwise Error Functional

The second optimality property of the proposed interpolation method is con-
cerning the pointwise error

e.(f) = f(z) — s(z) for z € R? (8.28)

between f € F and the interpolant s € Sx to f on X satisfying sx = fx.
By the Lagrange representation of s in (8.9), the pointwise error functional
gy F —> [0,00) can be written as a linear combination of d-functionals,

n

r =0, — Y ()0, =6, — U(x)"6x € L, (8.29)
where §x := (0, - -,0z,)T. Moreover, we use the notation
()T R(x) = Zﬂj( (x, ) ZE )oY K (2,y) = (6I7£T(a:)5X)K

The pointwise error £,(f) in (8.28) is bounded above as follows.

Corollary 8.33. For f € F and X = {x1,...,2,} CR?, let s € Sx be the
unique interpolant to f on X satisfying sx = fx. Then, for the pointwise
error €, (f) in (8.28) the estimate

lea (D] < Nleallx - I1f 15 (8.30)
holds, where the norm |leg||k of the error functional can be written as
leal% =1 — @) Arexcl(z) = 1 — [€@)|f (8.31)
by using the positive definite matriz Ax x in (8.6), so that
0<|lesllxr €1 for all z € R%. (8.32)
The error estimate in (8.30) is sharp, where equality holds for the function
fo=€YK(-,y) € F. (8.33)
Proof. By the Madych-Nelson theorem, Theorem 8.24, we have
eo(f) = (K(y), )k forall f € F, (8.34)

so that (8.30) follows directly from (8.34) and the Cauchy-Schwarz inequality.
We compute the norm of the error functional €, in (8.29) by
leal% = (ear62) i = (62 — £(2)T0x, 00 — £(2)T0x) i
=1-20(x)"R(z) + l(z)" A xl(z) = 1 — £(x)T Ak x{(2),
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(cf. Example 8.13), where we use the representation in (8.8). The upper bound
for |lez||x in (8.32) follows from the positive definiteness of Ag x.
Finally, for the function f, in (8.33) equality holds in (8.30), since we get

|€T(fr)‘ = ‘(5gK(7y);fx)K‘ = (fr;fz)K = (emasm)K = ||595||K : ”fI”K
from the Madych-Nelson theorem, and so the estimate in (8.30) is sharp. W

Finally, we show the pointwise optimality of the interpolation method.
To this end, we regard quasi-interpolants of the form

se=0"fx = ;f(z)) for £ = (¢4,...,0,)" € R"

j=1

along with their associated pointwise error functionals

el =6, = 6, =6, —(Tox €L for z € R%. (8.35)

j=1
For the norm ||e§f) ||k we have, like in (8.31), the representation
e 1% =1 — 20T R(z) + (T Ak x L.

Now let us minimize the norm ||€§3z)|| i under variation of the coeflicients
¢ € R™. This leads us directly to the unconstrained optimization problem

|15 = 1= 20" R(x) + €7 Age x ! — min! (8.36)

whose unique solution is the solution to the linear system Ax x¢ = R(x).
But this already implies the pointwise optimality, that we state as follows.

Corollary 8.34. Let X = {z1,...,z,} C R? and x € R%. Then, the point-
wise error functional €, in (8.29) is norm-minimal among all error func-
tionals of the form (8.35), where

leallxe < 1€k for all £ € R™ with Ag x{ # R(x),

i.e., €5 18 the unique solution to the optimization problem (8.56). |

8.4 Orthonormal Systems, Convergence, and Updates

In this section, we discuss important numerical aspects of the interpolation
method. First, we construct countable systems {u;}jen C S of orthonormal
basesin S C F, in short, orthonormal systems. On this occasion, we recall our
discussion in Sections 4.2 and 6.2, where we have already explained important
advantages of orthonormal systems. In particular, orthonormal systems and
their associated orthogonal projection operators II : F — S lead us to
efficient and numerically stable approximation methods.
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8.4.1 Construction of Orthonormal Systems

Our following construction of orthonormal systems in & C F relies on a fa-
miliar result from linear algebra, the spectral theorem for symmetric matrices.

Proposition 8.35. For X = {xy,...,2,} C R?, let
Agx =Q"DQ

be the eigendecomposition of the symmetric positive definite kernel matriz
Ag x € R™*™ in (8.6), with an orthogonal factor @ € R™*™ and a diagonal
matriz D = diag(oy,...,0,) € R™™ ™ whose elements o1 > ... > o, > 0 are
the positive eigenvalues of Ak x. Then, the functions

uj(zr) = e;D_l/zQ - R(x) for1<j<mn (8.37)

1/2 71/2)

12 = diag(o;, /7. .. 00

form an orthonormal basis of Sx, where D

Proof. By the representation in (8.37), for R(z) = (K(z,z;))1<j<n € R,
any u; is being expressed as a linear combination of the basis functions
{K(,z;)}}-; C Sx, and so u; € Sx. By Proposition 8.14, we obtain the
orthonormality relation

(uj, up)x = eer_l/QQAK,XQTD_l/Qek = (ej, ex) = Ok
forall 1 < j,k <n. u

Now we develop for s, § € Sx useful representations of their inner products
(s,5)k and norms ||s|| k. To this end, we work with the inner product

{c, d>A}1x = cTA;(?Xd for ¢,d € R",

which is generated by the positive definite inverse AI_(}X of Ak x.
Proposition 8.36. For X = {x1,...,2,} C R?, we have the representations

(s,8) K = <3X’5X>A;(}X (8.38)

lsllie = llsxllazs, (8.30)
for all s,5 € Sx.
Proof. For s,5 € Sx we have the Lagrange representations
n n
s(x) = (sx, Zs () and 3(z) = (5x,¢ Z S(x )l (x
j=1 k=1

according to (8.9) in Proposition 8.4. From this and Proposition 8.16, we get

n

Z s(xj)8(xk) (), b))k = Z s(xj)é(a:k)a;kl = <SX’§X>A?<1;<’

J,k=1 J,k=1

and so (8.38) holds. For s = 5 in (8.38), we have (8.39). [ ]
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8.4.2 On the Convergence of the Interpolation Method

In this section, we develop rather elementary convergence results for the
proposed kernel-based interpolation method. We use the following notations.
By X we denote a finite set of pairwise distinct interpolation points, where we
further assume that X is contained in a compact domain 2 C R?,i.e., X C £2.
Moreover, we denote by sy x € Sx the unique interpolant to f: 2 — R on
X, where we assume that the function f is contained in the linear subspace

Fo =span{K(-,y)|lye 2} C F

ie., f € Fp. Finally,
hX_’_Q i= sup minHyf:EHQ (840)
yezeX

is the fill distance of the interpolation points X in the compact set f2.
In the following discussion, we analyze for a nested sequence

XicXoCcXgCc...cX,C...Cc 2 (8.41)

of (finite) point sets X,, C 2, for n € N, the asymptotic behaviour of the
minimal distances

nx(f,Sx,) = ls.x, — fllx = Jnf s — fllx for f € Fo  (8.42)
S Xn

for n — oo. Moreover, we work with the (reasonable) assumption
hx, 0o\ 0 forn— oo (8.43)

concerning the asymptotic geometric distribution of the interpolation points
X,,. Under this assumption, we already obtain our first convergence result.

Theorem 8.37. Let (X,)nen C 2 be a nested sequence of interpolation
points, as in (8.41). Moreover, suppose that the associated fill distances hx,, o
have asymptotic decay hx, o \« 0, as in (8.43). Then, we have, for any
f € Fo, the convergence

nx(f,Sx,) = lIsy.x, — flgk — 0 forn — oo.

Proof. Suppose y € (2. Then, according to our assumption in (8.43) there is
a sequence (Z,)nen C {2 of interpolation points z,, € X, satisfying

ly — znlla < hx, 0 — 0 for n — occ.
Moreover, we have

Mic(K(y),8x,) <K 20) = K( )% =2 = 2K(y,2,) — 0

for n — oo, due to the continuity of K and the normalization K(w,w) = 1.
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Now for Y = {y1,...,yn} C 2 and ¢ = (cy,...,cn)T € RN we consider
the function
N
fc,Y = ZCjK(',yj) c Sy C Fo.
=1

Foranyy; € Y,1 < j < N, we take a sequence (x%j))neN C £2 of interpolation

points x(j )
functions

€ X, satisfying ||y, — ng)||2 < hx, .. Moreover, we consider the

ZCK 0 e Sx, for n € N.

Then, we have

N
K (fey Sx,) < Isen — fex |k = Z (K2 = K(y))

K

2

Z |- 1K g))*K('ayj)||K—>0 for n — oo.

This proves the convergence for the dense subset
Sa = 1{fuy €Sy ||Y] < 5} C Fo
By continuous extension, we finally obtain the stated convergence on Fp,. B

We remark that the proven convergence in Theorem 8.37 can be arbitrarily
slow. Indeed, for any monotonically decreasing zero sequence (1, )nen of non-
negative real numbers, i.e., 1, \, 0 for n — oo, there is a nested sequence of
point sets (X, )neny C §2, as in (8.41), and a function f € F, satisfying

x(f,Sx,) > mn for all n € N.

For the proof of this statement, we refer to Exercise 8.64.

Nevertheless, we can prove convergence rates for norms that are weaker
than the native space norm || - || k. To make a prototypical case, we restrict
ourselves to the maximum norm || - ||o (cf. Exercise 8.62). On this occasion,
recall that any function f € F is continuous, according to Corollary 8.27. In
particular, we have Fp C €(2), and s0 || - ||oo is well-defined on Fy;.

For our next convergence result we require the following lemma.

Lemma 8.38. Let K(x,y) = &(x —y) be positive definite, K € PDy, where
& : RY — R is even and Lipschitz continuous with Lipschitz constant L > 0.
Then, we have, for any f € Fg, the estimate

[f () = F(y)I* <2Lllz —yll2 - | I forall z,y € £2.



8.4 Orthonormal Systems, Convergence, and Updates 297
Proof. Suppose f € Fq, satisfies || f||x = 1 (without loss of generality). Then,

|f(z) = FW)? = (£, D(- —2) = D(- — ) k|* < |B(- — ) — (- — y)lI%
=20(0) — 20(z — y) < 2Lz — yll2,

where we use the reproduction property of K in F,. |
Lemma 8.38 immediately implies the following error estimate.

Theorem 8.39. Let K(x,y) = &(x—y) be positive definite, K € PDy, where
& : RY — R is even and Lipschitz continuous with Lipschitz constant L > 0.
Moreover, let X C £2 be a finite subset of 2 C R%. Then, we have, for any
f € Fon, the error estimate

Is7.x = flloo < v2Lhx, 02 - || fllxc-

Proof. Suppose y € {2. Then, there is some = € X satisfying |ly—z||2 < hx 0.
Then, from Lemma 8.38, and by (s, x — f)(z) = 0, we can conclude

((sf.x — W)> <2Lhx .o - |1 fIl% for all y € £2,

where we use the estimate ||s¢x — fllx < | fllx- [ ]
From Theorem 8.39 we finally obtain our next convergence result.

Corollary 8.40. Let K(z,y) = ®(x — y) be positive definite, K € PDy,
where & : R* — R is even and Lipschitz continuous with Lipschitz constant
L > 0. Moreover, let (X,)nen C {2 be a nested point set of interpolation
points, as in (8.41). Finally, assume for the associated fill distances hx, o the
asymptotic decay hx, o \ 0, as in (8.43). Then, we have, for any f € Fq,
the uniform convergence

Isf,x, = flla =0 (h;/fg) forn — co

at convergence rate 1/2. |

We remark that we can, under more restrictive assumptions on @ € PDy,
prove convergence rates that are even higher than those in Corollary 8.40.
For a prototypical case, we refer to Exercise 8.66.

