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PREFACE TO THE
AMERICAN EDITION

As in the case of Volume I, a considerable number of changes have
been made in adapting the original book for use by English-speaking
readers. The editor accepts full responsibility for these changes which
include the following:

1. The order of a few problems has been changed in order that no
problem need depend on a later one for its solution.

2. Problems 110 and 128 were added in order to supplement and
lend perspective to problems 112 and 127, respectively.

3. Several solutions, and some of the introductory paragraphs, have
been expanded or rewritten to bring out points not familiar to many
American readers. This applies in particular to most of Section 8.

4. The bibliography has been considerably enlarged.

BasiL GORDON

Cambridge
1967






SUGGESTIONS
FOR USING THE BOOK

This volume contains seventy-four problems. The statements of the
problems are given first, followed by a section giving complete solutions.
Answers and hints are given at the end of the book. For most of the
problems the reader is advised to find a solution by himself. After solving
the problem, he should check his answer against the one given in the book.
If the answers do not coincide, he should try to find his error; if they
do, he should compare his solution with the one given in the solutions
section. If he does not succeed in solving the problem alone, he should
consult the hints in the back of the book (or the answer, which may also
help him to arrive at a correct solution). If this is still no help, he should
turn to the solution. It should be emphasized that an attempt at solving
the problem is of great value even if it is unsuccessful: it helps the
reader to penetrate to the essence of the problem and its difficulties, and
thus to understand and to appreciate better the solution presented in
the book.

But this is not the best way to proceed in all cases. The book con-
tains many difficult problems, which are marked, according to their
difficulty, by one, two, or three asterisks. Problems marked with two or
three asterisks are often noteworthy achievements of outstanding mathe-
maticians, and the reader can scarcely be expected to find their solutions
entirely on his own. It is advisable, therefore, to turn straight to the hints
in the case of the harder problems; even with their help a solution will,
as a rule, present considerable difficulties.

The book can be regarded not only as a problem book, but also as a
collection of mathematical propositions, on the whole more complex
than those assembled in Hugo Steinhaus’s excellent book, Mathematical
Snapshots (New York: Oxford University Press, 1960), and presented in
the form of problems together with detailed solutions. If the book is
used in this way, the solution to a problem may be read after its statement
is clearly understood. Some parts of the book, in fact, are so written that
this is the best way to approach them. Such, for example, are problems
125 and 170, and, in general, all problems marked with three asterisks.

vii



viii Suggestions for using the book

The problems are most naturally solved in the order in which they
occur. But the reader can safely omit a section he does not find interesting.
There is, of course, no need to solve all the problems in one section before
passing to the next.

This book can well be used as a text for a school or undergraduate
mathematics club. In this case the additional literature cited in the text
will be of value. While the easier problems could be solved by the partic-
ipants alone, the harder ones should be regarded as “theory.” Their
solutions might be studied from the book and expounded at the meetings
of the club.
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PROBLEMS

I. POINTS AND LINES

Problems 101 to 107 are taken from a branch of mathematics called
projective geometry. We are concerned here only with plane projective
geometry, which deals with the properties of plane figures that are
unchanged by projection from one plane onto another (fig. 1).

Central projection Parallel projection
2 b

Fig. 1

There are two kinds of projection, central and parallel. A central
projection is obtained by choosing two planes =, #’, and a center O which
is on neither of them. Given any point P of 7, we draw OP and extend it
until it intersects =’ in a point P’ as in fig. la. The mapping P— P’ is
called a central projection. (Of course if OP is parallel to =’ there will be
no point P’ of intersection. In this case P can be thought of as being
mapped to a “point at infinity” by the projection.) A parallel projection
from = to =’ is obtained by drawing a family of parallel lines and mapping

3



4 PROBLEMS

each point 4 of = onto the point 4’ of =’ such that 44’ is one of these lines
(fig. 1b). This is sometimes thought of as central projection from a point
at infinity.

A projection sends any figure F drawn in the plane « to a figure F'in
7#'. We call F' the image of F. The image of a straight line is itself a
straight line, but the distance from a point P to a line /, or the angle
between two lines /; and /,, may be changed by projection (fig. la).
Similarly, the image of a circle need not be a circle (fig. 1b). Projective
geometry deals only with the properties of figures which are unchanged by
projections, and is therefore not concerned with such things as distances,
angles, and circles. However, concepts involving only the incidence of
points and lines (such as collinearity or concurrence) are preserved under
projection and therefore belong to projective geometry. Each configuration
of straight lines and curves in problems 101 to 107 would be transformed
under projection into another configuration having the same propertics,
and thus the results proved in these problems are theorems of projective
geometry.

For further reading see [4] and [10].

101. A certain city has 10 bus routes. Is it possible to arrange the routes
and the bus stops so that if one route is closed, it is still possible to get
from any one stop to any other (possibly changing along the way), but
if any two routes are closed, there are at least two stops such that it is im-
possible to get from one to the other?

102. Show that it is possible to set up a system of bus routes (more than
one) such that every route has exactly three stops, any two routes have a
stop in common, and it is possible to get from any one stop to any other
without changing.

103.* Consider a system of at least two bus lines with the following
properties:

(1) Every line has at least three stops.
(2) Given any two stops there is at least one bus line joining them.
(3) Any two distinct lines have exactly one stop in common.
a. Show that all the lines have the same number of stops. Calling
this number n + 1, show that every stop lies on n + 1 different lines.
b. Prove that there are altogether n% 4+ n + 1 stops and 7% + n + 1
lines in the system.

104a. Arrange nine points and nine straight lines in the plane in such a
way that exactly three lines pass through each point, and exactly three
points lie on each line.

b. Show that such an arrangement is impossible with seven points
and seven straight lines.



II. Lattices of points in the plane 5

105.* Let S be a finite set of straight lines in the plane, arranged in such a
way that through the point of intersection of any two lines of S there passes
a third line of S. Prove that the lines of S are either all parallel or all
concurrent.

106.* Let S be a finite set of points in the plane, arranged in such a way
that the line joining any two points of S contains a third point of S. Prove
that all the points of S are collinear.

Remark. The results of problems 105 and 106 are “‘dual” to each other
in the sense of projective geometry. This means that either result is obtained
from the other by interchanging the words point and line and interchanging
the terms line joining two points and point of intersection of two lines. The
“principle of duality” asserts that whenever a theorem holds in projective
geometry, so does its dual. See, for example, pp. 13-14 in [4].

107.** In the plane we are given n points, not all collinear. Show that at
least n straight lines are required to join all possible pairs of points.

108a. Find all possible arrangements of four points in the plane such that
the distance between any two of them is one or the other of two given
quantities @ and 4. Find all the values of the ratio a:b for which such
arrangements are possible.

b. Find all possible arrangements of » points in the plane such that
the distance between any two of them is either 2 or 5. For what values of
n do such arrangements exist?

109a.* Show that for any integer N > 2 it is possible to find N points in
the plane, not all on one line, such that the distance between any two
of them is an integer.

b.** Show that it is impossible to find infinitely many points in the
plane satisfying the conditions of part a.

II. LATTICES OF POINTS IN THE PLANE

Problems 110 to 112 deal with lattice points in the plane, that is, with
a system of points at the vertices of a network of squares (the lartice
squares) covering the plane in the same way as the squares on a sheet of
graph paper cover the sheet (fig. 2). Such lattices play an important part
in pure mathematics (theory of numbers) and in scientific applications
(crystallography): Minkowski’s theorem (problem 112) is particularly
important and has many applications in the theory of numbers. See Ref.
[19], chap. IV and [10], chap. I1.

In some of the following problems it is convenient to introduce a
coordinate system, as in fig. 2, and to take the width of the lattice squares
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y

Fig. 2

as the unit of measurement. Then the lattice points are precisely the points
(x,y) whose coordinates x and y are integers.

110. Blichfeldt’s lemma.® Let M be a set in the plane with area greater than
1. Show that M contains two distinct points (x,y;) and (x,,y,) such that
Xx; — Xy and y, — y, are integers.

111a. Let Il be a parallelogram whose vertices are lattice points, and
suppose there are no other lattice points inside I or on its boundary
(fig. 3a). Prove that the area of Il is equal to that of a lattice square.

b. Let Il be any polygon whose vertices are lattice points (fig. 3b).
Prove that the area A of II is given by the formula 4 =i+ 5/2 — 1,
where / is the number of lattice points inside Il and b is the number of
lattice points on the boundary of II. Here the unit of area is that of a
lattice square. For example, the area of the polygon in fig. 3bis 4 + 32 —
I =11

(Part a is a special case of part b, withi = O and b = 4.)

2 b
Fig. 3
% Hans Blichfeldt (1873-1945), an American mathematician.
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112.** Minkowski's theorem.! Let K be a convex set in the plane which
is centrally symmetric with respect to the origin O. Suppose X has an
area greater than 4. Prove that K contains a lattice point other than O.

113. In a circular orchard of radius 50 with center at the origin O, trees
are planted at all the lattice points except O. In the middle of the orchard
there is a garden-house (fig. 4). As long as the trees (which we assume have
equal circular cross section) are thin enough, they do not block off the

Fig. 4

view from the garden-house (that is, it is possible to draw a ray from O
which does not pass through any of the trees). Show that it is possible
to see out of the orchard when the trees have radius less than 1/v/2501 ~
1/50.01, but that when the radius becomes greater than 1/50 the view is
completely blocked off.

III. TOPOLOGY

Topology is a branch of mathematics which is concerned with very
general, purely qualitative properties of geometric figures. As a branch
of mathematics in its own right, it arose comparatively recently, in the
twentieth century. At present it is an important part of mathematics,
having valuable applications to many other branches. See Refs. [2], [7],
and [10], chap. VL.

114. Draw n straight lines in the plane. Show that the regions into which
these lines divide the plane can be colored with two colors in such a way

1 Hermann Minkowski (1864-1909), a German mathematician.
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that no two adjacent regions (that is, two regions touching along a segment
of one of the lines) have the same color (fig. 5).

We may formulate problem 114 as follows: the map obtained by
drawing n straight lines in the plane can be colored using two colors in
such a way that no two neighboring countries have the same color. In
this form the problem is seen to be a special case of the following question:
What is the minimum number of colors which will suffice to color any
map in such a way that no two neighboring countries have the same color?
This question is still unanswered, although it has attracted the attention
of mathematicians for the past one hundred years. It has been proved
that five colors are enough, and it is conjectured that four colors are
enough. Problems on the coloring of networks of lines (see 115) and nodes
(see Remark to 117) are also connected with this question. For more
details, see reference [7].

115a. Consider a network of lines and nodes with the property that at
most two lines meet at each node (fig. 6a). The lines are to be colored in
such a way that no two adjacent lines (that is, lines meeting at a node) have
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the same color. Show that this is always possible using three colors, but
may be impossible with only two colors.

b.** Suppose that at most three lines meet at each node of the net-
work (fig. 6b). Show that the lines can be colored as in part a using four
colors, but that this may be impossible with only three colors.

Remark. In practice it sometimes happens that a network of lines has to
be colored in the way described above. This occurs, for example, when an
electrical network has to be connected without mixing up the wires. It proves
convenient to use wires of different colors and never to plug two wires of the
same color into the same terminal.

116a.** Sperner’s lemma.® A triangle T is divided into smaller triangles
in such a way that any two of the small triangles have no point in common,

2

Fig. 7

or have a vertex in common, or have a complete side in common. (Thus
no two triangles touch along part of a side of one of them.) The three
vertices of T are numbered 1, 2, 3. Each vertex of the small triangles is
then also numbered 1, 2, or 3. The numbering is arbitrary except that
vertices lying on the side of T opposite vertex i (for i = 1, 2, 3) must not
be numbered / (fig. 7). Show that among the small triangles there is at
least one whose vertices are numbered 1, 2, 3.

b. State and prove an analogous result for a tetrahedron divided into
smaller tetrahedra.

117.* A triangle is divided into smaller triangles as in problem 116a.
Show that if an even number of triangles meet at each vertex, then the
vertices can be numbered 1, 2, or 3 in such a way that the vertices of every
triangle have three different numbers attached to them (fig. 8).

* Emmanuel Sperner (1905- ), a German mathematician.