8.4.3 Update Strategies

Now we develop update strategies for the proposed interpolation method. To
further explain this task, let us regard a set X, = {z1,...,2,} C R? of
n € N pairwise distinct points. In this case, one update step is initiated by
adding a new point x,,,1 € R%\ X,, to X,,. Typically, the insertion of z,, 1
is motivated by the purpose to improve the quality of the approximation to
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f € F (according to our discussion in Section 8.4.2). When adding a new
point 41, this leads by

Xnt1:=Xn U{zps1} forneN (8.44)

to an updated set of interpolation points X,, ;1. Note that the update of X,
in (8.44) yields one additional interpolation condition

S(xn-i-l) = f(xn-i-l)

in Problem 8.1, and so this requires an update for the interpolation method.
But we essentially wish to use the data of the interpolant s, € Sx, of f
on X,, sx, = fx,, to efficiently compute the new data for the interpolant
Sp+1 € Sx,,,, of fon Xpy1, $x,.1 = fx.,.- Any method which performs
such an efficient update for the relevant data is called an update strategy.
By iteration on the update step, we obtain, starting with an initial point
set X1 = {x1}, for some z; € R%, a nested sequence

XicX,CcX3C...C X, CR? (8.45)

of subsets X}, containing |Xy| = k interpolation points each. Moreover, two
subsequent point sets X C Xy differ only about the point x4 1, so that

{Zr41} = X1 \ Xk for1<k<n-1.

Now we discuss the performance of selected update strategies. We begin
with updates on the Lagrange bases. On this occasion, we introduce another
orthonormal system for S C F.

Theorem 8.41. Let (X,,)_; be a nested sequence of point sets of the
form (8.45). Moreover, let £0™) = {Egm)7...,£%n)} C Sx,, be their corres-
ponding Lagrange bases, for 1 < m < n, satisfying

ﬁg-m)(:vk) =0k for1 <4,k <m.

Then, the sequence
AL

n
of the leading Lagrange basis functions forms an orthogonal system in Sx,,,
where
(Egj),€,(€k))1(:5jk~a;kl for1<j,k<n
with the diagonal entries a,;kl of the inverse A;(}Xk of Ax x,, 1 <k <n.
Proof. We distinguish two cases.
Case 1: For j = k the statement follows from Proposition 8.16.

Case 2: Suppose j # k.
Assuming j < k (without loss of generality), we have

0 (2;) =0 for all z; € X; C X,

ie., E,(f) L Sx;. In particular, (El(f),fgj))]( =0. |



8.4 Orthonormal Systems, Convergence, and Updates 299

Next, we develop update strategies for the Cholesky® decomposition of
the symmetric positive definite interpolation matrix Ax x in (8.6). To this
end, we describe one update step, starting with X,, = {z1,...,z,}. In the
following discussion, it is convenient to use the abbreviation A, := Ag x,,.

Now our aim is to efficiently compute the coefficients

cnt1) (an+1)’ o cglvfll))T c R+
of the interpolant
n+1
1
Spt1 = Zc§”+ K (-, 2;) € Sxi
j=1

to f on X, 11 via the solution to the linear system
An+1c(n+1) = an+1

from the coefficients ¢™ € R™ of the previous interpolant s, € Sx, to f
on X,. On this occasion, we recall the Cholesky decomposition for sym-
metric positive definite matrices, which should be familiar from numerical
mathematics (see e.g. [57, Theorem 3.6]). But let us first introduce lower
unitriangular matrices.

Definition 8.42. A lower unitriangular matrix L € R™*" has the form

1
lo1 1
L= |l31l32 1

i.e., we have lj; =1 for the diagonal entries of L, 1 < j < n, and vanishing
entries above the diagonal, i.e., lj, =0 for all1 < j <k < n. O

Theorem 8.43. Every symmetric positive definite matriz A has a unique
factorization of the form

A=LDL" (8.46)
with a lower unitriangular matriz L and a diagonal D = diag(ds,...,d,)
with positive diagonal entries dy,...,d, > 0. g

For a diagonal matrix D = diag(dy, . ..,d,) with positive diagonal entries,

we let D'/2 := diag(v/dy,...,\/d,), so that D'/? . D/2 = D. Now we can
introduce the Cholesky decomposition.

® ANDRE-LoUIS CHOLESKY (1875-1918), French mathematician
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Definition 8.44. For a symmetric positive definite matriz A in (8.46), the
unique factorization -
A=LL"
with factor L := L - DY/?, is called the Cholesky decomposition of A. ()
Now we can describe the Cholesky update. We start with the Cholesky

decomposition o
A, =L,LY (8.47)

of A, = Ak, x,. When adding one interpolation point x,,11 € R¢ \ Xp, to X,
we wish to determine the Cholesky decomposition of A,y := Ak x, ., for
the interpolation points X,,+1 = X, U {zp4+1}. To this end, we can use the
Cholesky decomposition of A, in (8.47). In the following discussion, we let
Ln:=L, Dy/?forneN.

Theorem 8.45. For X,, = {z1,...,z,} C RY, let A,, = Ak x, be the inter-
polation matriz in (8.6), whose Cholesky decomposition is as in (8.47). Then,
for A1 = Ak x,1» Xng1 = Xn U{znq1}, the Cholesky decomposition

Apy1 =Ly L, (8.48)
is given by the Cholesky factor
[ L. | 0
n+l = SgD;lﬂ‘(l B S;fD;lSn)l 2

i

€ R DX (n+1) (8.49)

where S, € R™ is the unique solution of the triangular system L,S, = R,,
for Ry, := R(zpi1) = (K(21,Zng1)s - K(Tp, 20q1))T € R™.

Proof. The matrix A, 1 has the form

An R
An+1 = |:R§ 1n:|
and, moreover, the decomposition
[ L. [0] [Da] 0 LT|D;'S,
e = {SnD; 1] | [ 0 I—SED#SJ | [ of 1 (520

holds, as we can verify directly by multiplying the factors.

Now note that the three matrix factors on the right hand side in (8.50)
have the required form of the unique decomposition A, 11 = Ly 41 Dpi1 LY 11
for A, 41, according to Theorem 8.43. Therefore, we have in particular

L 0 n "
Ln+1 = {FT#‘T] ER( +1)x(n+1)

and D,y = diag(dy,...,d,,1 - SI'D;1S,) € RIr+x(n+1),
But this immediately yields the Cholesky decomposition in (8.48) with

the Cholesky factor L1 = Ly41 - D,ll/fl, for which we can verify the stated
form in (8.49) by multiplying the factors. [ ]



8.4 Orthonormal Systems, Convergence, and Updates 301

Now let us discuss the computational complexity of the Cholesky update.
Essentially, we need to determine the vector Sy, in (8.49), which can be com-
puted by forward substitution as the solution of the triangular system in
O(n?) steps. This allows us to compute the required entries in the last row
of the Cholesky factor L, in (8.49) in O(n) steps. Altogether, we only re-
quire at most O(n?) steps for the Cholesky update. In contrast, a complete
Cholesky decomposition of A, 1 without using the Cholesky factor L, of A,
costs O(n?) floating point operations (flops).

We compute the coefficients ¢("+1) = (c&"H), o, TINT € RPHL of the
interpolant
n+1
1
Spt+1 = Zc§-n+ )K(~,:1cj) € Sx,,
j=1

to f on X, 11 via the solution of the linear equation system

Apyr Y = fy (8.51)

n+1
efficiently as follows. To this end, we assume the coefficients ¢(™ € R™ of
the previous interpolant s, € Sx, to f on X, to be known. Moreover, we
employ the Cholesky decomposition 4,11 = Enﬂif 41 of Ap11 to compute
the solution ¢t € R"+! of (8.51) in two steps. This is done as follows.

(a) Solve the system L4 d™t!) = fx,4, by forward substitution.
(b) Solve the system LT, ,c("+D) = ("1 by backward substitution.

Computational methods for solving (a) and (b) should be familiar from
numerical mathematics. The numerical solution of the triangular systems
in (a) and (b) require O(n?) flops each. But we can entirely avoid the com-
putational costs in (a). To this end, we take a closer look at the two systems
in (a) and (b).

The system in (a), L,11d™+Y) = fx ., has the form

L, | 0 d™ _{ Ix., ]
SgDr?l/z‘(lngDﬁlsan dT V| @) ]

Note that we have already determined the solution d™ e R™ of the
triangular system L,d(™ = fx,, with the computation of the interpolant s,,
whereby we obtain the last coefficient in d(»*1) by

1) _ F@ns1) = STD 2™

dn
+1 (1 B Snglsn)l/Q

(8.52)

But we can avoid the computation of the entry df:fll) in (8.52). To see
this, we consider the system in (b), LT, ¢tV = d("+1) which has the form
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Lr|  Dp.'s, ey _ | d™
S R

0[(1-81D,5,)" a7

For the last coefficient in ¢(™*1)| we have the representation

n+1 — n
gy i fani) - ST
" (1-sTD;ts,) L-SID.'S,

For the computation of the remaining n coefficients in ¢("*t1) we apply back-
ward substitution. But in this case, the entry dnrfll) (8. 52) is not needed.
Therefore, we require for the substitution in (a) no computational costs at

all, while the backward substitution in (b) costs altogether O(n?) flops.

8.5 Stability of the Reconstruction Scheme

In this section, we analyze the numerical stability of the kernel-based inter-
polation method. To this end, we first prove basic stability results, before we
discuss the conditioning of the interpolation problem. The investigations of
this section are motivated by the wavelet theory on time-frequency analysis,
where the concept of Riesz stability plays an important role.

8.5.1 Riesz Bases and Riesz Stability

For the special case of kernel-based interpolation from finite data, we can
characterize Riesz bases in a rather straightforward manner: For a finite set
X = {z1,...,2,} C R? of pairwise distinct interpolation points, the basis
functions Bx = {K(,x;)}}_; C Sx are (obviously) a Riesz basis of Sx,
where we have the Riesz stability estimate

2

Tmin(Ax x)llc]3 < ch < Tmax(Axe x)ell3 (8.53)
K

for all ¢ = (e1,...,¢,)T € R, whose Riesz constants are determined by the
smallest eigenvalue omin(Ak x) and the largest eigenvalue opax(Ak, x) of
Ak x. Indeed, according to Proposition 8.14, we have for G : R* — Sx
n (8.21),

the representation

IG5 = HC||,24K,X = CTAK,XC for all ¢c € R".
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Therefore, the stated Riesz stability estimate in (8.53) holds by the Courant®-
Fischer” theorem, which should be familiar from linear algebra. In fact, ac-
cording to the Courant-Fischer theorem, the minimal eigenvalue oy, (A) and
the maximal eigenvalue 0.y (A) of a symmetric matrix A can be represented
by the minimal and the maximal Rayleigh® quotient, respectively, i.e.,

Omin(A) = min {e, Ac) and  opax(A) = max <C’AC>.
ceRm\{0} (c,c) ceRm\{0} (¢, c)

By Theorem 6.31, any Riesz basis B has a unique dual Riesz basis B.
Now let us determine the dual Riesz basis of Bx = {K (-, z;) -1 C Sx. To
this end, we rely on the results from Section 6.2.2. By Theorem 6.31, we can
identify the Lagrange basis of Sx as dual to By, i.e., Bx = {1,...,0,} C Sx.

Theorem 8.46. For any point set X = {x1,...,2,} C R%, the Lagrange
basis Bx = {{;}}_, is the unique dual Riesz basis of Bx = {K(-,x;)}7_;. In
particular, the orthonormality relation

(K (- 25), le) ik = O (8.54)
holds, for all 1 < j, k < n. Moreover, the stability estimates
2
O (A x) 1 fx |13 < Zf (@)l | < omin(Ar x) I fx 3, (8.55)
K

hold, for all fx € R™, and, we have

Tmin(Ar,x)IslFc < [5x 113 < omax (Ar,x)1sll% (8.56)
for all s € Sx.

Proof. The orthonormality relation in (8.54) follows from the reproduction
property of the kernel K, whereby

(K(',Ij),fk)]( = ék(l‘j) = 0jk for all 1 < j,k <n.