10 PROBLEMS

There is a conjecture that in all cases (that is, without the requirement
that an even number of triangles meet at each vertex), it is possible to
number the vertices with the four numbers 1, 2, 3, and 4 in such a way that
the vertices of any of the small triangles have three different numbers
attached to them. This conjecture has not yet been either proved or dis-
proved. It is closely connected with the map-coloring problem (see above,
under problem 114).

Remark. Note that problem 117 may be rephrased as follows: if a triangle
is broken up into small triangles, as described in problem 116a, and an even
number of triangles meet at each vertex, then the vertices may be colored so that
no two adjacent vertices (that is, vertices belonging to the same triangle) have
the same color, using just three colors (see problems 114 and 115).

118.%*** A problem on neighbors. A square of side 1 is divided into
polygons (fig. 9). Suppose that each of these polygons has a diameter®
less than . Show that there is a polygon P with at least six neighbors,
that is, polygons touching P in at least one point.

6
1 X5
4
2
3
Fig. 9

3 By the diameter of a polygon we mean the greatest distance between any two of
its points.
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IV. A PROPERTY OF THE RECIPROCALS
OF INTEGERS

119. Let a = 1/n be the reciprocal of a positive integer n. Let 4 and B
be two points of the plane such that the segment 4B has length 1. Prove
that every continuous curve joining A to B has a chord? parallel to 4B
and of length a. Show that if a is not the reciprocal of an integer, then
there is a continuous curve joining 4 to B which has no such chord of
length a.

For a complete characterization of the possible sets of chord lengths parallel to
AB, see H. Hopf [26].

V. CONVEX POLYGONS

Problems 120 to 122 are concerned with extremal properties of
convex polygons. The results are true, and the proofs need little alteration,
for any convex sets (not necessarily polygons). A set is said to be convex
if the whole of the line segment joining any two points in it lies inside the
body.

The theory of convex bodies is an important part of geometry, having
applications in other branches of mathematics and science. See Refs.
[19], [22], and [24].

120a. Show that any convex polygon of area 1 can be enclosed in a
parallelogram of area 2.

b. Show that a triangle of area 1 cannot be enclosed in a parallelo-
gram of area less than 2.

121a. Show that any convex polygon of area 1 can be enclosed in a
triangle of area 2.

b.** Show that a paralielogram of area 1 cannot be enclosed in a
triangle of area less than 2.

122a.* Let M be a convex polygon and / any straight line. Show that it is
possible to inscribe a triangle in M, one of whose sides is parallel to /, and
of area at least § that of M.

b. Let M be a regular hexagon, and / a line parallel to one of its sides.
Show that it is impossible to inscribe a triangle in M with one side parallel
to / and of area more than § that of M.

4 A chord of a curve C is a straight line segment, both of whose endpoints lie on C.
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VI. SOME PROPERTIES OF SEQUENCES
OF INTEGERS

123a.** Consider n arithmetic progressions, each consisting entirely of
integers, and extending indefinitely in both directions. Show that if any
two of the progressions have a term in common, then they all have a term
in common. Show that if the progressions are allowed to assume non-
integer values, then the conclusion may be false.

b. Consider n arithmetic progressions, each extending indefinitely in
both directions. If each three of them have a term in common, prove that
they all have a term in common.

Remark. It is interesting to note the similarity between the phrasing of
this problem and the following theorem of Helly: If a family of convex sets in
the plane is such that any three have a point in common, then all of them have a
point in common. For a unified treatment of both theorems, see reference [27].

124a. Show that a sequence of 1’s and 2’s, having at least four terms,
must contain a digit or sequence of digits which appears twice in succession.

b.** Show that there exist arbitrarily long sequences of 1’s and 2’s in
which no digit or sequence of digits occurs three times in succession.
(Cf. M. Morse and G. A. Hedlund, “Symbolic Dynamics”, American
Journal of Mathematics, vol. 60 (1938), pp. 815-866.)

125a.*** Show that there exist arbitrarily long sequences consisting of
the digits 0, 1, 2, 3, such that no digit or sequence of digits occurs twice in
succession.

b. Show that there are solutions to part a in which the digit 0 does not
occur. Thus three digits is the minimum we need to construct sequences
of the desired type.

Although part a is actually a corollary of part b, we have stated the
problems separately, for part a is somewhat simpler.

126.** Let T be a positive integer whose digits consist of N 0’s and 1’s.
Consider all the n-digit numbers (where n < N) obtained by writing down
n consecutive digits of T; there are N — n 4 1 such numbers, starting
at the Ist, the 2nd, ..., the (N — n + Dth digit of T.®

Show that, given n, we may choose N and T in such a way that all
the n-digit numbers obtained from T are different, and that every n-digit
number counsisting entirely of 1’s and 0’s is to be found among them.

® Thus if T = 10010, then the two-digit numbers we obtain in this way are 10, 00,
01, and 10 again.
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VII. DISTRIBUTION OF OBJECTS

127. We are given 10 cookies of each of 20 flavors. The cookies are dis-
tributed into 20 boxes, 10 cookies to each box. Show that however the dis-
tribution is made, it is always possible to select one cookie from each box
in such a way that the 20 cookies so obtained are all of different flavors.

128. The marriage problem. Suppose that there are m boys and M girls,
and that each boy is acquainted with a certain number of the girls.
Suppose, moreover, that for each subset of & boys (1 = k < m), the total
number of their acquaintances is at least k. Show that it is possible for each
boy to marry one of his acquaintances without bigamy being committed.

VIII. NONDECIMAL COUNTING

The problems in this section are related by the fact that their solution
involves the use of number systems other than the familiar decimal system.
For the reader’s convenience, we now give a brief account of these

systems.
Consider an infinite sequence of integers ug = 1,1, Uy, . . . , Uy, . . .,
with uy < wu; <wuy <---. Let N be any given positive integer, and

suppose u, is the largest member of the sequence which is =N. We
divide N by u,, obtaining a quotient g, and a remainder r,; that is,
N =gq,u, - r, where q, = [Nfu,] and 0 < r, < u,. Next we divide r,
by u,_,, ¢htaining a quotient ¢,_; and a remainder r,_;; thus r, =

Gt ‘. _1, where g,_; =[r,/u, )], and 0 < r,_, <u, ,. We now
divide r,_; by u,_,, and proceed in this way, obtaining the equations
N=?nun+rn 0§r,,<u,,
Fn = qna¥n_1 + o 0= Ty < Upy_q

Fp1 = Qn—zun—z + T2 0 —g Fn2 < Up_2

m

Fip1 = Gy 11 0=sr<uy

re =gty + 1y 0=n<u

1 == golto
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The last remainder r, is zero, since u, = 1. It is possible that some earlier
remainder r, is zero, in which case g, ;, =¢, , ="'+ =¢g,=0.
Combining equations (1) we get

N = qnun + qn——lun—l + e + ‘]1”1 + q09 (2)

where g; = [r,./u). Since 0 < r,, <w,,, we have 0 = g, < uy,fu,.
We will refer to equation (2) as the representation of N in the number
system determined by {ug, u;, 1, ...}. Note thatr, =gq, ju, ; + -+
g4, + q,, and therefore, since r; < u;, we have

Gialtya + -+ gun + oty < (d=sisn+1). 3)

It is easily seen that, conversely, given a sequence q,, ¢,_1, - - - s 1, Go
of nonnegative integers satisfying condition (3), the expression q,u, +
GnaUn_1 + *** + g1ty + golt, is the representation of its sum in the number
system determined by {u,, 4y, %, . . . }. The inequalities 0 < ¢, < u;,,/u;
are not always sufficient for this, as we shall see later (page 15).

A case of particular importance arises if we choose a fixed integer
b>1 and let u; = b’. Then u;,fu, = b**1[b* = b, and our expansion
takes the form

N=gb" + guab" + - + @16 + g0 @

where 0 < g, < b. When b = 10, this means that 0 < ¢; = 9. In this
€as€ ¢,, ¢n s, - - - » §o are the digits of N in the usual decimal notation,
which is customarily abbreviated as N =gq,g,_; - - * go (not a product!).
In general, equation (4) is referred to as the representation of N to the base
b, and the resulting number system is calied the b-ary system. (For
b =2, 3, and 10 the terms binary system, ternary system, and decimal
system are preferred.)

It is easy to show conversely that given integers ¢,,, ¢n_1, - - - , 1, Go»
with 0 = ¢, < b, the expression ¢,b™ + ¢,_1b"* + -+ + q:b + g, is the
representation of its sum to the base b; as noted earlier, this property
need not hold for more general sequences {ug, 4y, U, . . . }.

The case b = 2, that is, the binary system, is especially important
and is used in solving problems 129 and 130. Here the “digits” ¢, satisfy
0 < ¢, < 2, so that each g, is either 0 or 1. Hence the representation

N=¢g2"+q,,2" '+ -+ q2+¢,

gives us an expression of N as a sum of distinct powers of 2, namely, those
powers 2¢ for which ¢; = 1. For example, the binary expansions of the
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integers = 10 are as follows:
Abbreviated notation

1= 20 1

2= 2t 10

3= 21420 11

4= 22 100

5= 224 20 101

6= 2242t 110

T= 22421420 111

=23 1000

9 =23 + 20 1001

10=22 4+ 20 1010

In the right-hand column we show the abbreviated notation, in which
only the digits ¢,4, 1 * * - .9, are written, just as in the decimal system.

As another example (which is of use in problem 131), we consider the
case where the u, are the Fibonacci numbers, that is, ug = 1, u; = 2, and
u; = u;_, + u;_, for i = 2. The first few of these numbers are shown in
the following table.

i 01234 5 6 7 8 9 10

v, 1 2 3 5 8 13 21 34 55 89 144

The number system determined by this sequence is called the Fibonacci
system, or F-system for short. Since 0 = g; < u;afu; = (U; + w;_)fu; <
(u; + u)fu; = 2, we see that each g, is either O or 1, as in the case of the
binary system. But it is not true that every expression of the form
Gully + * * * + qoitg, With 0 =< g, = 1, is the representation of its sum in the
F-system. In fact, we cannot have two consecutive digits ¢;,_; and ¢,_,
equal to 1. For if g,_, =¢, , =1, then ¢, ;1 + g ot; o+ -+
golty = u;_; + u,_, = u,, a contradiction to inequality (3) above.

On the other hand, if 1 =¢,,¢,_;,...,41,¢o is a sequence of I’s
and 0’s, such that no two consecutive terms are 1, then the expression
Gty + Qr_tlin_g + * < * + gutty + gol, is the F-expansion of its sum N.
Forif ]l £ i< n + 1, we have

Goaley + 7 quiy F Gotto = Uy U g+ U g+ Uy,
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where k = 0 or 1 according as i is odd or even. If i is odd, then

Uy F U3+ up g+ U+ U
= — U )+ WU —u )+ (g — g+ + (us — up) + 4
=u;— wy +ug=u; — 1.

®)

If i is even, then
Uyt U gt u s+ Fug
=(uy—uy o) + (g —up_g) + -+ (g — up) (6)
= U — Uy = Uy — l-
Thus in any case,
Gittiy+  F g = u; — 1 <,

so that the inequalities (3) are satisfied. This shows thatg,u, + - + g4,
is the F-expansion of its sum.
The F-expansions of the integers from 1 to 10 are as follows:

Abbreviated form

1= 1 1
2= 2 10
3= 3 100

= 3 +1 101

= 5 1000
6= 35 +1 1001
7= 5 +2 1010
8=28 10000
9=8 +1 10001
10=38 +2 10010

In problems 130 and 131 we are concerned with mathematical games
of the following type.

A network of nodes and lines is given, the one illustrated in fig. 10
for example. There is a unique highest node, marked START. The game
is played by two players with a counter which is initially placed at START.
The first player moves the counter downward along one of the lines
emanating from START, until it covers an adjacent node. For example,
in fig. 10 the first player could move to any one of the positions marked
I, 2, or 3. Next, the second player moves the counter farther down in the
same manner. In the figure, if the first move is to position 1, the second
move must be to 4; if the first move is to 2, the second move must be to
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START

Fig. 10

5; while if the first move is to 3, the second move could be to either 6 or
7. The game continues in this way, with the two players alternately
moving the counter downward, until a position is reached where no
further move is possible (nodes 7, 8, 9, and 10 in the figure). The player
whose turn it is to move is then unable to play, and loses the game. In
other words, the object is to make the last move.