Due to Theorem 6.31, the Lagrange basis Bx = {{; }7_1 C Sx is the uniquely
determined dual Riesz basis of Bx = {K(-,z;)}}_; C Sx.
Moreover, by Proposition 8.36, the representation

2
S fet| = IfxIP = fEASx forall fx € R
K

5 RICHARD COURANT (1888-1972), German-US American mathematician
" ERNST SIGISMUND FISCHER (1875-1954), Austrian mathematician
8 JoHN WILLIAM STRUTT, 3. BARON RAYLEIGH (1842-1919), English physicist
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holds. According to the Courant-Fischer theorem, the Rayleigh estimates
Tmin (A ) 1Fx 13 < fX AR x Fx < omax(Az x) | fx |13
hold for all fx € R™. This implies the stability estimate in (8.55), where
O (Ak x) = omin(Ax'x)  and o f (Ak x) = Omax(Ax x)-

Letting f = s € Sx in (8.55), we finally get

2

T (A x)lsx I3 < IlsllFe = || D s(x)65]| < omia(Arx) sx 13
i=1 «
for all s € Sx, so that the stated estimates in (8.56) hold. [ |

From the Riesz duality relation between the bases Bx = {K(-,z;)}7_; and
Bx = {{; }7_1, in combination with Theorem 6.31, in particular with (6.22),
we can conclude another important result.

Corollary 8.47. For f € Sx, the representations

n

F=Y LK)kt =Y (£6)k K(,z)) (8.57)
j=1

j=1
hold. [

Remark 8.48. We can also verify the representations in (8.57) for

n

F=3 c¢iK(a) =Y fz;)t; € Sx
j=1

j=1
directly: On the one hand, we get
¢j = (ej,0) = €] A x fx = [X AR xe; = (F,4))k

from Proposition 8.16. On the other hand, we have (f, K(-,z;))x = f(z;) by
the reproduction property of the kenel K, for all 1 < j < n. O

8.5.2 Conditioning of the Interpolation Problem

In this section, we analyze the conditioning of the interpolation problem,
Problem 8.1. Thereby, we quantify the sensitivity of the interpolation problem
with respect to perturbations of the input data. We restrict ourselves to the
interpolation problem for continuous functions f € € ({2) on a fixed compact
domain 2 C R, i.e., we only allow interpolation point sets X in £2, X C 2.
In practice, this requirement does usually not lead to severe restrictions.
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For our subsequent analysis, we equip % ({2) with the maximum norm
I - |loo- Moreover, for any set of interpolation points X = {x1,...,z,} C £2,
we denote by Ix : €(£2) — Sx the interpolation operator for X, which
assigns every function f € € (§2) to its unique interpolant s € Sx satisfying

sx = fx.
Definition 8.49. For X = {x1,...,z,} C {2, the condition number of
the interpolation problem, Problem 8.1, is the smallest constant koo = Koo, x
satisfying

11x fllso < Foo = | fllso for all f € €(£2),

i.e., Koo 1 the operator norm ||Ix||eo of Ix on €(2) w.r.t. || - | co- O
The operator norm ||Ix||eoc = Koo can be computed as follows.

Theorem 8.50. For X = {z1,...,2,} C £2, the norm ||Ix|lco of the inter-
polation operator Ix : €({2) — Sx is given by the Lebesgue constant

Ao = gleagzz 16 ()] = max [[¢(z) 1, (8.58)
=

icey |1 x]|oo = Aoe.

Proof. For any f € €(12), let s = Ix(f) € Sx C €(£2) denote the unique
interpolant to f on X satisfying fx = sx. Using the Lagrange representation
of s in (8.9), we obtain the estimate

1x flloo = [Islloe < gleagz [€5(@)] - [f (25)] < Aoo - (| lloos
vef? £

and therefore ||Ix||co < Aoo-

In order to see that ||[Ix|lcc > Ao holds, suppose that the maximum of
Ao in (8.58) is attained at z* € 2. Moreover, let g € (£2) be a function
with unit norm |[|g||z__ (o) = 1, that is satisfying the interpolation conditions
g(z;) =sgn(¢;(z*)), for all 1 < j < n. Then, we have

n

xglloo > (Ixg)(a") = Y 4;(x")g(x;) = Z [£;(2")] = Ao

J=1

and 80 ||[Ix¢glleo = Ao, which implies |[Ix]|oo = Aoo-
Altogether, the stated identity ||Ix||co = Aoo holds. |



306 8 Kernel-based Approximation

We can compute bounds on the Lebesgue constant A, as follows.

Proposition 8.51. For X = {z1,...,z,} C §2, we have the estimates

1< Ay < Z\/a;jl <n-y/omax(Ag'y) (8.59)
j=1

or the Lebesque constant Ao, where a;;- > 0 is, for 1 < j < n, the j-
the Leb tant Ao, where aj;l > 0 i 1 <j <mn, the j-th
diagonal entry in the inverse A;(}X of Ak x .

Proof. We first prove the upper bound in (8.59). To this end, we assume that
the maximum in (8.58) is attained at z* € {2. Then, from Example 8.13 and
Proposition 8.16, we get the first upper bound in (8.59) by

%=Z%WW§NMW

<Y e llac - sl =D sl = \/a
j=1 =1

j=1
But this immediately implies the second upper bound in (8.59) by

a;jl < Umax(A;(?X) forall 1 <j<n.

The lower bound in (8.59) holds by |[{(z;)|1 =1, for 1 < j < n. |

We remark that the estimates for A in (8.59) are only rather rough.
Optimal bounds for the spectral condition number of Ax x can be found in
the recent work [22] of Diederichs.

8.6 Kernel-based Learning Methods

This section is devoted to one particular variant of linear regression. For the
description of the basic method, we can directly link with our previous inves-
tigations in Sections 2.1 and 2.2. By the introduction of kernel-based learning
methods, we provide an alternative method for data fitting by Lagrange in-
terpolation. Kernel-based learning is particularly relevant, if the input data
(X, fx) are very large and decontaminated from noise. In such application
scenarios, we wish to reduce, for a suitably chosen linear subspace R C S,
the empiric £2-data error

nx(f,) = 3elsx — fxl3 (3.60)

under variation of s € R. To this end, we construct an approximation s* to
f, s = f, which, in addition, satisfies specific smoothness requirements. We
measure the smoothness of s* by the native energy functional J : § — R,
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J(s) = ||s]|% for s € S. (8.61)

To make a compromise between the data error in (8.60) and the smooth-
ness in (8.61), we consider in the following of this section the minimization
of the cost functional J, : S — R, defined as

Jo(s) =nx(f,s) + aJ(s) for o > 0. (8.62)

The term aJ(s) in (8.62) is called the regularization term, which penalizes
non-smooth elements s € R, that are admissible for the optimization problem.
Moreover, the regularization parameter o > 0 is used to balance between the
data error nx(f, s) and the smoothness J(s) of s.

Therefore, we can view the approximation method of this section as a
regularization method (see Section 2.2). According to the jargon of approxi-
mation theory, the proposed method of this section is also referred to as
penalized least squares approxzimation (see, e.g. [30]).

8.6.1 Problem Formulation and Characterization of Solutions

To explain the basic approximation problem, let X = {z1,...,7x} C R? be
a finite point set. Moreover, suppose that Y = {y1,...,yn} is a subset of X
Y C X, whose size |Y| = n is much smaller than the size | X| = N of X, i.e,,
n < N. Then, our aim is to reconstruct an unknown function f € F from its
values fx € RN by solving the following unconstrained optimization problem.

Problem 8.52. Let o > 0. Determine from given data fx and Y C X, an
approximation s, € Sy to f satisfying

1 . 1
10 = 5ol + allsal = min (10— o)x 1B +albli ). (569

We denote the optimization problem in (8.63) as (Py). O

Before we discuss the well-posedness of problem (P,), let us first make a
few comments. For o« = 0, the optimization problem (Py) obviously coincides
with the basic problem of linear least squares approximation [7, 41]. For very
large values of o > 0, the smoothness term «/|s||% in (8.63) dominates the
data error. In fact, we expect that any sequence {s, } of solutions s, to (P,)
converges for & — oo to zero, which is the unique minimum of J(s) on Sy.

Now we show that the optimization problem (P,) has, for any a > 0, a
unique solution. To this end, we choose for the data error the representation

1
nx(f,s) = N”fX — AX_,ycH% for s € Sy, (8.64)

with
AX,Y = (K(xk7yj))1§k;SN;1§j§n € RNX“?
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and the coefficient vector ¢ = (cy,...,¢,)T € R" of
s=Y ¢K(,y;) €Sy. (8.65)
=1

Therefore, by using the representation
J(s) = |s||% = T Ak ye for s € S,

we can express the cost functional J, : S — R in (8.63) for (P,) as

1
Jo(s) :i=nx(f,s) + aJ(s) = NHfX —Axyc|s+ac Ak ye. (8.66)

Now we prove the existence and uniqueness for the solution of (P,).

Theorem 8.53. Let « > 0. Then, the penalized least squares problem (Py)
has a unique solution s, € Sy of the form (8.65), where the coefficients
ca € R™ of so are uniquely determined by the solution of the normal equation

%A?YAX,Y + Ak y | o = %A;Y fx- (8.67)
Proof. For any solution s, of (P,), the corresponding coefficient vector
¢o € R™ minimizes the cost functional J, in (8.66). Now the gradient of
Jo, does necessarily vanish at c,, whereby the representation through the
stated normal equation in (8.67) follows. Note that the coefficient matrix of
the normal equation in (8.67) is, for any « > 0, symmetric positive definite.
Therefore, (P,) has a unique solution. [ |

An alternative characterization for the unique solution s, of (P,) follows
from our previous results on Euclidean approximation (see Section 4.1).

Theorem 8.54. For a > 0, the solution s, = so(f) € Sy of (P,) satisfies
the condition

1

N«f — S0)x,8x) = &(Sa, 8) K for all s € Sy. (8.68)

Proof. We equip F x F with a positive semi-definite symmetric bilinear form,

[(fag)a(fvg)]a = %<fXaf~X> —|—Oé(g,§)}( for f)gaf7§ € F,

yielding the semi-norm

[fxl3 +allgli  for fgeF.

1
) =+

Now the solution s, € Sy of (P,) corresponds to the best approximation
(sk,sk) € Sy x Sy to (f,0) with respect to (F x F,| - |a), i€,
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|(£,0) = (s 55)[a = inf [(f,0) = (s,5)[2-
sESy
According to Remark 4.2, the best approximation s}, is unique and, moreover,
characterized by the orthogonality condition

[(,0) = (s5:54), (5,8)la =0 forall s € Sy,
which is for s = s, equivalent to the condition in (8.68). ]

The characterizations in the Theorems 8.53 and 8.54 are obviously equi-
valent. Indeed, if we replace s € Sy in (8.68) by the standard basis functions
K(-,yx) € Sy, for 1 <k < n, then, the condition in (8.68) can be expressed
as

1
N«f — Sa)x, R(yr)) = a(Sa, K(-, y)) k forall1 <k <n, (8.69)
where

RT(yk) = (K(xlvyk)’ RE! K(xvak)) = 6%A§,Y.

For s, in (8.65) with corresponding coefficients ¢, € R™, we get
(sa)X - AX,YCa € RN;

and so we obtain the normal equation in (8.69): On the one hand, the left
hand side in (8.69) can be written as

U = sa)xs B =[BT () fx — BT () Axyea]

1
N [efAf(’ny — (i{AﬁwyAX’yCa] .

On the other hand, the right hand side in (8.69) can be written as
(8o, K(, yk)) k = asa(yr) = aefAK,yca,
where we used the reproduction property
(Sa, K (- yk)) k= 5a(yk)
of the kernel K.

8.6.2 Stability, Sensitivity, Error Bounds, and Convergence

Next, we analyze the stability of the proposed regression method. To this
end, we first bound the minimum of the cost functional in (8.63) as follows.