We wish to describe briefly how such games can be analyzed. By a
winning position we mean one with the property that whoever plays from
it can win the game by proper play, no matter what his opponent does.
The other positions are called losing positions; they are such that whoever
has to move from them will be defeated by a skilled opponent. The
following three properties are clear:

(1) The nodes at the bottom of the network are losing positions.

(2) A node A4 is a winning position if it is possible to move from 4
to a losing position.

(3) A node B is a losing position if every move from B leads to a
winning position.

By using these three properties we can determine the nature of every node
in the diagram, starting at the bottom and working up. For example, in
fig. 10 we first mark the bottom nodes with an L (for losing). This gives
fig. 11,

Next, using property (2), we see the nodes 3, 4, 5, and 6 are winning
positions; marking them with a W, we obtain fig. 12. By property (3) it
now follows that nodes 1 and 2 are losing positions; this gives fig. 13.

Finally, we see from property (2) that the START is a winning position.
This means that the first player can win the game by moving either to 1 or
2, and then, after his opponent moves, pushing the counter to the bottom.



8
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It is clear from our analysis that with proper play on both sides, the
game is a win for the first or second player according as the START is
marked with a Wor an L.

In actual practice, the method we have just described for finding the
winning and losing positions can be quite cumbersome to apply. The
following theorem gives a convenient criterion for identifying the set
of all losing positions in the network without working up from the
bottom.

Theorem. Let £ be a subset of the nodes of the network such that

(4) No two nodes of £ are connected by a line of the network.
(5) From every node not in £ there is a line leading (downward) to a
node of £.

Then £ is precisely the set of all losing positions.

Proof. The nodes at the bottom of the network are in £, for otherwise
property (5) would be violated. Now suppose you are playing the game
and find yourself at a node of £. By (4) you must move the counter to a
node not in £. By (5) your opponent can then move it back to a node of
£. Continuing in this way, you will find yourself at lower and lower nodes
of £, until you finally reach the bottom of the network; you will then be
unable to move. Thus the nodes of £ are losing positions. On the other
hand, if you start at a node not in £, you can move the counter to a node
in £ by (5). Then you have put your opponent in a losing position and
thus have won the game. Hence the nodes not in £ are winning positions.

The use of this theorem will become apparent in problems 130 and
131.

129.*** The squares of an infinite chessboard are numbered successively
as follows: in the corner we put 0, and then in every other square we put
the smallest nonnegative integer that does not appear to its left in the
same row or below it in the same column (fig. 14). What number will
appear at the intersection of the 1000th row and the 100th column?

<
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130.** The game of Nim. Two players play with three piles of matches.
Each player in turn takes a number of matches (as many as he likes) from
any of the piles (but only from one pile in each turn). The winner is the
one who takes the last match.

Determine the initial conditions for which the first player can force
a win, and those for which he cannot, and give a method of play with
which he will always win in the first case.

. Remark. Instead of three piles of matches we may use a piece of paper
with three rows of squares and three checkers (fig. 15). The players alternately

@

@
@

Fig. 15

move one of the checkers any number of squares to the right, and the winner is
the one who makes the last move. In this form the game may conveniently be
played in a classroom, using chalk and an eraser.

Similar remarks apply to the following problem.

131.*** Wythoff’s game.* The game is played with two piles of matches.
The two players aiternately remove from the piles. They may either take
as many matches as they like from one pile or take the same number from
both piles. The winner is the one who takes the last match.

Determine the initial conditions for which the first player can force a
win, and those for which he cannot, and give the correct method of play
for him in the former case.

IX. POLYNOMIALS WITH MINIMUM DEVIATION
FROM ZERO (TCHEBYCHEV POLYNOMIALS)

Problems 133 to 138 are concerned with P. L. Tchebychev’s classical
theorem on the polynomials with minimum deviation from zero (see
problem 135) and related results. These questions play an important part
in modern mathematics.

¢ Nim and Wythoff’s games are both played in China, the latter under the name of

Tsan-shitsi (which means *‘choosing stones™). The mathematical theory of the game
was given by Wythoff in Ref. {25]. See also Coxeter, Ref. [§]
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The deviation of a function f(x) from zero on some interval is the
maximum absolute value assumed by the function on the interval. Thus
the deviation from zero of the function y = f(x), whose graph is given in
fig. 16, is the length MP.

132. Show that

. ny . _ n\ . _
a. sin na = (1) sinacos™ lo — (3) sin® « cos"  a

+ (:) sin® ¢ cos™ o — + - - 3
so that, for example,

sin 6o = 6 sin & cos® &« — 20 sin® « cos3 a + 6 sin® « cos «.

n\ . ny .
b. cos na = cos™ o — (2) sinfacos" 2o + (4) sinfacos™ta—-
so that, for example,

cos 6 = cos® a — 15sin? « cos? a + 15 sin® & cos? a — sin® a.

(") tan o — (n) tan® o + (n) tan®a — - - -
1 3 5 ,
1-— (2) tan®a + (::) tan“o — - - -

6tana — 20tan®« + 6 tan® «
1 —15tan®« + 15tana — tan®a

133. Tchebychev’s polynomials. Prove that for all x in the interval
—1 = x = 1, the expression’

C. tan noa =

so that, for example,

tan 60 =

T, (x) = cos (ncos™! x)

7 Here cos™ x means the angle « such that 0 S« <7 and cos « = x.
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is a polynomial in x of degree n with leading coefficient 2"-1. Find all the
roots of the equation T,(x) = 0 and all the values of x between —1 and
+1 for which T,(x) assumes a maximum or a minimum.

134, Find the quadratic polynomial
xX+px+g

whose deviation from zero on the interval —1 < x < 1 is least.
135.** Prove that the deviation from zero of the polynomial

X"+ a,  x" V4 a, x"t 4 ax+a,
of degree n with leading coefficient 1, on the interval —1 < x < 1, is at
least 1/2"! and is equal to 1/2"7! if and only if the polynomial is
(1/2" 1T (x) (see problem 133).

136.* Find all the monic polynomials (i.e. with leading coefficient 1) whose
deviation from zero on the interval —2 < x =< 2 is the least possible.

137.** The deviation from zero of a function f(x) on a set of points
x=a,x=>b,x=c¢, ..., x =k is the maximum of the numbers | f{a)|,
FAL) RN T A (9

Find the monic polynomial of degree n whose deviation from zero on
the n points x =0, 1, 2, .. ., n is the least possible.

138.%** Let A, A, ..., A, be any n points of the plane. Show that on
any segment of length / there is a point M such that

- - - n
MAI-MAz---MA,,;2(§).

How should the n points 4,, 4,,..., 4, be chosen so that on a given
segment PQ of length / there is no point M for which

— - L
M_A1~MA2---MA,,>2(%) ?

X. FOUR FORMULAS FOR =

It has been proved that =, the ratio of the circumference of 2 circle
to its diameter, is not only irrational but is not even a root of any poly-
nomial x* + a,x"! 4 - - - + a, = 0 with rational coefficients ay, . . . , @,
In particular, there is no expression for 7 involving only a finite number
of rational numbers, addition, subtraction, multiplication, division, and
root extraction signs. There are, however, a large number of expressions
for 7 involving, infinite sums or products, the first such formula having
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been obtained in the sixteenth century (see problem 144a). In this section
we derive a number of the classical formulas for =, allowing us to calculate
its value as closely as we like. See Ref. [11].

139. Prove that
a If 0 < a < 72, then sin « < o < tan a.

b. If n is an integer >1, and 0 < na < =f2, then (sin w)/a >
(sin no)/no.

140. Simplify the expression
o o o -3
€OS =~ COS =~ COS =~ * * * COS — .
2 2"

141. Find polynomials with rational coefficients whose roots are

a. cot? ——— | cot? 2m , o 37 . cot—MT_ .
2m + 1 2m + 1 2m + 1 2m+ 1
b. COti’ _COt3_1r3 COtS_‘”’ —Coth,. .. ,cot-—(zn — 3)‘”9
4n 4n 4n 4n an
—cot &=V (for n even);
n
c. sin®—, sin* 27 , sin® 37 »...,sin® (m — D ;
2m 2m 2m m
d. sin®-=, sin® 3 , sin?dZ , sin? @m — m

142, Prove that

a. cot? ——— | cot? 27 + cot? 37 +

2m + 1 2m + 1 2m + 1
+ cot? mn__ m(2m—1)
2m + 1 3 ’

T 27 T
+ csc? 4 cs¢?
Zm + 1 2m+ 1 2m + 1
o_mm__ m2m+2)

b. csc?

+...

+ csc
2m+ 1 3
c. for even n
T 37 57 T
cot — — cot — t— —cot— + -
an Tt T,

4 cot(2n4— S L cot (2n — D7 —
n

4n
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143. Prove that
.o ., 27 . 3w . (m— D=n \/;
sin — sin — sin — -+ * sin ————— = ——
m 2m 2m 2m m-1
and
. ®m™ . 3w _ Sw . 2m — D= \/E
sin — sin — sin — -+ - sin —————— = ~— |
m 4m 4m 4m 2m

144a. From the result of problem 140 deduce Vieta’s® formula
_ 1
GVET 1A+ 0+t

b. Evaluate the infinite product

AL

N O N N AR R

145a. From the identities 142a and b deduce Euler’s formula

b. What is the sum of the infinite series
1 1 1
1+£;+§;+;+"'?

146a. From the identity of 142¢ deduce Leibniz’s® formula

b. What is the sum of the infinite series
1 1 1
1+§5+5—2+:’;+“'?
147. From the identity in problem 143 deduce Wallis’s formula!®

8 Frangois Vieta (1540-1603), a French mathematician, one of the creators of
modern algebraic notation.

¥ Gottfried Wilhelm Leibniz (1646-1716), a German mathematician. one of the
inventors of the differential and integral calculus.

¢ John Wallis (1616-1703), an English mathematician.
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XI. THE CALCULATION OF AREAS OF REGIONS
BOUNDED BY CURVES

Problems 148 to 157 are concerned with the calculation of the areas
of curvilinear figures (that is, figures bounded by curves). In high-school
geometry we learn to calculate the areas of certain simple plane figures:
circles, and sectors and segments of circles. But in many problems in both
pure and applied mathematics, we have to calculate the areas of more
complicated figures, with boundaries that need not consist of straight lines
and arcs of circles. The integral calculus is concerned in part with general

Fig. 17

methods for calculating such areas. Most of these general methods were
created in the seventeenth and eighteenth centuries, when the development
of the sciences made numerous calculations of this type necessary. How-
ever, isolated problems in the calculation of areas were dealt with long
before that time: a number of them were solved by various special tricks
which use no more than high-school mathematics. We give a number of
these below.

The central role in this series of questions is played by problems 151
to 154, which contain the geometric theory of natural logarithms.

In the following problems we will calculate the areas of certain
curvilinear trapezoids A BCD bounded by a curve BC given by the equation
y = f(x) (for instance, the parabola y = x*, or the sine curve y = sin x),
a segment AD of the x axis and two vertical lines AB and CD, corre-
sponding to x = a and x = b (fig. 17a). In certain cases the side AB of
our trapezoid may degenerate to a point, and we shall then be dealing
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with a curvilinear triangle instead of a curvilinear trapezoid. See, for
example, triangle ACD in fig. 17b.

In calculating the area of a curvilinear trapezoid ABCD (as in the
calculation of the area of a circle) we must use the concept of limit. Let
us divide the base line 4D of the trapezoid into n parts by means of points
M, M,, ..., M,_,,and letthe lengths of AM;, M\M, M, M,, ... , M, D
be hy, hy, by, ..., h,, respectively. Next draw vertical lines through
M, M, ..., M, , to meet the curve y = f(x) at the points N;, N,, ...,
N,_, (fig. 18). Construct n rectangles with bases AM,, M\M,, M,M,, ...,
M,_,D and heights M;N,, Mo M,, MM, . . ., DC, respectively.
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Let the x coordinates of the points My, M,,..., M, ,, D be x,,
Xz, -+« » Xn_1, Xp; then since the x coordinate of A4 is 4, and that of B is
b,wehavex;,=a+ h,x,=a+ h + hyy... ., xpy=a+h +hy+---+
h, y=b—h, x,=>5b. The lengths of the segments MN,, M2N2,
M3N,, ..., DC are equal to f(x,), f(x.), f(xa), . . ., f(x,), respectively;
it follows that the area of the steplike polygon we-have constructed from
our n rectangles is

Sy = f(xDhy + f(xo)he + f(x)hs + * - + [(x )R M

New let n tend to infinity, at the same time making all the lengths
hy, by, hg, . .., b, of the segments AM;, MM, M,M,, ... , M, D tend
to zero. Then in all cases considered in this book, S, will tend to a limit
which is the area of the curvilinear trapezoid ABCD.1

1 We might equally well have taken the heights of our n rectanglesto be thesegments
AB, M\N,, MyN,, ..., M, N, _,. It turns out in all the examples given below that
the area of the polygon formed in this way will tend to the same limit as S, (for n —
and all k; tending to zero). This common limit is the area of the curvilinear trapezoid
ABCD.