Theorem 8.55. For any o > 0, the solution s, = sqo(f) € Sy of (Pa)

satisfies the stability estimate

1
(e = Hxl3 +allsalli < (1+ )] fll%-
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Proof. Let s; € Sy denote the (unique) interpolant to f at Y satisfying
(sf — f)y =0. Recall ||s¢||x < ||f|lx from Corollary 8.30. Then, we have

N
1 1
6o = Nxll3 +allsallfe = 5 D lsalr) = Flzr)* + allsallk
k=1
N
< 7 2 sr(ew) = Fn)® + allss

~
Il

1

IN

I
/\ Z\H 2| =

H%Hi 1% + el F1I%

*M

leall + o | /1%
zEX\Y

< (S a) Il < )l 1

where we use the pointwise error estimate in (8.30) along with the uniform
estimate |le;||x < 1in (8.32). [ ]

Next, we analyze the sensitivity of problem (P,) under variation of the
smoothing parameter o« > 0. To this end, we first observe that the solution
Sa = Sa(f) of problem (P,) coincides with that of the target function s, i.e.,

sa(80) = sa(f).

Lemma 8.56. For any o > 0, the solution sq = so(f) of (P.) satisfies the
following properties.

(a) The Pythagoras theorem, i.e.,

I(f = sa)x I3 = I(f = s0)x /13 + lI(s0 = sa)x 13-

(b) The best approzimation property so(so) = so(f), i.€.,

1
50— sa)x 3 + allsall% = min (|< S)X%JFO%HS%()-

Proof. Recall that the solution s, (f) to (P,) is characterized by the condi-
tions (8.68) in Theorem 8.54, where for o = 0, we obtain the characterization

1
S = s0)x,sx) =0 foralls € Sy. (8.70)

For s € Sy, this implies the relation
1(f = 8)xl5 = ((f =50 + 50 = 8)x, (f = 50+ 50 — 8)x)
= [I(f = s0)x 13 + 2((f = 50)x (50 — 8)x) + [[(50 — 8)x I3
=

(f = s0)xlI3 + I (s0 — 5)x 3,
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and so, for s = s,, we get property (a).

To verify property (b), we subtract the representation in (8.70) from that
in (8.68), whereby with

1
N((SO—SQ)X,3X> = a(Sa, $)K for all s € Sy (8.71)

we get the characterization (8.68) for the unique solution s, (sg) of (Pa), so
that statement (b) follows from Theorem 8.54. |

Next, we analyze the convergence of {s, }o for a N\ 0. To this end, we first
prove one stability estimate for s, along with one error bound for s, — sg.

Theorem 8.57. Let f € F and o > 0. Then, the solution s, = sq(f) to
problem (P,) has the following properties.

(a) sa satisfies the stability estimate

[sallx < l[sollx-

(b) sa satisfies the error estimate

1
~ l(sa = s0)x|I3 < allsoll%-

Proof. Letting s = sp — s, in (8.71) we get
1 2 2
(80 = sa)xllz + allsalli = a(sas s0) k- (8.72)

By using the Cauchy-Schwarz inequality, this implies

1
~lI(s0 = se) x5 + allsalli < allsallx - llsollx
and so the statements in (a) and (b) hold. |
Finally, we prove the convergence of s, to sg, for a ™\ 0.

Theorem 8.58. The solution s, of (P,) converges to the solution sq of (FPy),
for a (0, at the following convergence rates.

a (3 respec 0] e norm || K, we nave € convergence
(a) With respect to th |- |5, we have th g
lsa = solli =O(@)  fora 0.

(b) With respect to the data error, we have the convergence

e —so)xl3=o0)  fora0.
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Proof. To prove (a), first note that

lIsllx = llsx]l2 for s € Sy
is a norm on Sy. To see the definiteness of || - || x on Sy, note that ||s||x =0
implies sx = 0, in particular sy = 0, since Y C X, in which case s = 0.
Moreover, since Sy has finite dimension, the norms || - ||x and || - | x are

equivalent on Sy, so that there exists some constant C' > 0 satisfying
IIsllx < Cllsllx for all s € Sy.
This, in combination with property (b) in Theorem 8.57, implies (a) by
Isa = soll% < CZll(sa = s0)x|I3 < C*Na|soll%-
To prove (b), we recall the relation (8.72) to obtain
(sars0)ic = = 50 = sa)x B +allsallic|  fora>o0.

This in turn implies the identity

2
[sa = sollz = llsoll% — lIsall’% — WII(SO - sa)x|l3 (8.73)
by
[sa = soll% = IsallZ — 2(5a;50) K + |Is0ll%

21
= lIsalli + lIsoli = = | 77/ (s0 = sa)x 15 + allsall%

2
= llsolli = llsalli = —5lI(s0 = sa)xl3:

To complete our proof for (b), note that, by statement (a), the left hand
side in (8.73) tends to zero, for a N\, 0, and so does the right hand side
in (8.73) tend to zero. By the stability estimate in Theorem 8.57 (a), we get

0 < |lsollx = l[sallx < llsa = sollx — 0 for a ™\, 0,

so that ||sq ||k — ||Sollx for e\, 0. Therefore,

2
oziN”(SO —sa)x|l3 — 0 for a\,0,

which completes our proof for (b). |
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8.7 Exercises

Exercise 8.59. Let K : RY x R — R be a continuous symmetric function,
for d > 1. Moreover, suppose that for some n € N all symmetric matrices of
the form

Ar,x = (K(zk,2)))1<jk<n € R™,

for sets X = {x1,...,2,} C R? of n pairwise distinct points, are regular.
Show that all symmetric matrices Ax x € R"*™ are positive definite, as
soon as there is one point set Y = {y,...,y,} C R? for which the matrix
Agy € R™™ is symmetric positive definite.

Hint: Proof of the Mairhuber-Curtis theorem, Theorem 5.25.

Exercise 8.60. Let F be a Hilbert space of functions f : R — R with
reproducing kernel K : R? x RY — R, K € PD,. Moreover, for a set of
interpolation points X = {xy,...,2,} C Rd, let Ix : F — Sx denote
the interpolation operator which assigns every function f € F to its unique
interpolant s € Sx from Sx = span{K (-, z;) |1 < j < n} satisfying sx = fx.

Prove the following statements.

(a) If the interpolation method is translation-invariant, i.e., if we have for
any finite set of interpolation points X the translation invariance

(Ixf) (@) = (Ixtaofzo) (@ + o) for all f € F and all 29 € RY,

where X + x¢ 1= {x1 + 20,..., 2, + 20} CR? and f,, := f(- — x0), then
K has necessarily the form K(z,y) = ¢(z —y), where & € PDy.

(b) If the interpolation method is translation-invariant and rotation-invariant,
i.e., if for any finite set of interpolation points X = {xy,...,2,} C R?
and for any rotation matrix @ € R?*¢ the identity

(Uxf)(@) = (Uox fQ)(Qx)  forall f€F
holds, where QX = {Qz1,...,Qz,} C R? and fg := f(QT"), then K
has necessarily the form K(z,y) = ¢(||z — y||2), where ¢ € PDy.

Exercise 8.61. Let X = {z1,...,2,} C R% d € N, be a finite set of n € N
points. Show that the functions e{*s») for 1 < j < n, are linearly independent
on R?, if and only if the points in X are pairwise distinct.

Hint: First prove the assertion for the univariate case, d = 1. To this

end, consider, for pairwise distinct points X = {z1,...,z,} C R the linear
combination
_ i(z1,w) (zp,w) _ T n
Se.x(w) = cre +...Fcpe for ¢ = (¢1,...,¢,)" €R™

Then, evaluate the function S. x and its derivatives Sgg))(, for 1 <k <n, at

w = 0, to show the implication
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Sex=0 = ¢=0

by using the n linear conditions Sgk))((O) = 0, for 0 < k < n. Finally, to
prove the assertion for the multivariate case, d > 1, use the separation of the
components in €5} for w = (wy,...,wy)”T €ER%and 1 < j < n.

Exercise 8.62. Let K € PD,. Show that the native space norm || - ||k of
the Hilbert space F = Fk is stronger than the maximum norm || - ||, i.€.,
if a sequence (f)nen of functions in F converges w.r.t. || - |k to f € F, so
that || fr, — fllx — 0 for n — oo, then (fy,)nen does also converge w.r.t. the
maximum norm || - ||o to f, so that ||f, — f|lcc — 0 for n — oo.

Exercise 8.63. Let H be a Hilbert space of functions with reproducing ker-
nel K € PD,. Show that H is the native Hilbert space of K, i.e., Fx = H.

Hint: First, show the inclusion Fx C H. Then, consider the direct sum
H=Fxk®G
to show G = {0}, by contradiction.

Exercise 8.64. Let (7,)nen be a monotonically decreasing zero sequence
of non-negative real numbers, i.e., n, \, 0 for n — oco. Show that there is
a nested sequence of point sets (X, )neny C §2, as in (8.41), and a function
f € Fp satisfying

N (f,Sx,) > Mn for all n € N.

Exercise 8.65. Let K(x,y) = #(x—y) be positive definite, K € PD,, where
@ : RY — R is even and satisfies, for o > 0, the growth condition

|®(0) — P(x)| < Cllz||$ for all x € B,(0), (8.74)

around zero, for some r > 0 and some C > 0. Show that in this case, every
f € F = Fg is globally Holder continuous with Holder exponent a/2, i.e.,

f(x) = f@) < Clz—yl3”?  forall z,y € RY.

Conclude that no positive definite kernel function K € PDy satisfies the
growth condition in (8.74) for o > 2.

Exercise 8.66. Let K(x,y) = ®(x—y) be positive definite, K € PDg, where
& : RY — R is even and satisfies, for o > 0, the growth condition

|2(0) — &(x)| < Cllz||s for all x € B,(0),

around zero, for some r > 0 and C' > 0. Moreover, for compact 2 C R?, let
(Xn)nen be a nested sequence of subsets X,, C {2, as in (8.41), whose mono-
tonically decreasing fill distances hx, o are a zero sequence, i.e., hx, o \0
for n — oo. Show for f € Fp, the uniform convergence
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l[sf.x., _f||oo:(9(h§({i9> for n — oo.

Determine from this result the convergence rate for the special case of the
Gauss kernel in Example 8.9.

Exercise 8.67. Show that the diagonal entry

(1- 85D, "s0) "
of the Cholesky factor L, in (8.49) is positive. To this end, first show the

representation
1- SED;IS" = ngn«l»len”%(?

where €, x, is the error functional in (8.29) at x,11 € X,41 \ X, with
respect to the set of interpolation points X,,.
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9 Computerized Tomography

Computerized tomography (CT) refers to a popular medical imaging method
in diagnostic radiology, where large data samples are taken from a human
body to generate slices of images to visualize the interior structure, e.g. of
organs, muscles, brain tissue, or bones. But computerized tomography is also
used in other relevant applications areas, e.g. in non-destructive evaluation
of materials.

In the data acquisition of computerized tomography, a CT scan is being
generated by a large set of X-ray beams with known intensity, where the
X-ray beams pass through a medium (e.g. a human body) whose interior
structure is to be recovered. Each CT datum is generated by one X-ray beam
which is travelling along a straight line segment from an emitter to a detector.

If we identify the image domain with a convex set in the plane 2 C R2,
then (for each X-ray beam) the emitter is located at some position xg € (2,
whereas the detector is located at another position xp € 2. Therefore, the
X-ray beam passes through 2 along the straight line segment [xg,xp] C {2,
from xg to xp (see Figure 9.1).

Xe

X

Q D

Fig. 9.1. X-ray beam travelling from emitter xg to detector xp along [xg,xp] C {2.
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In the acquisition of one CT datum, the initial intensity Ix = I(xg) of
the X-ray beam is being controlled at the emitter, whereas the final intensity
Ip = I(xp) is being measured at the detector. Therefore, the difference
Al = Ig — Ip gives the loss of intensity. Now the datum AI depends on
the interior structure (i.e., on the material properties) of the medium along
the straight line segment [xp,xp]. To be more precise, AI quantifies the
medium’s absorption of energy on [Xg,Xp].

Now we explain, how the CT data Al are interpreted mathematically. By
the law of Lambert!-Beer? [6]

dI(x)
dx

— —fI(x) (9.1)

the rate of change for the X-ray intensity I(x) at x is quantified by the factor
f(x), where f(x) is referred to as the attenuation-coefficient function. There-
fore, the attenuation-coefficient function f(x) yields the energy absorption on
the computational domain {2, and so f(x) represents an important material
property of the scanned medium.

In the following of this chapter, we are interested in the reconstruction
of f(x). To this end, we further study the differential equation (9.1). By
integrating (9.1) along the straight line segment [xg,xp], we determine the
loss of intensity (or, the loss of energy) of the X-ray beam on [xg, xp] by

/x - dzj((;)) = /x :D F(x)dx. (9.2)

E

Now we can rewrite (9.2) as

log G((:‘j))) = /x :D £(x)dx. (9.3)

The intensity Ix = I(xg) at the emitter and the intensity Ip = I(xp) at
the detector can be controlled or be measured. This measurement yields the
line integral of the attenuation-coefficient function f(x) along [xg,Xp],

/x :D Fx)dx. (9.4)

In this chapter, we first explain how the attenuation-coefficient function
f(x) can be reconstructed ezactly from the set of line integrals in (9.4). This
leads us to a rather comprehensive mathematical discussion, from the prob-
lem formulation to the analytical solution. Then, we develop and analyze nu-
merical algorithms to solve the reconstruction problem for f(x) in relevant
application scenarios. Numerical examples are presented for illustration.

! JonaNN HEINRICH LAMBERT (1728-1777), mathematician, physicist, philosopher
2 AuGusT BEER (1825-1863), German mathematician, chemist and physicist
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9.1 The Radon Transform

9.1.1 Representation of Lines in the Plane

We represent any straight line £ C R? in the Euclidean plane by using polar
coordinates. To this end, we consider the orthogonal projection x, € ¢ of the
origin 0 € R? onto /. Therefore, we can characterize x, € £ as the unique
best approximation to 0 from ¢ with respect to the Euclidean norm || - ||o.
Moreover, we consider the (unique) angle 6 € [0, ), for which the unit vector
ng = (cos(),sin(d)) is perpendicular to £. Then, x;, € £ can be represented
by
x¢ = (tcos(f),tsin(h)) € £ C R?

for some pair (¢,6) € R x [0,7) of polar coordinates. For any straight line
¢ C R?, the so constructed polar coordinates (¢,0) € R x [0, 7) are unique.

As for the converse, for any pair of polar coordinates (¢,6) € R x [0, )
there is a unique straight line £ = ¢, 9 C R2, which is represented in this way
by (t,6). We introduce this representation as follows (see Figure 9.2).

Definition 9.1. For any coordinate pair (t,0) € R x [0,7), we denote by
;.9 C R? the unique straight line which passes through x, = (t cos(6), tsin(6))
and is perpendicular to the unit vector ng = (cos(),sin(6)). O

\

ny = ( — sin(0), cos(0))

ng = (cos(0),sin(0))

zy = (tcos(), tsin(h))

Lo
Fig. 9.2. Representation of straight line £; o C R? by coordinates (¢,0) € R x [0, 7).

For the parameterization of a straight line ¢; g, for (¢,0) € R x [0,7), we
use the standard point-vector representation, whereby any point (z,y) € £;9
in ¢; ¢ is uniquely represented as a linear combination of the form
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(z,y) =t-ng +s-ng (9.5)
with the curve parameter s € R and the spanning unit vector

ng = (—sin(#), cos()),

which is perpendicular to ngy, i.e., ng- 1 ny (see Figure 9.2). We can describe
the relation between (¢, s) and (z,y) in (9.5) via the linear system

x = x(t,s) = cos(0)t —sin(f)s
= y(t, s) = sin(0)t + cos(f)s

x|  |cos(f) —sin(0) t| t

[y] o {sin(@) cos(0) | |s| Qo - s (9:6)
with the rotation matrix Qg € R?*2. The inverse of the orthogonal matrix
@y is given by the rotation matrix QQ_g = Qg, whereby the representation

o) [l -[l-e i) e

follows immediately from (9.6). Moreover, (9.6), or (9.7), yields the relation

or

t?2 4 82 = 2% + 9%, (9.8)

which will be useful later in this chapter.

9.1.2 Formulation of the Reconstruction Problem

The basic reconstruction problem of computerized tomography, as sketched
at the outset of this chapter, can be stated mathematically as follows.

Problem 9.2. Reconstruct a function f = f(z,y) from line integrals

f(z,y) da dy, (9.9)

Leo
that are assumed to be known for all straight lines ¢; g, (¢,6) € R x [0, 7). O

We remark that the CT reconstruction problem, Problem 9.2, cannot be
solved for all bivariate functions f. But under suitable conditions on f we
can reconstruct the function f ezactly from its Radon® data

{ | f(z,y) dmdy‘ (t,0) € R x [0,77)} . (9.10)

3 JoHANN RADON (1887-1956), Austrian mathematician
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For any function f € L!(R?), the line integral in (9.9) is, for any coordi-
nate pair (¢,6) € R x [0, ), defined as

flz,y)dzdy = /Rf(tcos(H) — ssin(f),tsin(f) + scos(f))ds, (9.11)

Li.0

where we use the coordinate transform in (9.6) with the arc length element

1(@(s), 9(5))ll2ds = /(—sin(6))? + (cos(6))? ds = ds
on ¢, g. This finally leads us to the Radon transform.

Definition 9.3. For f = f(x,y) € LY(R?), the function
Rf(t,0) = / f(tcos(0)—ssin(),tsin(0)+scos(0))ds fort eR,0 € [0,m)
R

is called the Radon transform of f. O

Remark 9.4. The Radon transform R is well-defined on L*(R?), where we
have Rf € L}(R x [0, 7)) for f € L'(R?) (see Exercise 9.33). However, there
are functions f € L'(R?), whose Radon transform Rf € L!(R x [0, 7)) is not
finite in (¢,0) € R x [0, 7) (see Exercise 9.34). O

Note that the Radon transform R is a linear integral transform which
maps a bivariate function f = f(z,y) in Cartesian coordinates (z,y) to a bi-
variate function R f (¢, 8) in polar coordinates (t, ). This observation allows us
to reformulate the reconstruction of f, Problem 9.2, more concise as follows.
On this occasion, we implicitly accommodate the requirement f € L*(R?) to
the list of our conditions on f.

Problem 9.5. Determine the inversion of the Radon transform R. O

Before we turn to the solution of Problem 9.5, we first give some elemen-
tary examples of Radon transforms. We begin with the indicator function
(i.e., the characteristic function) of the disk B, = {x € R?|||x|2 <7}, r # 0.

Example 9.6. For the indicator function xp, of the disk B,,

1 for 22 4+ 92 <12,
f(z,y) =x5.(2,y) == {0 for 22 + y2 > r2,

we compute the Radon transform R f as follows. We first apply the variable
transformation (9.6), which, in combination with the relation (9.8), gives

1 for t2 + % < 2,

f(tcos(0) — ssin(f), tsin(f) + scos()) = {O for 2 4 52 > 12
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Note that Rf(t,6) = 0, if and only if the straight line ¢, ¢ does not intersect
with the interior of the disk B,, i.e, if and only if |[¢| > r. Otherwise, i.e., for
|t| < r, we obtain by

VT2
RIEO) = [ flay)dla,y) = / lds=2/iZ 2
L6 —VrZ=¢2
the length of the straight line segment ¢, g Nsupp(f) = ¢ N B, o

Example 9.7. We compute the Radon transform of the cone function

1—/224+9y2 foraz?+y%2 <1,
f(w,y)={ Y 3N

0 for 22 +y? > 1,
or, by transformation (9.6) and on the relation (9.8),

1-vVt2+s2  fort?+s2<1,

f(tcos(9) — ssin(h),tsin(0) 4+ scos(f)) = { 0 for 2 4 2 > 1.

In this case, we get Rf(t,0) = 0 for [¢| > 1 and

VI—E2

RI®0)= | Syl = /_ _ (1-vEE) as

12 141 —1¢2
=V1-t#——log| ———
2 1—vV1-—1¢2

for |¢| < 1. ¢

Remark 9.8. For any radially symmetric function f(-) = f(]|-||2), the Radon
transform R f (¢, 0) does only depend on ¢ € R, but not on the angle 6 € [0, 7).
Indeed, in this case, we have the identity

£(1,0) /tef Il dx‘/t £(1QoxI1>) dx‘/, F01x]2)

= Rf(t,0)

by application of the variable transform with the rotation matrix Qp in (9.6).
This observation is consistent with our Examples 9.6 and 9.7. g

Now we construct another simple example from elementary functions. In
medical image reconstruction, the term phantom is often used to denote test
images whose Radon transforms can be computed analytically. The phantom
bull’s eye is only one such example for a popular test case.



9.1 The Radon Transform 323

(a) The phantom bull’s eye

0.8

0.6

02r

. I I I I | . ;
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

(b) The Radon transform of bull’s eye

Fig. 9.3. Bull’s eye and its Radon transform (see Example 9.9).
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Example 9.9. The phantom bull’s eye is given by the linear combination

3 1
F(@:y) = Xy (2:9) = X8y (@,9) + x5, (2, 9) (9.12)

of three indicator functions xp, of the disks B,, for r = 3/4,1/2,1/4. To
compute Rf, we apply the linearity of operator R, whereby

RF(1,6) = (Rxs, ) (1:6) — 5 (R, )(1,6) + 1 (R, )(1:0). (9.13)

Due to the radial symmetry of f (or, of x5, ), the Radon transform R (¢,6)
does depend on ¢, but not on 6 (cf. Remark 9.8). Now we can use the result
of Example 9.6 to represent the Radon transform R f in (9.13) by linear com-
bination of the Radon transforms Rz, , for r = 3/4,1/2,1/4. The phantom
f and its Radon transform R f are shown in Figure 9.3. &

(a) Shepp-Logan-Phantom f (b) Radon transform R f

Fig. 9.4. The Shepp-Logan phantom and its sinogram.

For further illustration, we finally consider the Shepp-Logan phantom [66],
a popular test case from medical imaging. The Shepp-Logan phantom f is a
superposition of ten different ellipses to sketch a cross section of the human
brain, see Figure 9.4 (a). In fact, the Shepp-Logan phantom is a very popular
test case for numerical simulations, where the Radon transform R f of f can
be computed analytically. Figure 9.4 (b) shows the Radon transform Rf
displayed in the rectangular coordinate system R x [0, 7). Such a represen-
tation of Rf is called sinogram. In computerized tomography, the Shepp-
Logan phantom (along with other popular test cases) is often used to evaluate
the performance of numerical algorithms to reconstruct f from Rf.
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9.2 The Filtered Back Projection

Now we turn to the inversion of the Radon transform, i.e., we wish to solve
Problem 9.5. To this end, we first note some preliminary observations. Sup-
pose we wish to reconstruct f = f(x,y) from given Radon data (9.10) only
at one point (z,y). In this case, only those values of the line integrals (9.9)
are relevant, whose Radon lines {; o contain the point (x,y). Indeed, for all
other straight lines ¢ g, which do not contain (z,y), the value f(z,y) does
not take influence on the line integral R f(t, 9).

For this reason, we first wish to find out which Radon lines ¢; y do contain
the point (z,y). For any fixed angle 6 € [0, 7), we can immediately work this
out by using the relation (9.5). In fact, in this case, we necessarily require

t = xcos(f) + ysin(6),

see (9.7), and so this condition on ¢ is also sufficient. Therefore, only the
straight lines

Kz cos(6)+ysin(6),0 for 0 € [0, 7T)

contain the point (z,y). This observation leads us to the following definition
for the back projection operator.

Definition 9.10. For h € LY(R x [0,7)), the function
Bh(z,y) = l/ h(xcos(0) +ysin(h),0)d0  for (x,y) € R?
T Jo

1s called the back projection of h. O

Remark 9.11. The back projection is a linear integral transform which
maps a bivariate function h = h(t, 0) in polar coordinates (¢, 6) to a bivariate
function Bh(z,y) in Cartesian coordinates (z,y).