1t follows that we need only distribute our # — 1 points M;, M,, ..., M,_;on AD
in a manner that allows us to calculate the sum (7); we then let # — o in the formuia
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In the following problems, a and b are positive real numbers such that
a<b.

Fig. 19

148. Calculate the area of the curvilinear triangle bounded by the parabola
y = x?, the x axis, and the line x = a (fig. 19).

149a. Find the area bounded by the wave ABC of the sine curve y =
sin x (—n/2 £ x = 37/2) and the line AC (fig. 20a).

b. Find the area of the curvilinear triangle bounded by the sine curve
y = sin x, the x axis, and the line x = a, where a < = (fig. 20b).

150a.* Find the area of the curvilinear trapezoid bounded by the curve
y == x™ (where m is an integer = —1), the x axis, and the lines x = a and
x =b.
b. Using the result of part a, find the area of the curvilinear triangle

bounded by the curve y = x™ (m > 0), the x axis, and the line x = b.

The next four problems deal with the calculation of the area of the
curvilinear trapezoid bounded by the curve y = x~* = 1/x, the x axis, and
the lines x = g and x = b, that is, with the case m = —1 excluded in 150a.

Logarithms and exponentials are often introduced in high school in
the following way. If n is a positive integer, one defines

n factors
p————

a*=aga---a.

obtained, and find the area of the curvilinear figure. Of course we must be careful to
choose the division points in such a way thatas n — o the distance between neighboring
points tends to zero.

The calculation of the area of a curvilinear triangle (fig. 17) is treated in the same
manner as the calculation of the area of a curvilinear trapezoid.
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"f/ /? é - 3

Fig. 20

If a % 0, and n is a negative integer, then a” is defined to be 1/a—", while
a® is defined to be 1. It is then shown that g™+" = g™+ g” and a™" = (g™)"
for any integers m and n. At this point the student is expected to see
intuitively that if @ > 0, then @® can be defined even when x is not an
integer, in such a way that the “laws of exponents” a"** = g“a” and
a** = (a*)* continue to hold. The logarithm of y to the base a, denoted
by log, y is then defined to be “‘that number x such that ¢* = y.” The
crucial point, namely the existence and uniqueness of such a number x,
is not discussed. One then goes on to show that

log, uv = log, u + log, v
and
log, u® = vlog, u.

All of this can be made perfectly rigorous; we will briefly indicate
some of the steps. First of all, if g is a positive integer, the function y = x?
increases continuously from 0 to o as x goes from 0 to co (fig. 21).

Hence any horizontal line y = a, where a > 0, cuts the curve in a
unique point. In other words there is a unique value of x such that
x? = a. We use the symbol a*/? to denote this value. Next, if p is any
integer, and ¢ is a positive integer, we define a®? to be (¢%)?. Thus we have
defined a” for all rational numbers r. The laws of exponents, namely
a™+® = g - &% a™ = (a")*, where r and s are rational, are not hard to prove
using the above definitions. It is also easy to show that a" is an increasing
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y=x

g>1 g<1

Fig. 21

function of r if @ > 1, i.e. that " < @® wheneverr < s. Ifa < 1, then a”
is a decreasing function of r.

If x is irrational, choose an increasing sequence {r,} of rational
numbers such that lim r, = x. The sequence {a™} is monotone and

n—o

bounded. Hence lim a™ exists. We denote this limit by @*. It can then

n—x

be shown that the function a® is continuous and satisfies the laws of
exponents. It is monotone increasing if @ > 1, and decreasing if a < |
(fig. 22).

The continuity and monotonicity of a® imply that for any given
y > 0, there is exactly one value of x such that y = a*. We denote this x
by the symbol log, y. The properties log, uv = log, u + log, v, log, u, =
v log, u are now simple consequences of the laws of exponents.

The development of exponentials and logarithms sketched above can
be regarded as the “‘old-fashioned” treatment. At the present time the
preferred method is to define the logarithmic function log, x as the area

¥ Y

T | —

a>1 a<l
graph of y = a*

Fig. 22
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under part of a certain hyperbola. The exponential function is then defined
as the inverse function of y = log, x. In problems 151—154 we develop
this approach more fully, and show that it leads to the same results as the
old-fashioned treatment.

151. Let S; and S, be the areas of the curvilinear trapezoids bounded by
the hyperbola y = 1/x, the x axis, and the lines x = @;, x = b, and x = a,,
x = b,, respectively (fig. 23). Show that if b,/a; = b,fa,, then S, = S,.

7i

=
]
R |-

y G b, X
Fig. 23

b

We now proceed to determine the area of the curvilinear trapezoid
bounded by the hyperbola y = 1/x, the x axis, and the lines x = a and
x = b (fig. 24). By the result of 151 this area depends only on the ratio
bja = ¢; trapezoids for which this ratio is the same have the same area.
In other words, the area is a function of ¢ = b/a; we denote the function
by F(c). It is clear that for every z > 1, F(z) is equal to the area of the
curvilinear trapezoid bounded by the hyperbola y = 1/x, the x axis, and

Y

Fig. 24
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the lines x = 1 and x = z (see fig. 25a, in which this area is shaded). It
is natural to put F(1) = 0; and in the future we shall do so. As regards
values of z less than 1, we agree that F(z) will then mean the area of the
trapezoid bounded by the hyperbola, the x axis, and the lines x = 1 and
x = z, but taken with the negative sign. We have now defined F(z) for all
positive z, and according to our definition F(z) > 0 for z > 1, F(1) = 0,
and F(z) <O0forz < 1.

Fig. 25

The following three problems are devoted to a study of the function
F(z): they lead us to the conclusion that this function coincides with the
logarithmic function, familiar from high-school work, the only difference
being that it is to a base different from 10.

152. Prove that for any positive z; and z,
F(z,25) = F(z,) + Fzp).

153. Prove that the function F(z) assumes the value 1 at some point
between 2 and 3,

In what follows we shall always use the letter e to denote the value of
z for which F(z) = 1. Thus the conclusion of 153 is that the number e
exists and that 2 < e < 3.

This number e plays an important part in mathematics and often
appears in contexts that at first glance have nothing to do with its definition
as the area under a hyperbola. See, for example, problems 158, 163, 164,
and 80 (in vol. I).

154. Suppose log, z is defined as indicated on pp. 27-29. Show that
F(z) =log, z.
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Thus geometric considerations of the area under a hyperbola have
led us to the function!? log z. This fact will help to explain why the creators
of the theory of logarithms, Napier and Biirgi, who developed the theory
independently and almost at the same time, both chose as their base not
10 (which might seem the logical choice) but the irrational number e.
Napier and Biirgi did not, in fact, consider the area under a hyperbola, but
in essence their definitions of logarithms are fairly close to ours, and both
immediately lead to logarithms to base e.!?

Logarithms to base e are customarily called natural logarithms and
are denoted by the symbol In:

Inz =log, z.

We have thus proved that F(z) = In z. It follows that the area of the
curvilinear trapezoid bounded by the hyperbola y = 1/x, the x axis, and
the lines x = a, x = b (where b > a) is equal to In (b/a) (see problem 151
above). This result has numerous applications, and it explains the frequent
occurrence of logarithms in problems that at first glance seem to have no
connection with them. See, for example, problems 155, 156, 167, 170,
173, and 174,

For notions of probability used in the next three problems, refer to
Section VII (page 27) in Volume 1.

155.*** A rod is broken into three pieces; the two break points are
chosen at random. What is the probability that an acute-angled triangle
can be formed from the three pieces?

156.*** A rod is broken in two at a point chosen at random; then the
larger of the two pieces is broken in two at a point chosen at random.
What is the probability that the three pieces obtained can be joined to
form a triangle?

157.%** Buffon’s problem.®* A plane is ruled with parallel lines, the dis-
tance between two consecutive lines being 2a. A needle of length 24 and
negligible thickness is dropped in a random fashion on the plane surface.
Prove that the probability that the needle lands across one of the lines
is 2/m ~ 0.637 (where = as usual denotes the ratio of the circumference of
a circle to its diameter).

12 We can arrive geometrically at logarithms to other bases simply by considering
the area under hyperbolas y = ¢/x, where ¢ # 1. For instance, we arrive at the so-
called common logarithms by choosing ¢ = 1/log, 10 ~ 0.4343. However, there are a
number of reasons why logarithms to base e are particularly simple and natural. These
reasons are connected with the fact that the simplest hyperbola of the form y = ¢/x
is the one with ¢ = 1.

* Reference [1] deals with the history of the theory of logarithms.

1 Georges Buffon (1707-1788), a famous French scientist.
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XII. SOME REMARKABLE LIMITS

The following problems on limits are connected with the geometric
problems of the last section. The solutions depend on the results of prob-
lems 148 to 154. Purely algebraic solutions to some of these problems are
given in references [17] and [21].

158. Find the values of the following limits:

a. limnIn (1 + 1).

n-w n

b. limnlog, (l + -1-)
n

n—+aw

c. limn(¥a — 1).

n—ow

159a.* Find the area of the curvilinear trapezoid bounded by the curve
y = a*, the x axis, the y axis, and the line x = b (fig. 26a).

b. Find the area of the curvilinear triangle bounded by the curve
y = log, x, the x axis, and the line x = b, where b > 1 (fig. 26b).

Fig. 26

160.* Find the area of the curvilinear trapezoid bounded by the curve
»y = (log, x)/x, the x axis, and the line x = b, where b > 1 (fig. 27).
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Fig. 27

161. Show that for k > —1

mLlt2+3+--+n* 1
n— oo n"“ k + 1

The result of 161 shows that for large n the sum 1¥ 4 2% 4 3% + --- +
n¥, where k > —1, is asymptotically n*+/(k + 1). This same sum for the
cases k = —1 and & < —1 will be considered in problems 167 and 169.

In what follows we repeatedly come across approximate estimates
for sums and products, made on the assumption that the number of
summands or factors is large. These estimates are of two different types.
If we are lucky, we find a comparatively simple expression such that the
difference between it and the sum of » terms tends to zero as n — oo. In
such cases the absolute error made by replacing the sum by our expression
will be very small for large n. We shall say that the sum of » terms is
approximately equal to our expression and shall use the symbol ~ for
approximate equality.

But sometimes, for example in problem 161, we have a different
situation. Here we cannot assert that the difference 1* + 2% 4+ 3% - -- 4
n* — n*t1f(k + 1) becomes very small for large n. However, the ratio
(1% + 2% 4 3* 4 - -+ + #¥)(k + 1)/n*+! for large n is very close to one.
So if we replace the sum 1* 4+ 2% + 3¥ + - - 4 n* by the expression
n*j(k + 1), we commit an error which may be large, but is small
compared to the sum 1* + 2% 4 3% + - - - 4 n* itself. The relative error
approaches zero as n — . In such cases mathematicians speak of the
asymptotic equality of two expressions and use the symbol ~. The result
of problem 161 is that the sum I* + 2% + 3% 4 - - - + n* is asymptotically
equal to #*1j(k + 1):

k+1

1k+2k+3k+,,,+nk~
162a.* Show that the sequence

o (e (e ()
14+=) 1+=), t1+=),...,(14+-],...
(+l) +2 +3 +n

is increasing.

n
k+1
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b. Show that the sequence

12 13 1‘4 17;+l
G (a2 (e 2 (e
( +1 +2 +3 +n
is decreasing.