Moreover, the back projection B is (up to a positive factor) the adjoint
operator of the Radon transform R f. For more details on this, we refer to
Exercise 9.39. O

Remark 9.12. The back projection B is not the inverse of the Radon trans-
form R. To see this, we make a simple counterexample. We consider the indi-
cator function f := xp, € L*(R?) of the unit ball B; = {x € R?|||x||» < 1},
whose (non-negative) Radon transform

2V —4¢2 for |t] <1,
RI(t,0) = { 0 for [t| > 1

is computed in Example 9.6. Now we evaluate the back projection B(Rf) of
Rf at (1+¢,0). For e € (0,4/2 — 1), we have 1 +¢ € (1,4/2) and, moreover,
[(1+¢)cos(0)| <1 for § € [n/4,3m/4]. Therefore, we obtain
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(BRS))(1 +,0) ;/Oﬂ RF((1 +2) cos(6), 6) 6

1 371'/4

> 7/ Rf((1+¢€)cos(f),0)dd

T Jr/4

2 37‘(/4
7/ VI= (1 F2)2cos?(8)dd > 0,

™ /4

i.e., we have (B(Rf))(1 +¢,0) > 0 for all ¢ € (0,2 — 1).
Likewise, by the radial symmetry of f, we get for ¢ € (0, 27)

(B(RF))((1 +¢)cos(y), (1 +¢)sin(¢)) >0 for all € € (0,v2 — 1),

see Exercise 9.37, i.e., B(Rf) is positive on the open annulus
RY? = {x e R*|1< x|l < V2} C B2,

However, we have f =0 on Riﬁ, so that f is not reconstructed by the back
projection B(Rf) of its Radon transform Rf, i.e., f # B(Rf). |

Figure 9.5 shows another counterexample by graphical illustration: In
this case, the back projection B is applied to the Radon transform R f of the
Shepp-Logan phantom f (cf. Figure 9.4). Observe that the sharp edges of
phantom f are blurred by the back projection B. In relevant applications, in
particular for clinical diagnostics, such smoothing effects are clearly undesired.
In the following discussion, we show how we can avoid such undesired effects
by the application of filters.

(a) Shepp-Logan phantom f (b) back projection B(Rf).

Fig. 9.5. The Shepp-Logan phantom f and its back projection B(Rf).
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Now we turn to the inversion of the Radon transform. To this end, we
work with the continuous Fourier transform F, which we apply to bivariate
functions f = f(x,y) in Cartesian coordinates as usual, i.e., by using the
bivariate Fourier transform F = F. But for functions h = h(t,0) in polar
coordinates we apply the univariate Fourier transform F = JF; to variable
t € R, i.e., we keep the angle 6 € [0, 7) fixed.

Definition 9.13. For a function f = f(z,y) € LY(R?) in Cartesian coordi-
nates the Fourier transform Fof of f is defined as

ENEY) = [ fa)e @ ag.y).

For a function h = h(t,0) in polar coordinates satisfying h(-,0) € L1 (R), for
all @ € [0, ), the univariate Fourier transform Fih of h is defined as

(F1h)(S, 6) = /R Wt 0)e St At for 0 € [0, 7).

O

The following result will lead us directly to the inversion of the Radon
transform. In fact, the Fourier slice theorem (also often referred to as central
slice theorem) is an important result in Fourier analysis.

Theorem 9.14. (Fourier slice theorem). For f € L'(R?), we have
Faof(Scos(),Ssin(8)) = F1(Rf)(S,0) forallSeR,0€[0,7). (9.14)
Proof. For f = f(x,y) € LY(R?), we consider the Fourier transform

Faf(Scos(h), Ssin(h)) = / / [z, y)etS@eos@+ysin(®) gz 4y (9.15)
R JR

at (S,0) € R x [0,7). By the variable transformation (9.6), the right hand
51de in (9.15) can be represented as

//f (tcos() — ssin(8), tsin(f) + s cos(9))e ™" ds dt,
/]R </R f(tcos(0) — ssin(8),tsin(6) + s cos(8)) ds) oISt 4.

Note that the inner integral coincides with the Radon transform Rf(¢,6).
But this already implies the stated identity

Faf(S cos(), S sin(d /Rf (t,0)e~ St dt = Fi(Rf)(S, ).
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Theorem 9.15. (Filtered back projection formula).
For f € L1(R?) N %€ (R?), the filtered back projection formula

Fla0) = 5B (FT ISIFRA(S,O) (y)  for all (2,y) €B® (9.16)

holds.

Proof. For f € L}(R?) N ¢ (R?), we have the Fourier inversion formula

fz,y) = Fo H(Fof)(m,y) = ﬁ /R /R (Fof)(X,Y)el@X+vY) 4 X dy.

Changing variables from Cartesian coordinates (X,Y") to polar coordinates,
(X,Y) = (Scos(8), Ssin(6)) for S € R and 6 € [0, 7),
and by dX dY = |S|dS df we get the representation

_ 1
T 4x2

f(z,y) / / Faf (S cos(h), S sin(f))etd @ cos@)+ysin(9)) 51 45 dp.
0 R

By the representation (9.14) in the Fourier slice theorem, this yields

1

flz,y) = o) /0 /]R FL(Rf)(S, 0)eS(@cos@+ysin(®)) 5] 46 d¢

- % /7T FrHISIFUR)(S, )] ( cos(8) + ysin(6)) dd
0

_ %B (FISIFURA(S.0)]) (2, y).
[ ]

Therefore, the reconstruction problem, Problem 9.5, is solved analytically.
But the application of the formula (9.16) leads to critical numerical problems.

Remark 9.16. The filtered back projection (FBP) formula (9.16) is numer-
ically unstable. We can explain this as follows. In the FBP formula (9.16) the
Fourier transform F;(Rf) of the Radon transform Rf is being multiplied
by the factor |S|. According to the jargon of signal processing, we say that
F1(Rf) is being filtered by |S|, which, on this occasion, explains the naming
filtered back projection. Now the multiplication by the filter |S| in (9.16) is
very critical for high frequencies S, i.e., for S with large magnitude |S|. In
fact, by the FBP formula (9.16) the high-frequency components in Rf are
amplified by the factor |S|. This is particularly critical for noisy Radon data,
since the high-frequency noise level of the recorded signals R f is in this case
exaggerated by application of the filter |.5].

Conclusion: The filtered back projection formula (9.16) is highly sensitive
with respect to perturbations of the Radon data R f by noise. For this reason,
the FBP formula (9.16) is entirely useless for practical purposes. O
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9.3 Construction of Low-Pass Filters

To stabilize the filtered back projection, we replace the filter |S| in the FPB
formula (9.16) by a specific low-pass filter. In the general context of Fourier
analysis, a low-pass filter is a function F' = F(S) of the frequency variable
S, which maps high-frequency parts of a signal to zero. To this end, we
usually require compact support for F', so that supp(F') C [—L, L] for a fixed
bandwidth L > 0, i.e., so that F(S) = 0 for all frequencies S with |S| > L.

In the particular context of the FBP formula (9.16), we require sufficient
approximation quality for the low-pass filter F' within the frequency band
[-L, L], ie.,

F(S) = |S| on [—L, L].

To be more concrete on this, we explain our requirements for F' as follows.

Definition 9.17. Let L > 0. Moreover, suppose that W € L°°(R) is an even
function with compact support supp(W) C [—1,1] satisfying W(0) = 1. A
low-pass filter for the stabilization of (9.16) is a function F : R — R of
the form

F(S)=1S|-W(S/L) for S €R,

where L denotes the bandwidth and W is the window of F' = Fr w. O

Now let us make a few examples for commonly used low-pass filters. In
the following discussion,

1 for |S| < L,
Me(S) = X[—L,L](S) = {O for {S} ; I

is, for L > 0, the indicator function of the interval [—L, L], and we let M := ;.
Example 9.18. The Ram-Lak filter Fgy, is given by the window

WRL(S) = |_|(S),

so that S for |9]
or <L,
Fra(8) = 15]-02(S) _{ 0 for |S| > L.
The Ram-Lak filter is shown in Figure 9.6 (a). &

Example 9.19. The Shepp-Logan filter Fgp, is given by the window
WsL(S) = sinc(w.5/2) - 1(S),
so that

Fa(s) — 5] SRTS/CL) Lo {27TL~|sin(7rS/(2L))| for |S] < L,

wS/(2L) 0 for |S| > L.

The Shepp-Logan filter is shown in Figure 9.6 (b). &
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Example 9.20. The cosine filter Fcr is given by the window

Wer(S) = cos(wS/2) - 1(S),

so that
_al. ) [ 18] -cos(nS/(2L)) for |S| < L,
Fer(S) = 15| - cos(nS/(2L)) - ML (S) = { 0 for |S| > L.
The cosine filter is shown in Figure 9.6 (c). &

Example 9.21. The Hamming filter Fj is given by the window
W5(S) = (B4 (1 = B) cos(nS)) - M(S) for g € [1/2,1].

Note that the Hamming filter Fjg is a combination of the Ram-Lak filter Fgr,
and the cosine filter Fcp. The Hamming filter Fz is shown in Figure 9.7, for
B €{0.5,0.6,0.7}. &

Example 9.22. The Gauss filter F,, is given by the window
Wa(S) = exp (—(mS/a)?) - N(S) for o > 1.
The Gauss filter F,, is shown in Figure 9.8, for o € {2.5,5.0,10.0}. &

If we replace the filter |S| in (9.16) by a low-pass filter F' = F(S), then
the resulting reconstruction of f,

Fr(e.) = 5B (FTUFS) - RSO (), (017)

will no longer be ezact, i.e., the function fr in (9.17) yields an approximate
reconstruction of f, f ~ fr. We analyze the approximation behaviour of fg
later in this chapter. But we develop a suitable representation for fr in (9.17)
already now.

Note that any low-pass filter F' is absolutely integrable, i.e., F € L(R).
In particular, any low-pass filter F' has, in contrast to the filter |.S|, an inverse
Fourier transform F; L F. We use this observation to simplify the representa-
tion of fp in (9.17) by

fr(esy) = 3B ((FrF <RA)(S.0)) (2,1). (915)

To further simplify the representation in (9.18), we first prove a useful
relation between R and B. This relation involves the convolution product
that we apply to bivariate functions in Cartesian coordinates and to bivariate
functions in polar coordinates, according to the following definition.
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Definition 9.23. For f = f(z,y) € LY(R?) and g = g(x,y) € L (R?), the
convolution f x g between the functions f and g is defined as

(f*g)(X,Y):/R/Rf(X—x,Y—y)g(x,y)dxdy for XY e R.

For 6 € [0,7) and functions g(-,0),h(-,0) € LY(R), the convolution g * h
between g and h is defined as

(g*h)(m):/g(:r—t,e)h(t,e)dt for T €R.
R

O
Theorem 9.24. For h € L}(Rx[0,7)) and f € L*(R?), we have the relation

B(h*Rf)(X,Y) = (Bhx*f)(X,Y) for all (X,Y) € R?, (9.19)
Proof. For the right hand side in (9.19), we obtain the representation
(Bhx f)(X,Y)

Y
- / / (BR)(X —2,Y — y)f(z,y) dzdy
RJR

%/R/R UOW B((X — ) cos(8) + (Y — y)sin(8),8)d8| f(z,y)dzdy.

By variable transformation on (z,y) by (9.6) and dz dy = dsdt, we obtain

(Bhf)(X,Y) = / i / h(X cos(8) + Y sin(6) — £, 0)(Rf)(t, 0) dt df
T™Jo JR

= %/ﬂ(h * Rf)(X cos(f) + Y sin(6),0) do
0

=Bh+«Rf)(X,Y)
for all (X,Y) € R% |

Theorem 9.24 and (9.18) provide a very useful representation for fr,
where we use the inverse Fourier transform F, ' F of the filter F by

(FIYF)(t,0) := (FLF)(t) for t € R and 6 € [0, 7)
as a bivariate function.

Corollary 9.25. Let f € LY(R?). Moreover, let F be a filter satisfying
FF € LY(R x [0,7)). Then, the representation

fF(mvy): (B(‘FJIF)*f) (xvy):(KF*f) (Qi,y), (920)

holds, where
1 _
KF(xvy) = 58 (‘7:1 lF) (.T,y)

denotes the convolution kernel of the low-pass filter F'. |
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Remark 9.26. The statement of Corollary 9.25 does also hold without the
assumption F; 'F € LY(Rx [0, 7)), see [5]. Therefore, in Section 9.4, we apply
Corollary 9.25 without any assumptions on the low-pass filter F'. O

9.4 Error Estimates and Convergence Rates

To evaluate the quality of low-pass filters F', we analyze the intrinsic L2-error

If = frllLeee) (9.21)

that is incurred by the utilization of F. To this end, we consider for o > 0
the Sobolev* space

HY(R?) = {g € L*(R?) |[lglla < oo} € L*(R?),

equipped with the norm || - ||, where

1 a a
ol =gz [ [ (1% +0)" IFolap)P dedy  for g € BO(RY),

where we apply the bivariate Fourier transform, i.e., F = Fs.

We remark that estimates for the L?-error in (9.21) and for the LP-error
were proven by Madych [44] in 1990. Moreover, pointwise error estimates
and L*°-estimates were studied by Munshi et al. [52, 53, 54] in 1991-1993.
However, we do not further pursue their techniques here. Instead of this, we
work with a more recent account by Beckmann [4, 5]. The following result
of Beckmann [5] leads us, without any detour, to useful L?-error estimates
under rather weak assumptions on f and F in (9.21).

Theorem 9.27. For o > 0, let f € LY(R?) N HY(R?) and W € L*(R).
Then, we have for the L2-error (9.21) of the reconstruction fr = f * Kp
in (9.20) the estimate

1 = Frllas) < (245D + L) £ la, (9.22)

where ( (5)2
1-W

Do w(Ll):= sup ——5-5g forL>D0. (9.23

( se-1,1) (1+L2S52)" )

Proof. By f € L*(R?) N H*(R?), for o > 0, we have f € L?(R?). Moreover,

we have fr € L?(R?), as shown in [5]. By application of the Fourier convolu-

tion theorem on L?(R?), Theorem 7.43, in combination with the Plancherel
theorem, Theorem 7.45, we get the representation

* SErRGEI LvovicH SOBOLEV (1908-1989), Russian mathematician
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1
If = f* Krlfzge) = o) |Ff = Ff - FErli: @
1
=12 |Ff = Wr - Ffllfze.c) (9.24)
where for the scaled window W, (S) := W(S/L), S € R, we used the identity

Wr([(z,9)|l2) = FKr(x,y) for almost every (z,y) € R? (9.25)

(see Exercise 9.44). Since supp(Wp) C [—L, L], we can split the square error
in (9.24) into a sum of two integrals,

1
) IFf =W - Fflfemec)

_ b o .
) /”(;c,y)|2§L|(]:f Wi - Ff)(x,y)* d(z,y) (9.26)
1

AT% (@ y)la> L

By f € H*(R?), we estimate the integral in (9.27) from above by

1

472 S o> L
1

T AT Jj@y)la>L
< L7211, (9.28)

| Ff(z,9)? d(z, y)

(1422 + 9" L2 |Ff(z,y)* d(z,y)

whereas for the integral in (9.26), we obtain the estimate

1
w2 (Ff=Wr-Ff)(z,y)|*d(z,y)
T J(@w)ll2<L

_ 1 11— Wr(|(z,y)]2)]?
472 Jy@ale<e (L H+a2+y2)"

(A=W ($)?) 1 2, 2\ 2
- (sJEIL’,L] (1+92)° >47r2/R/R(Hx +) @ y)ldedy

(1+2%+ )" |Ffla,y) P d(z,y)

R CaTT
_ (SE[_% i W) 1712
— Ba (D) IS (9.29)

Finally, the sum of the two upper bounds in (9.29) and in (9.28) yields the
stated error estimate in (9.22). |
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Remark 9.28. For the Ram-Lak filter from Example 9.18, we have W =1
on [—1,1], and so &, w = 0. In this case, Theorem 9.27 yields the error
estimate

If = frlle@e) < L7 flla = O (L7%)  for L — oo

This further implies L2?-convergence, i.e., fr — f for L — oo, for the
reconstruction method fr at convergence rate «. O

In our subsequent analysis concerning arbitrary low-pass filters F', we use
the following result from [4] to prove L?-convergence fr — f, for L — oo,
i.e.,

||f_fF||L2(R2) — 0 for L — oo.

Theorem 9.29. Let W € €[—1,1] satisfy W(0) = 1. Then, we have, for
any o > 0, the convergence

(1-W(s))?
P L) = —_— L . .
a,W( ) Slél[%?(l} (1 I LQSQ)OA —0 fOT — 0 (9 30)

Proof. Let S}, w1, € [0,1] be the smallest maximum on [0, 1] for the function

(1—W(S))?

aw i) = G Egn)

for S € [0,1].

Case 1: Suppose S}, yy 1, is uniformly bounded away from zero, i.e., we
have S7, ., > ¢> 0 for all L > 0, for some ¢ = cq,w > 0. Then,

. 2
(1=W(Skwyr)) < 11 =WIEZ -1y

0< sﬁa,W,L(Sa,W,L) = (1 +L2(S; WL)Q)a = +L2cz)a

holds for L — oo.

Case 2: Suppose S;, y;, — 0 for L — oo. Then, we have

1-W(s: ?
((1 +L2((S*a;j:f))2))a < (1 - W ;,W,L))2 —0,

0< éﬁa,W,L(SZ,W,L) =

for L — oo, by the continuity of W and with W (0) = 1. |

Now the convergence of the reconstruction method fr follows directly
from Theorems 9.27 and 9.29.
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Corollary 9.30. For a > 0, let f € L}(R?) NH*(R?). Moreover, let W be a
continuous window on [0, 1] satisfying W(0) = 1. Then, the convergence

1f = frllLegey — 0 for L — o0 (9.31)
holds. |
We remark that the assumptions in Corollary 9.30,
W e ¢([0,1)) and w(0)=1

are satisfied by all windows W of the low-pass filters F' in Examples 9.18-9.22.
A more detailed discussion on error estimates and convergence rates for FBP
reconstruction methods fr can be found in the work [4] of Beckmann.

9.5 Implementation of the Reconstruction Method

In this section, we explain how to implement the FBP reconstruction method
efficiently. The starting point for our discussion is the representation (9.18),
whereby, for a fixed low-pass filter F', the corresponding reconstruction fg,
is given as

fi(e,y) = 5B (U F* RA(S.0)) (,0). (932)

Obviously, we can only acquire and process finitely many Radon data
Rf(t,0) in practice. In the acquisition of Radon data, the X-ray beams are
usually generated, such that the resulting Radon lines ¢; g C {2 are distributed
in the image domain 2 C R? on regular geometries.

9.5.1 Parallel Beam Geometry

A commonly used method of data acquisition is referred to as parallel beam
geometry. In this method, the Radon lines ¢; ¢ are collected in subsets of
parallel lines. We can explain this more precisely as follows. For a uniform
discretization of the angular variable 6 € [0, 7) with N distinct angles

O := kn/N fork=0,...,N—1
and for a fixed sampling rate d > 0 with
tj=j-d forj=—-M,..., M,

a constant number of 2M + 1 Radon data is recorded per angle 6, € [0, 7),
along the parallel Radon lines {/;, 9, |j = —M,..., M}. Therefore, the re-
sulting discretization of the Radon transform consists of N x (2M +1) Radon
data

{Rf(t;,06)|j=—M,...,Mand k=0,...,N —1}. (9.33)

Figure 9.9 shows 110 Radon lines ¢, g, N [—1,1]? on parallel beam geo-
metry for N = 10 angles 6 and 2M + 1 = 11 Radon lines per angle.
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Fig. 9.9. Parallel beam geometry. Regular distribution of 110 Radon lines {4, 0, ,
for N = 10 angles 6, 2M +1 = 11 Radon lines per angle, at sampling rate d = 0.2.

9.5.2 Inverse Fourier transform of the low-pass filters

For our implementation of the FBP reconstruction method fr in (9.32), we
need the inverse Fourier transforms of the chosen low-pass filter F'. Note that
any low-pass filter F is, according to Definition 9.17, an even function. There-
fore, the inverse Fourier transform F~'F of F is an inverse cosine transform.
This observation will simplify our following computations for F~1F.

We start with the Ram-Lak filter from Example 9.18.
Proposition 9.31. The inverse Fourier transform of the Ram-Lak filter
Frr(S) =|S]-n(S) for S € R
is given by

§ - sin®
f_lFRL(t):% (Lt)';n(m _ 2 tQ(Lt/ 2 fort €R.  (9.34)

The evaluation of F ' Fry, at t; = jd, with sampling rate d = w/L > 0, yields
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L?/(2m) for j =0,
F Fry(nj/L) = 0 for j # 0 even, (9.35)
—2L2/(73-43%)  for j odd.

Proof. The inverse Fourier transform F~!'Fgry, of the even function Fgy, is
given by the inverse cosine transform

1 L
F R () = + / S - cos(tS) dS.
™ Jo

Now we can compute the representation in (9.34) by elementary calculations,

[cos(tS) + (tS) - sin(tS)} S=k
L t? 5=0
[cos(Lt) + (Lt) - sin(Lt) — 1]

FlFpu(t) =

t2
[(Lt) -sin(Lt) 2- sin2(Lt/2)}
2 a 12 ’

A= A=

where we use the trigonometric identity cos(6) = 1 — 2 -sin?(6/2).
For the evaluation of F~!1Fgy, at t = 7j /L, we obtain

F L Fpy (/L) = 1 ((Wj) -sin(mj) 2 sin2(7rj/2)>

™\ (mj/L)? (mj/L)?
B Ii 2-sin(mj)  [sin(mj/2) 2
T (v /2)
and this already yields the stated representation in (9.35). |

Next, we consider the Shepp-Logan filter from Example 9.19.
Proposition 9.32. The Shepp-Logan filter

_ [ % |sin(xS/(2L))|  for |S| < L,
Fo(9) = { 0 for|S| > L,

has the inverse Fourier transform

4 L (cos(Lt—m/2) =1 cos(Lt+m/2)—1
7 = (e e

) fort eR.

The evaluation of F~'Fgy, at t; = jd, with sampling rate d = w/L > 0, yields

412

Tt (9.36)

F 1 FsL(nmj/L) =
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Proof. We compute the inverse Fourier transform F~!Fsy, by

L
F 1 Fsp(t) = l/0 % -sin(mS/(2L)) - cos(tS) dS

™

2

L [cos((tw/(2L))S) ~cos((t+7/(20))9) 17"
t—m/(2L) t+7/2L) oy’

where we used the trigonometric addition formula

2sin <962_y> cos <x ;r y) = sin(z) — sin(y)

forx = (t+n/(2L))S and y = (t — 7/(2L))S.

For the evaluation of F~'Fg, at t = 7mj/L, we obtain

L (] cos(mj —m/2) cos(mj + 7/2)

F o Fa(mj/L) = — ([wj/L —7/2L)  wj/L+ 7r/(2L)}

- [Wj/L —17T/(2L) /L +17T/(2L)D

L )
- w2 \nj/L+7/(2L) 7j/L—n/(2L)
4172
- 47

This completes our proof for the stated representation in (9.36). |
For the inverse Fourier transforms of the remaining filters F' from Exam-

ples 9.20-9.22 we refer to Exercise 9.43.

9.5.3 Discretization of the Convolution

Next, we discretize the convolution operator x in (9.32). Our purpose for
doing so is to approximate, for any angle § = 0, € [0,7), k=0,...,N — 1,
the convolution product

(FTYF *RE)(S,0) = /R(]-'l‘lF)(Sft) SRf(t,0)dt (9.37)

between the functions
u(t)=F'F(t) and  o(t) = Rf(t,6) fort € R
from discrete data

uj =F;'F(t;) and v; = Rf(t;,0k) for j € Z,
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which we acquire at t; = j - d with sampling rate d = w/L. To this end, we
replace the integral in (9.37), by application of the composite rectangle rule,
with the (infinite) sum

(FTAF % RE) (b, O1) ~ %Zum_j v;  formeZ, (9.38)
JEZ
i.e., we evaluate the convolution uxv at S = t,,, = mm/L, m € Z, numerically.