From the results of 159a and b it follows easily that the two sequences
considered in them both tend to one and the same limit. For by a the

sequence
S (3 ()
14-), (14=), (14+-),...
(i) (g (5

is increasing. Moreover, the terms cannot increase indefinitely, since they
are all less than (1 + 1/1)* = 4. This follows from the inequality

n n+1 2
o= foe 7 (43
n n 1

which in turn follows from the fact that the sequence in b is decreasing.
Thus the terms of the first sequence tend to a limit. Similarly, we can
show that the terms of the second sequence tend to a limit: its terms are
decreasing, and each is greater than (1 + 1/1)! = 2, since

n+1 n 1
(1—}—1) >(1+1)z(1+1).
n n 1
Moreover, since

n+1
]m(l_'*'m_ =lim(1 _,_l) =1,
nvo (1 4+ 1/m)" n=® n

the limits of the two sequences coincide.
This common limit lies between 2 and 4; in fact, it is just the number
e, defined geometrically in problem 153:

. 1\» 1\
llm(l +—)=Iim(1 +—) =e.
n—o n "0 n

(See the solution of problem 163.)
From the results of a and b it follows that for all positive integers n

ln 1n+1
(1+—)<e<(1+—) H
n n

this allows us to determine the value of e to any desired degree of accuracy.
The decimal expansion of e starts e = 2.718281828459045... . In
practice one would not use the result of problem 162 to calculate e, but
the infinite series given below in problem 164.
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163.* Show that for any positive or negative z

e2=1im(1+5)
n—wo n
164.** Show that
2 28 z"
e =1+Z+'2—!+§+'“+n—!+"'
so that in particular (for z = 1 and z = —1),
1 1 1
e=1+1 i—2-§+§+"‘+'n—!+

1 _1 1 1 (_l)n
el — — — e
e 2! 3!+ + n!

+...

165.*** Show that for any positive integer 7 the number #! satisfies the

inequality
ﬁe-\/ﬁ(ﬁ) <n'< e-\/ﬁ(f).
5 e e

166a.*** Show that the ratio

—{n\*
n!: n(—)
v e
tends to a limit C as n — oo. Note that by the previous result C lies

between \/ %e and e, and hence, between 2.43 and 2.72.

b. Show that the number C of part a is equal to V27 ~ 2.50, where
« is the ratio of the circumference of a circle to its diameter.
From the result of 166 it follows that

. n!
lim _— =
no e \/2773’1()1}’8)

in other words, that

nt~ \/m(ﬂ) :
[

(For the meaning of ~ see the discussion after problem 161.) This
approximation formula is known as Stirling’s formula®® and is of frequent
application in various branches of mathematics and physics. It turns out

15 James Stirling (1692-1770), a Scottish mathematician.
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that for n = 10 Stirling’s formula already gives a very good approximation
to nl. (In fact, 10! = 3,628,800, and using 5-figure tables we find that
V207 (10/e)'® ~ 3,598,700 (to 5 significant figures); thus if we replace 10!
by \/' 207 (10/e)*® our error is less than 19,.)

As n increases further, the relative error involved in using the formula
decreases rapidly. At the same time it is precisely for large values of n
that the direct calculation of n! as the product of all the integers from 1
to n becomes laborious. Stirling’s formula is used in the remarks following
the solutions of problems 78b, 79a, and 79b in the first volume of this book.

167. Put

1,1
1+2+3+ +n_ Inn=wy,.
Show that

a. 0<y, <L

b. As n— oo, y, tends to a limit y.

Thus for large n we have the approximate equality

1,1 1
I+-4+-+ - +-~hh@r+D+y, ®
2 3 n
and the accuracy of this approximate equation increases as n increases.
As n — oo the difference
In(r+1)—Inn—n2tt_ 10+1)
n n

tends to zero (since (1 -+ 1/n) — I), so that (8) can also be written in the
more elegant form

1,1 1
l+=-+-+-+-~Ihn+y
RN " 4
(Compare this with the result of problem 173.)
The number

y—hm(1+ + = + +——1—l—lnn)
n

n-~*roo

appears often in higher mathematics (see, for example, “Mertens’ third
formula,” problem 174); it is called Euler’s constant. lts decimal
expansion starts y = 0.57721566 . . . .

168a.* Show that there exists a number C such that the difference

logl log2 log3+__.+log(n—1)_C10g2n=6u
1 2 3 n—1

always lies between —} and +}. Find this number C.
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b. Show that as n — o0, J,, tends to a limit é (which also lies between
—}and +13).
Thus for large n we have the approximate equality

logl_{_Iog2_+_log3_*_‘“_l_log(n—I)Nc.log%l_+ s,
1 2 3 n—1
or alternatively
]°f1+1°§2+l°§3+---+log"~Clog2n+6.
n

The accuracy of the approximation increases with n.
It is interesting to compare this with problem 171.

169. Show that as » tends to infinity, for s > 1 the sum

1 1 1
14— b= 4 eve p —
+ > + 3 + + pr
tends to a limit lying between 1/(s — 1) and s/(s — 1).
The proposition of 169 may also be phrased as follows: the infinite
series

1 1 1 1
1 — —_— —_— cae —_— o e 9
totntato ot ©)

converges for s > 1, and its sum lies between 1/(s — 1) and s/(s — 1).
Thus for s = 2 the sum lies between 1 and 2, for s = 4 it lies between
%+ and & For the exact sum of the series 1 + 1/2% + 1/32 4 1/4%> + - - -
and 1 + 1/24 + 1/3% 4+ 1/4% 4 - - - see problems 145a and b. For s < 1
the infinite series (9) diverges; the partial sums 1 + 1/2° 4 --- + 1/n*
tend to infinity as n — o0. (See problems 161 and 167.)

XIII. THE THEORY OF PRIMES

The theory of numbers is the branch of mathematics that studies the
properties of integers. A large part of the theory is concerned with the
study of prime numbers (that is, numbers having no divisors except 1 and
themselves); problems 170-174 treat this topic. The central result among
these problems is Tchebychev’s theorem (problem 170).

Despite the apparent simplicity of the questions that arise in the theory
of prime numbers, it remains one of the deepest branches of mathematics.
A number of the central questions have been solved only recently, and
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some are still unsolved. Significant results in the theory of prime numbers
have been obtained in the last few decades by I. M. Vinogradov, P. Erdos,
and A. Selberg, among others. See Refs. [12], [18], and {23].

The number of primes = N is denoted by »(N); thus

(1) = 0 (1 does not count as a prime), w(2) = 1, #(3) = #(4) = 2,
m(5) = w(6) = 3, #(7) = 7(8) = #(9) = =(10) = 4, =(11) = 7(12) = §,
w(13) = 7(14) = n(15) = =(16) =6, . ..

170.¥** Tchebychev’s theorem. Show that there exist positive constants
A and B such that for every N

A <y <3
log N log N
It is clear that the result of problem 93, Volume I, follows from
Tchebychev’s theorem, since the inequality =(N) << BN/log N implies that
7(N)IN —0as N — oo.

Tchebychev’s theorem asserts that the number #(N) of primes < Nis
of the order Nflog N. This remarkable theorem was an important step in
determining the asymptotic behavior of #(N) as N — oo.

Tchebychev found fairly close limits between which =(¥) must lie.
He showed that

0.40 < 7(N) < 0.48 N
log N log N
This result may be written more elegantly if we pass over to natural
logarithms (logarithms to base e = 2.718 ... ; see problems 151 to 154):
«(N) satisfies the inequalities

N N
0.92]n N < m(N) < 1.11 vl

Thus we see that w(N) is approximated with considerable accuracy
by the function N/In N (since the numerical multiples 0.92 and 1.11 are
both close to 1). Tchebychev also proved that if the ratio =(N):N/ln N
tends to a limit as N — oo, then this limit is necessarily 1. That the limit
of the ratio w(N): N/In N as N — <o does in fact exist (and therefore is
equal to 1) was not proved until the end of the last century, some fifty
years after Tchebychev’s work. The first proofs of the existence of the
limit, due to the French mathematician J. Hadamard and the Belgian
mathematician Ch. de la Vallée Poussin, required the application of deep
ideas from higher mathematics. An *‘elementary” (although very com-
plicated) proof was found in 1948 by the Hungarian mathematician
P. Erd6s and the Norwegian mathematician A. Selberg.
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Thus it is now known that

N
N) ~——
(N) InN

(for the meaning of the symbol ~ see above, under problem 161).

171.*** Mertens® first theorem.® Let 2,3,5,7,11,..., p be the primes
not exceeding a given integer N. Show that for all N, the quantity

2 3 log7 | logill
log +log +log5+og +og

2 3 5 7 11
is bounded, in fact < 4.

As N increases indefinitely, so does its logarithm, for log N is greater
than any given number K as soon as N is greater than 10%. The sum

+...+loﬁ_logN
p

log 2 log3+log5
2 3 5

where 2, 3, 5,7, 11, ..., p are the primes < N, also tends to infinity with
N. Mertens’ first theorem asserts that the difference between these two
quantities remains bounded: the absolute value of this difference is
always less than 4. Thus the sum

I
b logr

log2  log3 log5+log7 log 11 ”.+10gp
2 3 5 7 11 p

may be approximated by the simple expression log N. The error is always
less than 4, and therefore as N — oo the relative error tends to 0.
In particular, it follows from Mertens’ first theorem that

log2 log3 log$s log p
cer 4 ——~logN
) 3 5 + + » 3

(for the meaning of the notation see above, in the discussion following
problem 161). Foras N —» o

(log2+10g3+10g5_i_...+10ﬂ’)/]og1\’—-1
2 3 5 p

_ (I°§2+]°§3+10§5+~--+I°gp—logN)/logN—>0.
14

172a. Abel’s formula.” Consider the sum

S = a)b; + ab, + azb; + -+ + a,b,,

!* F. Mertens, an Austrian mathematician who specialized in the theory of numbers.
He was active at the end of the nineteenth century.

7 Niels Henrik Abel (1802-1829), a brilliant Norwegian mathematician who in the
course of his short life established a large number of important results in algebra and
analysis.
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where 4y, 4y, 43, . . ., @, and by, by, bs, . . ., b, are any two sequences of
numbers. Denote the sums by, by + bg, by + by + bg, by + by + -+ + b,
by By, By, Bs, . . ., B,, respectively. Show that

S=(a,— a)B, + (a: — ay)B, + (a5 — a)Bs + - - -
+ (an—l - an)Bn—l + anBﬂ'

b. Using Abel’s formula, calculate the value of
L1 +29+3¢2+ -+ ng"t
2.1 +4q+9q2+...+n2qn—l.

173.*** Mertens’ second theorem. a. Let 2,3,5,7,11,...,p be the
primes not exceeding the integer N. Show thatfor all ¥ > 1, the expression

1 1 1 1 1 1
l4i4i4-4—4--4=-—InhN
2 tatstrtat o,

has absolute value less than some constant 7. (We could, for example,

take T = 15.)
b. Show that the difference
1.1 1 1 1 1
-+=-4+=-4+=-4+—=+--+=-—Inlh N
2 3 5 7 11 P

tends to a limit § as N — co, It follows from part a that § < 15; in fact,
B is approximately }.
We thus have the approximate equality

1,1,1,1 1 1
c4-d-—d-t—+ - F-~InlnN 1B
SR R TE e

174. Mertens’ third theorem. Let 2,3,5,7,11, ..., p be the primes not
exceeding the integer N. Show that as N — oo, the product

on(i- 9090902 (-
2 3 5 7 11 p
tends to a limit c.

We can also write Mertens’ third theorem in the form

L L [ e R s
2 3 5 7 11 P InN
Using advanced methods it can be shown that the constant ¢ is equal to

e™?. Here e & 2.718 ... is the base for the system of natural logarithms,
and y is Euler’s constant, defined in problem 167.
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We also note the following curious formula, closely connected with
Mertens’ third theorem:

e S

(where 2,3,5,7,...,p are the primes not exceeding N). Here e and y
are defined as above, and = is the ratio of the circumference of a circle to
its diameter. The preceding formula follows from

() (a3 () (1+)

(= 129 — 17331 — 51 — Y71 — Y113 -+ - (1 — 1/p)
=120 — Y3 - YSHA — YN — 1)1 —1p)

and

(=== =305 (-7~

(see problem 174), while

(=)= -D-F) -5 (- 5)~7

by Euler’s formula, which is given in problem 145a. (See the solution to
problem 92 of vol. 1.)