For the convergence of the sum in (9.38), we require (u;) ez, (vj) ez € £*.
But in relevant application scenarios the situation is much easier. Indeed, we
can assume compact support for the target attenuation-coefficient function
f- In this case, the Radon transform v = R f(-,0) also has compact support,
for all @ € [0,7), and so only finitely many Radon data in (v;);cz do not
vanish, so that the sum in (9.38) is finite.

According to our discussion concerning parallel beam geometry, we assume
for the Radon data {Rf(t;,0k)};cz, for any angle 6, = kn/N € [0,7), the
form

v; =Rf(t;,0k) for j=—-M,..., M.

But we choose M € N large enough, so that v; = 0 for all |j| > M. In this
way, we can represent the series in (9.38) as a finite sum. This finally yields
by

M
_ T
(FIYF « RE) (tm, O1) = I Z Um—j - Vj formeZ (9.39)
j=—M

a suitable discretization for the convolution product (F; 'F % Rf).

9.5.4 Discretization of the Back Projection

Finally, we turn to the discretization of the back projection. Recall that,
according to Definition 9.10, the back projection of h € L'(R x [0,7)) at
(z,y) is defined as

Bh(z,y) = 71r/0ﬂ h(x cos(0) + ysin(0),0)dd  for (z,y) € R (9.40)

Further recall that for the FBP reconstruction method fr in (9.32), the back
projection B is applied to the function

h(S,0) = (Fy'F + Rf)(S,0). (9.41)
To numerically compute the integral in (9.40) at (z,y), we apply the
composite rectangle rule, whereby

N-1

Bh(z,y) ~ % Z h(zx cos(0y) + ysin(6y), O). (9.42)
k=0
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This, however, leads us to the following problem.
To approximate Bh(z,y) in (9.42) over the Cartesian grid of pixel points
(z,y) we need, for any angle 0, k =0,..., N — 1, the values h(¢,0;) at

t = x cos(0y) + ysin(f). (9.43)

In the previous section, we have shown how to evaluate h in (9.41) at
polar coordinates (t,,,0x) numerically from input data of the form

h(tm,0r) = (FT'F * Rf)(tm, O1) for m € Z. (9.44)

Now note that ¢ in (9.43) is not necessarily contained in the set {t,, }mez.
But we can determine the value h(t, 0y) at t = x cos(0x) + ysin(fy) from the
data in (9.44) by interpolation, where we recommend the following methods.

Piecewise constant interpolation: In this method, the value h(t,0y) at
t € [tm,tm+1) is approximated by

h(tnu ak) for t — t’m S tm—i—l - ta

h(t, 0) ~ Toh(t, 01) = { pm ) ot S

Note that the resulting interpolant Zoh(-, 8y ) is piecewise constant.

Interpolation by linear splines: In this method, the value h(t,0;) at
t € [tm,tm+1) is approximated by

L
h(t,0k) ~ Z1h(t,0) := — [(t = tm)h(tms1, Ok) + (1 — t)R(tm, O1)]
The spline interpolant Zy h(-,0y) is globally continuous and piecewise linear.

We summarize the proposed FBP reconstruction method in Algorithm 10.

9.5.5 Numerical Reconstruction of the Shepp-Logan Phantom

We have implemented the FBP reconstruction method, Algorithm 10. For
the purpose of illustration, we apply the FBP reconstruction method to the
Shepp-Logan phantom [66] (see Figure 9.4 (a)). To this end, we use the Shepp-
Logan filter Fgr, from Example 9.19 (see Figure 9.6 (b)). The inverse Fourier
transform F~!Fgp, is given in Proposition 9.32, along with the functions
values

412
T (1 —452)
which we use to compute the required convolutions in line 9 of Algorithm 10.
To compute the back projection (line 16), we apply linear spline interpolation,
i.e., we choose Z = 7; in line 13.

For our numerical experiments we used parameter values as in Table 9.1.
Figure 9.10 shows the resulting FBP reconstructions of the Shepp-Logan
phantoms on a grid of 512 x 512 pixels.

(F'Fsp)(mj/L) = for j € Z,
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Algorithm 10 Reconstruction by filtered back projection

1: function FILTERED BACK PROJECTION(R )

2:

10:
11:
12:
13:
14:
15:
16:

17:
18:
19:
20:

Input: Radon data Rf = Rf(¢;,0k), k=0,...,N—1,j=—M,...,M;
evaluation points {(zn,ym) € R?| (n,m) € I, x I} for (finite)
index sets I, x I, C N x N.

choose low-pass filter F' with window Wy and bandwidth L > 0;
for k=0,...,N —1do

for i € I do > for (finite) index set I C Z
let > compute convolution product (9.39)
.M
hii= 1 > FF(G = )n/L) - Rt 00)
j=—M
end for
end for
choose interpolation method Z > e.g. linear splines Z;

for n € I, do
for m € I, do

let > compute back projection (9.42)
;N2
frm = N Th(zn cos(bk) + ym sin(k), Ok).
k=0
end for
end for

Output: reconstruction {fnm}(n‘m)ejzxjy with values fom = fr(Tn, Ym)-

21: end function

(a) 2460 Radon lines (b) 15150 Radon lines (c) 60300 Radon lines

Fig. 9.10. Reconstruction of the Shepp-Logan phantom by filtered back projection,
Algorithm 10, using the parameters in Table 9.1.
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Table 9.1. Reconstruction of the Shepp-Logan phantom by filtered back projection,
Algorithm 10. The following values were used for the bandwidth L, the sampling
rate d, the number N of angles 0, at 2M +1 parallel Radon lines ¢+, ¢, per angle 0.
The resulting reconstructions on a grid of 512 x 512 pixels are shown in Figure 9.10.

parameter|bandwidth|sampling rate| # angles |# Radon lines
M L=n-M| d=7n/L |[N=3-M|Nx(2M+1)
20 207 0.05 60 2460
50 507 0.02 150 15150
100 307 0.01 300 60300

9.6 Exercises
Exercise 9.33. Prove for f € L!(R?) the estimate
HRf(ae)HLl(]R) < ||f||L1(R2) for all § € [0,7‘(’)

to conclude
Rf € LYR x [0,7)) for all f € L'(R?),

i.e., for f € L'(R?), we have
(Rf)(t,0) < o0 for almost every (¢,60) € R x [0, 7).
Exercise 9.34. Consider the function f : R?> — R, defined as

fx) = { x5 for |jx||y < 1

x = (z,y) € R
0 for ||x|2 > 1
Show that (R f)(0,0) is not finite, although f € L!(R?).

Exercise 9.35. Show that the Radon transform Rf of f € L!(R?) has com-
pact support, if f has compact support.

Does the converse of this statement hold? Le., does f € L!(R?) necessarily
have compact support, if supp(Rf) is compact?

Exercise 9.36. Recall the rotation matrix Qg € R?*? in (9.6) and the unit
vector ng = (cos(#),sin(6))T € R2, for 6 € [0, 7), respectively.
Prove the following properties for the Radon transform Rf of f € L*(R?).

(a) For fo(x) = f(Qex), the identity
(R0 +¢) = (Rfp)(t, ©)

holds for all t € R and all 6, € [0, 7).
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(b) For fx,(x) = f(x + Xo), where xg € R?, the identity
(Rfxo)(t,0) = (Rf)(t + n§x0,0)
holds for all ¢ € R and all § € [0, 7).

Exercise 9.37. Show that for a radially symmetric function f € L!(R?), the
backward projection B(Rf) of Rf is radially symmetric.

Now consider the indicator function f = g, of the unit ball B; and its
Radon transform R f from Example 9.6. Show that the backward projection
B(Rf) of Rf is positive on the open annulus

RY? = {x e R?[1< x|l < V2} C B2,

Hint: Remark 9.12.
Exercise 9.38. Prove the Radon convolution theorem,
R(f+g) = (Rf) x(Rg)  for f,q€ L'(R%) N%(R?)
Hint: Use the Fourier slice theorem, Theorem 9.14.

Exercise 9.39. Show that the backward projection B is (up to factor 7) the
adjoint operator of the Radon transform R. To this end, prove the relation

(Rf, 912 @®x0,x)) = T(f, Bg)L2(r2)
for g € L2(Rx [0, 7)) and f € L}(R?)NL2?(R?) satisfying Rf € L2(R x [0, 7)).

Exercise 9.40. In this exercise, we consider a spline filter of first order,
which is a low-pass filter F': R — R of the form

F(S) = |S]- A(S) -1(S)
(cf. Definition 9.17) with the linear B-spline A : R — R, defined as

1—|S for |S| <1,
e G R v

(a) Show the representation

(FrHF)(@) = =

™

forz e R

2 {sinZ(:r/2) —;Qsinc(x) — 1]

for the inverse Fourier transform F; 'F of F.
(b) Use the result in (a) to compute (F; 'F)(wn) for n € Z.
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Exercise 9.41. A spline filter F} of order k& € Ny has the form
Fr(S) = |S]- Ax(S) - 1(S) for k € N, (9.45)
where the B-spline Ay is defined by the recursion
Ak(S) == (ANk—1 *M)(S/ag) for ke N (9.46)
for the initial value Ay := M and where, moreover, the positive scaling factor

ag > 01in (9.46) is chosen, such that supp(Ag) = [—1,1].

In this exercise, we construct a spline filter of second order.

(a) Show that the initial value Ag yields the Ram-Lak filter, i.e., Fy = FRy..

(b) Show that the scaling factor o, > 0 in (9.46) is, for any k € N, uniquely
determined by the requirement supp(Ax) = [—1, 1].

(c¢) Show that A; generates by F the spline filter from Exercise 9.40.
Determine the scaling factor oy of Fy.

(d) Compute the second order spline filter Fy. To this end, determine the
B-spline Az in (9.46), along with its scaling factor as.

Exercise 9.42. Develop a construction scheme for higher order spline filters
F}, of the form (9.45), where k& > 3. To this end, apply the recursion in (9.46)
and determine the scaling factors ay, for k > 3.

Exercise 9.43. Compute the inverse Fourier transform F~'F of the

(a) cosine filter F' = For from Example 9.20;

b) Hamming filter F' = Fj from Example 9.21;
g 8

(¢) Gauss filter F' = F,, from Example 9.22.

Compute for each of the filters I in (a)-(c) the values
(F'F)(7j/L) for j € Z.
Hint: Proposition 9.31 and Proposition 9.32.

Exercise 9.44. Let F' = F, w be a low-pass filter with bandwidth L > 0
and window function W : R — R, according to Definition 9.17. Moreover,
let

1
Kp(z,y) = 5B (F'F) (w,y)  for (z,y) €R?

be the convolution kernel of F.
Prove for the scaled window W (S) = W(S/L), S € R, the identity

WLz, y)ll2) = FKr(z,y) (9-47)

In which sense does the identity in (9.47) hold?
Hint: Elaborate the details in the proof of [5, Proposition 4.1].
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Exercise 9.45. Implement the reconstruction method of the filtered back
projection (FBP), Algorithm 10. Apply the FBP method to the phantom
bull’s eye (see Example 9.9 and Figure 9.3). To this end, use the bandwidth
L = m- M, the sampling rate d = /L, and N = 3- M angles 6}, with 2M + 1
parallel Radon lines /, g, per angle 0y, for M = 10, 20, 50.

For verification, the reconstructions with 512 x 512 pixels are displayed
in Figure 9.11, where we used the Shepp-Logan filter Fg1, from Example 9.19
(see Figure 9.6 (b)) in combination with linear spline interpolation.

(a) 630 Radon lines (b) 2460 Radon lines (c) 15150 Radon lines

Fig. 9.11. Reconstruction of bull’s eye from Example 9.9 (see Figure 9.3).
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