The three theorems of Mertens, together with the prime number
theorem (Hadamard-de la Vallée Poussin; see the text following problem
170), are examples of the remarkable connection between natural logarithms
and the distribution of the primes among the integers.
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SOLUTIONS

I. POINTS AND LINES

101. Yes. Consider, for example, 10 straight lines in the plane, no two
of which are paraliel and no three of which are concurrent. Let the lines
be the bus routes and let the points of intersection be the stops. We can
get from any one stop to any other (if the stops lie on one line, without
changing; and if not, then with just one change). If we discard one line,
it is still possible to get from any one stop to any other, changing buses at
most once. However, if we discard two lines, then one stop—their point
of intersection—will have no bus routes passing through it, and it will be
impossible to get from this stop to any other.

102. One possible arrangement of the routes is shown in fig. 28. There
are seven routes and seven stops.

23/ \67

4
Fig. 28

103a. We note that given any two stops P and Q, there is exactly one line
joining them. For by property (2) there is at least one such line. But if
there were two distinct lines passing through P and Q, then property (3)
would be violated.

Now denote by f(P) the number of lines through the stop P, and by
g(!) the number of stops on the line /. We prove first that if P does not lie

45
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P

Q. Q. 2 o
Fig. 29

on /, then f(P) = g(/). For let the stops of / be Q0,, @y, ..., Q,, where
g = g(/). By the preceding remark, there is exactly one line joining P to
each of the g stops @5, Qs, . . ., @,. But by property (3) every line through
P has a stop in common with /, that is, every line through P passes through
one of the stops Oy, Qs ..., Q,. Therefore there are exactly g lines
through P, that is, f(P) = g(I).

Now consider any two distinct lines @ and 5. We will prove that there
is a stop P which is on neither a nor b. By property (3), a and & have
exactly one stop C in common. By property (1), a has at least three stops,
so there is a stop 4 # C on a. Similarly, there is a stop B# C on b
(fig. 30). The line joining 4 and B contains a third stop P by property (1).
If P were on either a or b, property (3) would be violated.

Fig. 30
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e

Qo
/
d
Fig. 31

From what we showed above it now follows that g(a) = f(P) and
g(b) = f(P), so that g(a@) = g(b). Thus all lines have the same number of
stops, which we denote by n 4 1. (This notation proves to be convenient
in more advanced work; see the remark at the end of the problem.)

It remains to be shown that if P is any stop, then f(P)=n + 1. It
suffices to prove that there is some line / which does not pass through P;
we then have f(P) = g(/) = n + 1. To construct such a line /, choose a
stop Q # P. Then there is a line d joining P to Q. (fig. 31).

By hypothesis there is more than one line, so there is a stop R not on
d. Then the line / joining Q and R has the desired property.

b. Let / be any line, and let Q,, Q,, ..., Q.1 be the stops on L
Every line other than / has exactly one stop in common with /, that is,
goes through exactly one of the stops @y, @s, ..., @, By part a we
know that through each Q, there are # + 1 lines, one of which is / itself
(fig. 32). Hence there are altogether (n + 1)n lines other than /. Together
with /, this gives a total of (n + 1)n 4~ 1 = n® 4 n + 1 lines.

Similarly, we choose any stop P, and let /,, /,, ..., [, be the lines
through P. Since every stop is joined to P by a line, every stop is on one of
the lines /;. By part a, /, has n + 1 stops, one of which is P itself. Hence
each [, has n stops other than P, so that there are altogether (n + 1)n stops
other than P. Together with P, wegetatotalof (n+ Dn + 1=n*+n+1
stops.

n n n n n
Ql Q2 Qn+l

Fig. 32
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Remark. A systemII of lines and stops satisfying the conditions of problem
103 is called a finite projective plane. Generally the stops are called points. The
number # is called the order of I1. It has been proved that if # is a power of a
prime, then there exists a projective plane of order n. Thus there exist planes
of orders 2, 3,4,5,7,8,9,11, 13, 16, ... For example, if n = 2, the system of
n? + n + 1 = 7 points and seven lines shown in fig. 28 is a projective plane of
order 2. No one has ever found a projective plane whose order # is not a prime
power. It has been proved that there is none of order 6, but it is not known
whether or not there exists a plane of order 10.

104a. Arrange two congruent rectangles ABCD and BEFC so that they
touch along the common side BC (fig. 33). Draw the diagonals of each of
these rectangles, and of the large rectangle AEFD which they form. Each
of the three pairs of diagonals intersects in a point lying on the straight

C
D F
X Y Z
M N
A 3 E
Fig. 33

line MN, where M and N are the midpoints of AD and EF, respectively.
These three points of intersection X, Y, Z, together with the points 4, B,
C, D, E, F, comprise the nine points. As the nine lines we take the six
diagonals, the horizontal lines AE and DF, and the line MN, which lies
halfway between them. It is easy to see that these nine points and nine
lines satisfy all the conditions of the problem.

b. Suppose we could arrange seven points A4,, A,, 4,, A, 45, Ag, A,
and seven lines p,, ps, Pa, Po» Ps» Pe> P2 i a configuration satisfying the
conditions of the problem. We show first that in this case any line joining
two of the points 4,, A,, A, A4, A5, Ag, A5 is one of the seven lines p;, p,,
Ps» Pas Pss Pe» Po, and that any point of intersection of two of the lines p,, p,,
Ps» Pas Pss Pe» Py is one of the points 4,, A,, A;, Ay, Ay, Ag, A;. Suppose,
for example, that p;, p,, p; are the three lines which pass through the point
A,. By hypothesis two of our points (apart from 4,) lie on each of these
lines. Thus each of the six remaining points lies on one of the lines p,,
P2, p3. This means that the line joining A4, to any of the other points is
one of the lines p,, p,, ps.

Similarly, we can show that the line joining any of the seven points to
any other is one of our seven lines, and that the point of intersection of any
two of our seven lines is one of the points A4;, 4,, A, A4, Ay, Ag, A;. For
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Fig. 34

this it is sufficient to note that through the three points which lie on one of
the lines there pass all the remaining lines (two through each of the points).

Let us start now with three points A4;, 4,, A3 and the three lines, say
P P2» Ps, Which join these points in pairs (fig. 34). By the conditions of the
problem, one of the seven given lines (other than the sides of this tri-
angle) must pass through each vertex of the triangle 4,4,4;.

Suppose that p, passes through A4,, p5 through A4,, and pg through A4,.
Let p, meet p; at 4,, ps meet p, at 4, and pg meet p, at Aq. If all the con-
ditions are to be fulfilled, we must require in addition that the three lines
DPa Ps» Pe Meet at a point 4, and that the points 4,, A5, A, lie on a line p,.
We shall show that it is impossible to fulfill both conditions. In particular,
we shall show that if py, ps, pe meet in a point 4,, then 4,, 4;, 4, cannot
be collinear.

Any straight line which does not pass through a vertex of a triangle
either cuts two sides of the triangle (fig. 35a) or fails to cut any of the sides
(fig. 35b): it cannot cut just one side or cut all all three sides. If 4, lies
inside triangle 4,4,4; (fig. 34a), then all the points 4,, Ay, A, will lie on

a. b.
Fig. 3§
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the sides of this triangle; and if it lies outside the triangle A4,4,4, (fig.
34b and c), then just one of these points lies on a side of the triangle, and
the others on the extensions of the other two sides. In the first case p,
would have to cut all three sides of triangle 4,4,4;; in the second case it
would have to cut just one side (and the extensions of the other two sides).
Since both cases are impossible, we conclude that it is impossible to arrange
seven points and seven lines to satisfy the conditions of the problem.

105. Suppose the lines of S are not all parallel; then two (and hence, by
hypothesis, three) of them intersect in a point A. We shall prove that all

5 A

A, *
1

Fig. 36

the lines of S pass through 4. To show this, we suppose there is a line /
in S which does not pass through A (fig. 36a) and we derive a contradiction
as follows. In addition to A4 there may be other intersection points of the
lines of S which do not lie on / (fig. 36b). But since S is a finite set, there
are only a finite number of such points, say 4;, 4,, ..., 4. If d, is the
distance from A, to /, we can choose the numbering so that d, is minimal,
thatis,dy < d,fori=2,...,k.

By hypothesis there are at least three lines through 4,, and these lines
intersect / in points P, Q, R, where Q lies between P and R (fig. 37).

4,

Fig. 37
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By hypothesis S contains a line through Q other than/and 4,Q. This line
intersects either AP or 4;R in a point A;. But then d; < d,, a contra-
diction. This proves that all the lines of S pass through A.

106. As in problem 105, the proof is by contradiction. If 4, B, C are any
three points, let d(4; BC) denote the distance from A to the line / con-
taining Band C. Now suppose that not all points of S are collinear; then
there exist three points 4, B, C in S such that d(4; BC) > 0. There are
only a finite number of such triplets 4, B, C, for S is finite. Hence there is
at least one such triplet such that d(4; BC) is minimal.

By hypothesis the line / through B and C contains another point D
of S (see fig. 38). The foot P of the perpendicular from A to / divides /

A

Fig. 38

into two halflines. Two of the three points B, C, D must lie on the same
halfline (one of them may coincide with P). Lgt us say for definiteness
that the situation is as shown in fig. 38, with C and D in the same halfline.
Draw CQ perpendicular to AD and CR parallel to AP. Then CQ <
CR £ AP, so that d(C; AD) < d(A4; BC). This contradicts the fact that
d(A; BC) was minimal, and the proof is complete.

Remark. The above proof is due to L. M. Kelly. For a historical account
of this problem, together with other proofs, see Ref. [6].

The result can also be formulated as follows: Among the lines joining
n points in the plane, not all collinear, there is at least one ordinary line,
that is, a line containing only two of the points. In this formulation, one
is naturally led to ask how many ordinary lines there must be. It has been
shown that there must be at least 3n/7 such lines; see Ref. [14].

107. The number n must be at least 3, since not all of the » points lie on a
line. If n = 3 the theorem is clear: we need exactly three lines to join the
three possible pairs of points. We now use mathematical induction. We
suppose the theorem has been proved for n points and show that it also
holds for n + 1 points. Consider all the lines joining our n 4 1 points in
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pairs. According to problem 106 at least one of these lines must contain
only two of our # + 1 points (or else all the points would lie on one line).
Say these two points are 4,, and 4,,,,. Ifthe npoints 4,,..., 4, lieona
line, it is clear that the total number of lines is exactly n + 1 (the line on
which the points 4,, 4;, 4, ..., 4, lie, and the » distinct lines joining
these points to 4,,,,). On the other hand, if the n points A4;, A,, A, ..., 4,
do not lie on a line, then by the induction hypothesis there are at least n
lines joining these points in pairs. Now draw lines joining A4, to
Ay, Ay, ..., A,. Since A, A, does not contain any of the other points
Ay, Ay, Ay, . .., A,_,, it isdistinct from all the lines joining 4,, A;, 45,..., 4,
in pairs. We have thus added at least one new line and therefore have a
total of at least n 4 1 distinct lines. Consequently, we have shown that if
our theorem is true for n points, then it is also true for n 4 1 points. By
mathematical induction it follows that the theorem holds for any number
of points.

108a. Let 4, B, C, D be the four points. In all, there are six possible
distances between the points, namely, AB, AC, AD, BC, BD, CD. Each
of these six distances must have one of the two values @ and b. There are
a priori the following possibilities:

(1) All six distances are a.

(2) Five distances are a and one is 5.

(3) Four distances are a and two are b.
(4) Three distances are a and three are b.

Let us examine these four cases separately.

Case 1. This case is impossible. For then the points A4, B, C are the
vertices of an equilateral triangle, and D, being equidistant from all of
them, must lie at the center of the circumscribed circle. Butthen 4D < 4B,
a contradiction.

Case 2. Three of the given points, say 4, B, and C, must be vertices
of an equilateral triangle of side a. The fourth point D must be at distance
a from two of these vertices, say 4 and C, and at distance b from B.

So the points 4, B, C, D are the vertices of a thombus, one of whose
diagonals, AC, is equal to its side (fig. 39a). It is easy to calculate that in
this case b = BD = av/3.

Case 3. This case contains two subcases.

(i) Suppose the two segments of length » have a common endpoint,
say D. Then the remaining points, 4, B, C, form an equilateral triangle
of side a. The point D is at distance b from two of the vertices, say 4 and
C, and is at distance a from the third vertex B. Since AD = CD, Dlieson
the perpendicular bisector of AC; and since BD =a=BA=BC, D
lies on the circle with center at B which passes through 4 and C. Hence
there are two possible positions for D, as shown in fig. 39b and c. Thus
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A4, B, C, D lie at the vertices of a deltoid,! two of whose sides are a and
two b, and whose diagonals are each equal to a. It follows easily from the
diagrams that in this case

2 3\
b = AP* + PD? = (%)4- (a ia—‘zé)z(z:tﬁ)az,

that is, that } —_—
b=av24 3 or b=av2—+/3.

(The two signs under the radical correspond to the two possibilities
illustrated by figs. 39b and c.)

(ii) Suppose the two segments of length & do not have a common
endpoint. Then the notation can be chosen so that AC = BD = b, and
AB = AD = BC = CD =a. Since BA = BC and DA = DC, both B
and D lie on the perpendicular bisector of AD (fig. 39d). Moreover, since

! A deltoid is a quadrilateral with two pairs of equal adjacent sides.
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AB = AD, B and D are equidistant from AC. Thus the diagonals of the
quadrilateral ABCD are perpendicular bisectors, and so ABCD is a
rhombus. Since 4C = BD, the rhombus is a square, and therefore
b= avfz_.

Case 4. This case also contains two subcases.

(i) Suppose that among the four given points there are three (say A4,
B, C) which form the vertices of an equilateral triangle. Then D must be
equidistant from these three points, and so lies at the center of the circum-

scribed circle (fig. 37c). It is clear that in this case b = 4D = a\/§13.

(i) Suppose that no three of our four points form the vertices of an
equilateral triangle. Let us assume that b > a.

Among the three segments of length b there must be two with a
common endpoint, for the six endpoints of these segments are all in the set
{4, B, C, D}. Suppose such a common endpoint is 4 and that 48 =
AC = b. Since we have assumed that the triangle 4BC is not equilateral,
we must have BC = a. Notice now that the point D cannot be at the same
distance from B and C (that is, cannot lie on the perpendicular AE to
BC): for if it were, then either BD = CD = a and triangle BC D would be
equilateral, or BD = CD = b, which would make four of our six distances
equal to b.

So the point D does not lie on 4E, and we may suppose by symmetry
that it lies on the same side of 4E as C. Then DB > DC, so that we must
have DB = b, DC = a. But there are altogether three segments of length
a and three of length b; it follows that the only segment we have not yet
considered, 4D, must be of length a. We now see that the triangles ABC
and BAD are congruent, so that C and D are at the same distance from
ABand CD is parallel to AB. Thus the points 4, B, C, D form an isosceles
trapezoid whose shorter base is equal to the sides, and whose longer base
is equal to the diagonals (fig. 39f).

Let P be the foot of the perpendicular from D to 4B. Then BD? =
BP? 4+ PD?and AD?* = AP? + PD?,sothat BD?* — AD?> = BP? — AP’ =
(BP + AP)YBP — AP). Now BD=b, AD=aq, BP+ AP=BA =0,
and BP — AP =CD =a. Thus b* — a* = ba. Dividing by e® and
transposing, we obtain (b/a)* — (bfa) — 1 = 0. Hence bfa = (1 + \/5)/2
(since the other root of the quadratic equation x? — x — 1 =0is (1 — /5)/2,
which is negative).

Thus figs. 37a to f show all possible arrangements of four points in
the plane such that the distance between any two of them is one of the
values @ and b. We see that such configurations are possible only if

b= a3, b=a\/2+ﬁ, b=a\/2——\/§,
b—ay3, a\/3 b 1+.5

or =4a—
3 2



1. Points and lines 55

where b is the distance occurring less frequently, or if both distances occur
the same number (three) of times, b is the longer. It is more convenient,
however, to reformulate the result so that b is taken to be the longer of the
two lengths in every case. Since 1{\/2 —V3= V2 + /3 and 1/(/3/3) =
\/ 3, the following possibilities are the only ones that remain:

b=aJ3, b—a\/2+\/3 b=a,/2, and b—algVS.

b. Let us consider, in order, the possible values of .

(1) n=2. In this case there is only one distance: whatever the
location of the two points in the plane, this distance assumes only one
value a.

(2) n = 3. In this case there are three distances. If these distances
are to assume only the two values @ and b (say a twice and b once), the

C

A& 4 ® B o——f—eo—|—o
it A C B
a. b.

Fig. 40

points must be the vertices of an isosceles triangle with base b and side a
(fig. 40a and b: the latter illustrates the degenerate case when the triangle
reduces to a line segment). It is clear that @ and b need only satisfy the
inequality

8
Y
N o

in particular, it is possible to have a = 5.

(3) n = 4. This case was settled in part a.

(4 n=35. If 4, B, C, D are any four of the five points 4, B, C, D, E,
they satisfy the condition of part a and must therefore be arranged in one
of the six configurations shown in fig. 39. Suppose, for example, that 4,
B, C, D are arranged as in fig. 39a. The distances between the four points
A, B, C, E must assume the same two values @ and b = a\/g ; it follows
that these points must be arranged as in fig. 39a or e. But three of these
four points, 4, B, C, are the vertices of an equilateral triangle of side a,
and in fig. 39¢ the only equilateral triangle has side b >a. So 4, B, C, E
must be situated as in fig. 39a. Since E does not coincide with D, the only
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possible configuration is that illustrated in fig. 4la. But in this configur-
ation DE = 2q has length neither a nor 4. So we have shown that it is
impossible for four of our five points to be arranged as in fig. 39a.

Similarly, we can show that the points 4, B, C, D cannot be situated
as in fig. 39b or c, for if we assume that they are, we necessarily arrive at
one of the configurations 39b or ¢ for the five points 4, B, C, D, E, and in
each of these configurations the length of DE is different from a or b. If
A4, B, C, D are arranged as in fig. 39¢, then so are 4, B, C, E, and this is
clearly impossible if D and E are to be distinct. Similarly, if 4, B, C, D
are as in 39d, E must coincide with D (for the four points 4, B, C, E must
also be at the vertices of a square).

B E 8 D
E
A C A C
D
T A ‘q
E
D
a. b. c.
Fig. 41

Thus the only case remaining is the one in which 4, B, C, D are at the
vertices of the trapezoid illustrated in fig. 37f. In this case 4, B, C, E must
form a congruent trapezoid, and it is easy to see that the five points 4, B,
C, D, E must lie at the vertices of a regular pentagon (fig. 42).2 This
arrangement of the five points is therefore the only one satisfying the
conditions of the problem: all the 10 distances between pairs of the five

points are equal to one of the quantities ¢ and b = a(l + NE R

% Note that if we circumscribe a circle about the trapezoid ABCE (fig. 37f), then
the points 4, B, C, D will be four of the vertices of a regular pentagon inscribed in this
circle. To prove this, put / DAB= / ADB~= o. Then /CDB= /CBD= /CDA—
/L BDA = (180° — o) — a(note that in the cyclic quadrilateral ABCD the angles at
B and D sum to 180°, and the angle at B is « by the congruence of triangles ABC
and BAD) = 180° — 2a = / ABD,and /BCD = 180° — 2(180° — 2a) = 4 — 180°.
Since / BCD + [ CBA = 180°, we have 5a — 180° — 180°; « = 2(180°/5) = 72°.
Now since /. ABD = / DBC = 180°/5, it follows that AD, CD, and CB are three of
the sides of a regular pentagon inscribed in the circle.
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(5) n = 6. By the result we have just obtained, any five of the given
n points must lie at the vertices of a regular pentagon. Butif n = 6 points
are all distinct, such an arrangement is clearly impossible. So there are no
solutions to our problem for n = 6.

We thus see that the problem has a solution only forn = 2, 3, 4, or 5.

B

Fig. 42

109a. Let N be a given integer, greater than 2. We are required to find ¥
points in the plane, not all collinear, such that the distance between any
two of them is an integer.

We give two such arrangements.

First solution. 1t is easy to check directly that if

x=2up, y=ut—1% z=ut40? 03]

x2 4 yE=z% @
By using these formulas® we can find N — 2 distinct triples of positive
integers (x1,51,21), (X2,Y2,22); - . - » (Xy_2.Ynv—2,Zy—2) satisfying (2) and such
that x; = x, =+ - - = xy_,. For let k¥ be any common multiple of the

integers 1,2,3,..., N — 2suchthatk > (N — 2)%.. Toobtainour N — 2
triples we successively put

then

uy, =k v=1; Uy =773 Dy=12,

k
U= "—, Vg=3;...; Uy o= ———, Uyo=N—2
3 3 3 N—-2 N—2 N—-2

in formula (1). This gives N — 2 triples (x;,y;,z). Clearlyx; = x;="--=
Xy =2k, and y; > y, > - -+ > yy_,. Moreover, yy_; > 0, since
k )2 ((N — 2)2)2
=) - (N—2P>{—=)—(N—2?%=0.
o= (-2 > (=Yg

? Equations (1) are the well-known formulas for the lengths of the sides of a right-
angled triangle, when all these lengths are integers. See, for example, Hardy and Wright,
Ref. [9].
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A2<>

A

a Fig. 43 b

Now choose a coordinate system in the plane, and mark off n =N — 2
points 4,, A,, A;,..., A, on the y axis at distances yy, yo, Y - - -5 Vs
from O. Let P be the point (2%,0) (fig. 43a). It is easy to see that the N
points O, P, 4,, Ay, As, ..., Ay_, satisfy the conditions of the problem,
that is, that the distance between any two of them is an integer.

Remark. Instead of marking off N — 1 points O, 4;4,, ..., Ay_; on Oy
and a single point P on Ox, we can take only N — 2 points on Oy, and for our
Nth point take P’ = (—2k, 0). We could also take only half our points on the
positive y axis, and choose the remainder so that the whole configuration is
symmetric about O.

Second solution. We see from equations (1) and (2) that

2 2 242
( 221{!) 2)+ (u2 vz)z 1 3
u + v u- + v
Using (3) we can find N points R, S, 4, Ag,...,Ay_o =4, on the
circumference of a circle with diameter RS = [ so that all the distances
AR, AR, ..., AR, A;S, A,S, ..., A,S are rational numbers: for this
choose n = N — 2 pairs of rational numbers (u;,0y), (U,00), . . . , (#,.0,) s0

that the ratios u,/v; are distinct and >1. Take for 4;, 4,,..., 4, the
points for which 4,R = Qu)/(u? + v2); i =1,2,...,n; note that in
this case . .
ut — o,
a5 ==t
u; +y;
(fig. 43b).

We prove now that the distance between any two of these points is
also rational. Since the diameter of the circle is 1, we have

A A, = sin A;RA, = sin (4, RS — A,RS)
= sin A, RS cos A,RS — sin A,RS cos A,RS
= A,S- A,R — 4,5 A;R;
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from which it follows at once that 4,4, is rational. By an analogous
argument each of the distances 4,4, (i,j = 1,2, ..., n) is rational.

Suppose k is any common multiple (for instance, the least common
multiple) of the denominators of the fractions representing the distances
between all possible pairs of points selected from R, S, 4, 4,,..., 4,.
Then by drawing a figure similar to the one we have constructed, but magni-
fied by a factor of k, we obtain N points, any two of which are an integral
distance apart. All these points lie on a circle of radius k, but not on a
straight line.

b. We must show that an infinite number of points, not all lying on a
straight line, cannot have the property that the distance between any two
of them is an integer. To do so it is sufficient to prove that given three

Fig. 44

noncollinear points O, P, Q, there exist only a finite number of points at
integral distances from all of them.

Suppose PO = m and QO = n, where m and n are integers. We
denote by A4 an arbitrary point lying at an integral distance from the three
points O, P, Q (fig. 44). Since the difference between the lengths of two
sides of a triangle does not exceed the length of the third side,

[AP — AO| £ PO=m and |AQ — AO| = QO =n,

equality being attained when the triangle APO (or 400) degenerates into
a segment of a straight line. Since the distances A0, AP, and AQ are
integers, the differences AP — A0 and AQ — AO are also integers
(possibly negative). From the given inequalities, the difference AP — A0
can assume only the 2m + 1 distinct valuesm,m — 1,...,1,0,—1, ...,
—m 4+ 1, —m, and 4Q — AO the 2n + 1 values n,n—1,...,1,0,
—1,...,—n+1, —n.

We now show that for given values k& and / of the two differences
AP — AO and AQ — AO, there can be at most two positions for the point
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A; it then follows that there cannot be more than 2(2m + D2n + 1)
distinct positions for A, such that the distance from A4 to each of the points
O, P, Q is integral. This will conclude our proof.

Suppose then that

AP — A0 =k and AQ — A0 =1

Draw lines 4X and 4Y which pass through 4 and are parallel to
0Q and OP, respectively (fig. 44). Let x and y be the lengths OX = Y4
and OY = X4, and let a be the angle QOP. We note that « # 0°;
o 7% 180°, since O, P, Q are not collinear. On applying the law of cosines
to the triangles OA4X, PAX, and QAY, and noting that cos AXO =
cos (180° — a) = cos «, we find that

AO = /x® 4 y2 + 2xy cos «
PA = (x — m)* + y* + 2(x — m)y cos «
AQ = w/(y —n)® 4+ x4+ 2(y — n)xcosa.
Since AP — A0 =kand AQ — A0 =,
VG — m)® + y* + 2(x — m)y cos a] — V[x* + y* + 2xpcosa] =&, (1)
VIx2 + (¢ — n)* 4+ 2x(y — njcosal — V[x2 + 32+ 2xpcosa = 1. (2)

We shall transform the first of these equations. Carry the second radical
to the right-hand side and square both sides, obtaining

(x—m?®+y2+2(x — mycosa
= x? 4 y* + 2xy cos & + 2kv/(x? + y* + 2xy cos &) + k2

or
x2 — 2xm -|- m® - y2 + 2xy cos & — 2my cos «

= x? 4 y* + 2xycos o + 2k\/(x2 + y® + 2xy cos ) + A2,

or

—2xm — 2ymcos o« + m? — k? = 2k\/(x2 + y% -+ 2xy cos ).

In exactly the same way the second equation yields

—2yn — 2xncosa + n* — 2= 21'\/(x2 + y* + 2xy cos a).
On comparing these last two equations, we find that
I(—2xm — 2ym cos o + m® — k?) = k(—2yn — 2xn cos o + n* — %),
or

x(—2ml + 2nk cos «) 4 v(—2ml cos o + 2nk)
= k(n® — %) — l(m* — k%), (3)
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and on squaring each of them, we obtain

(—2xm — 2ymcos o + m? — k%)? = 4k*(x* + y* + 2xy cos a), (4)
and
(—2yn — 2xncos a + n? — )2 = 4%(x* + y* + 2xy cos ). &)

If the coefficients of x and y in (3) are not both zero, we may solve for
one of them and substitute in (4) or (5): we obtain a quadratic, which
cannot have more than two distinct real roots. We thus obtain at most
two solutions [that is, pairs (x,y)] for the equations, and each pair deter-
mines uniquely the position of the point 4 [in effect, the pair (x,) is the
expression for 4 in nonrectangular coordinates referred to axes OP and
0Q]. Hence in this case there are at most two positions for 4, and the
theorem is proved.

If the coefficients of both x and y in (3) are zero, we have

m32 = mink cos o = n2k2.

Thus ml = nk or —nk and either ml = nk =0 or cosa = 4+ 1. But
cos ¢ = 4-1 is impossible, as we have noted, and the remaining case
reduces to

I=0=k.

The equations (4) and (5) now reduce to
2x + 2ycos e =m
2y + 2xcosa=n

and these may be solved uniquely for x and y, since cos®? @ # 1. Thus in
this case there is only one possible position for the point A.

We have thus completed an algebraic proof that the number of points
A for which AP — A0 = k and AQ — AO = I (where O, P, Q are given
noncollinear points of the plane, and k£ and / are given real numbers) is at
most two. To explain this result geometrically, it is natural to consider
the locus of those points of the plane whose distances from two given
points have a constant difference. This locus is studied in detail in analytic
geometry: it is a branch of the curve known as a hyperbola (a special case
of which is the graph of the function y = 1/x) and has the form given in
fig. 45.¢

From the shape of such curves it is intuitively clear that two of them
cannot intersect in more than two points (see fig. 45b), and it is just this
fact which was proved rigorously above.

¢ In figs. 45a and b the second branches of the hyperbolas are shown as dotted
lines, It is customary to give the name hyperbola, not to the locus of points from which
the distances to two given fixed points have a constant difference but to the locus of
points for which the difference of these distances has a constant absolute value. The

hyperbola thushastwobranches: one consisting of the points M for which M4 — MB =
a, and the other of the points N for which NB — NA = a.
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Fig. 45

We note that if O, P, Q are collinear, the proof breaks down; then
the very definition of the quantities x and y is impossible. Geometric
considerations in this case do not lead to a solution either: if O, P, Q
are collinear, the hyperbolas can degenerate into rays of the line OPQ
(this will happen, for example, when k = OP and ! = 0Q) and coincide
with each other along a whole halfline. Of course, this corresponds to
the fact that it is possible to find an infinite number of points on a line
satisfying the conditions of the problem: we need merely choose all the
points lying at an integral distance from some fixed point of the line.

II. LATTICES OF POINTS IN THE PLANE

110. For each lattice point L, let S, be the lattice square whose lower left
corner is L (fig. 46).° The set M is decomposed into pieces M N S, by the
squares Sy. Translate each square Sz along the segment LO so that the
squares are all superimposed on S,. The pieces M N Sy are thereby
translated onto subsets 7, of Sy. Since the total area of these pieces is,
by hypothesis, greater than 1, at least two of them must intersect. Suppose
therefore that (x,y) is in both Tp and Ty, where P 7 Q. If P = (a,b) and
0O = (c,d), then the point (x;,;) = (x + a4,y + b) is in M N S, while
(x2y) = (x + ¢,y + d)isin M N Sy, Thus both (x;,y)) and (x.,p,) are

® More precisely, let S; be the set of all points (x,y) such that m = x <m -+ 1

andn = y < n + 1, where L = (m,n). The purpose of this convention is to insure that
the squares Sy cover the plane without overlapping.
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Fig. 46

in M. Furthermore, x; — x; and y, — y, are integers, since x, — x; =

¢c—agandy, —y,=d—b.

Remark. The result of this problem may be expressed in a different form
as follows. Let L be a lattice point, and suppose each point 4 of M is translated
to the point 4" such that 44’ is parallel and equal to OL (ﬁg. 47). We then say
that M has been given the translation OL, and we denote the image of M under
this translation by M. It is easily seen from the figure that if 4 = (x,y) and
and L = (m,n), then 4’ = (x + m, y + n).

Now suppose M has an area greater than 1. By problem 110, M contains
two distinct points of the form (x,y) and (x + m, y + n), where m and n are

o~
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" 4+
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Fig. 47
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integers. If 4 = (x,y)and L = (m,n), then 4’ = (x + m, y + n) is by definition
in M;. Thus M and M both contain the point 4’. We state this result as a
theorem.

Theorem 1. If M has an area greater than I, then therc is some lattice
point L # 0 such that M and M, have a point in common.

We also note for later purposes that the pieces into which M, is decom-
posed by the lattice squares are translates of the pieces T;.. Hence we have

Theorem 2. The translates M, cover the entire plane if and only if the
pieces Tp cover the entire square Sp.

111a. Let IT = OABC be a parallelogram whose vertices are lattice points
and which contains no other lattice points in its interior or on its boundary
(fig. 48a). Let I1’ be the interior of IT; then II is the union of I1* and the

" 5 "

Fig. 48

four edges OA, AC, CB. BO. Clearly Il and II? have the same area o;
the problem is to prove that « - 1.

For each lattice point L let 1I; be the parallelogram obtained by
translating 11 along the segment OL (fig. 48b).

The parallelograms Tl, ferm a network covering the entire plane.
Moreover, if 1T denotes the interior of IT;, then T}, and II} have no
points in common when P =2 (.

The proof that « — 1 < by contradiction. If « # I, we must have
either @ > 1 or a — I.

(1) Suppose « ~ 1. Then we can apply theorem 1, with M = II'.
The theorem says that t' cre is a lattice point L # O such that IlI* and 11},
have a point in comron. This is a contradiction to the fact that IT3,
and I1}, do not inte~scct when P # Q.

(2) Suppose » -2 1. Then we can apply theorem 2 with M = II.
The pieces T;. have total area o << I and so cannot cover all of §;,. Hence,
by theorem 2. the parallelograms I1; cannot cover the entire plane, a
contradiction.

These contradictions prove that « = 1 as required.
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b. It follows from part a that the formula (3) 4 = i + /2 — 1 holds
when II is a parallelogram containing no lattice points other than its
vertices. Fortheni=0,b=4,andi 4+ b2 —1=¢4—1=1=4.

Next, suppose Il is an “‘empty’” triangle, that is, a triangle containing
no lattice points other than its vertices. Theni = 0,4 = 3, and i + b/2 —
1 = . Thus in order to verify (3) we must show that II has area 3. To
prove this we extend II to a parallelogram by adjoining a triangle I’
symmetric to it with respect to the center O of one of its sides (fig. 47).
Since O is a center of symmetry of the lattice, I’ contains no lattice points

Fig. 49

other than its vertices. Hence, by the result of part a, the parallelogram
we have constructed has area 1; therefore II has area 3.
Consider now two polygons I1, and I, havingall their vertices at lattice
points and adjoining each other along the common side PQ (fig. 49).
Suppose we already know that the formula (3) holds for each of these
polygons. We shall then show that it also holds for the polygon Il =
I, UL, Let 4, 4;, A, i, iy, iy, b, by, b, be the areas, numbers of interior
lattice points, and boundary lattice points of II, II,, and 1,, respectively.
By hypothesis b
Ai=i + 3‘ —1
and
. b
Ay =i, + 33 — L
Denote by & the number of lattice points on the segment PQ, including
the two endpoints. Then it is clear from the figure that
4= Al + A2y
i=i+ i+ (k—2),
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and
b=0G,—k)+ b, — k) + 2.

(The last term +2 takes account of the points P and Q.) Therefore
A=A,+A2=i,+%1—1+iz+%?—1
. . 1
=(;1+zz+k—2)+5(b1+b2~2k+2)—1
b
=i4+=-—1,
i+ >

which is what we wanted to prove.

It is now easy to show that (3) holds for all polygons with vertices at
lattice points. Every such polygon can be decomposed into triangles by
drawing suitable diagonals®; all the vertices of these triangles are lattice
points, since they are vertices of the original polygon. Each triangie I1
which is not already empty (that is, contains at least one lattice point P
other than its vertices) can be split into empty triangles. For if P is an
interior lattice point of II, we join it to the three vertices, whereas if P is
on an edge of I, we join it to the opposite vertex. In either case we have
split IT into smaller triangles, each containing fewer lattice points than I1.
By repeating this process sufficiently often, we eventually decompose all
the triangles, and hence also the original polygon, into empty triangles.
As we have seen, the formula (3) holds for the empty triangles. By
repeatedly applying the fact that (3) holds for the union of two polygons
if it holds for each of them, we see that (3) holds for the original polygon.

Remark. For any polygon II we have b = 3 (since II has at least three
vertices),and i = 0. Hence 4 =i + b2 —1 = 3 — 1 = }. Thus any polygon
whose vertices are lattice points has area at least }. Equality holds if and only if
II is an empty triangle.

112. If A = (x,y) is any point of K, let 4" = (x/2,y/2). Itiseasily seen that
A’ lies on the segment OA, and OA’ = 304 (fig. 50).

Applying the transformation 4 — A4’ to every point of K, we obtain a
set K’ which is similar to K in the ratio 1:2. Since the area of a set is
proportional to the square of its linear dimensions, area (K”) = 1 area (X).
By hypothesis, area (K) > 4, and therefore area (K’) > 1. By Blichfeldt’s
lemma (problem 110), X’ contains two points (x,,),) and (x,,y,) such that
x; — x; and y, — y, are integers. By the construction of X', the points
A = (2x3,2y1) and B = (2x,,2y,) are in K. Since K is symmetric about O,
it also contains the point C = (—2x;,~—2y,), which is the mirror image of
A in O. Since K is convex it contains the midpoint P of the segment CB.

¢ See, for example, Knopp, Ref. [15].
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Fig. 50

The coordinates of P are

—2x; + 2x, —2y; + 2y2)
, = (Xg — X33 V2 — .
( 5 5 (x2 1 V2 y1)

Since x, — x; and y, — y, are integers, P is a lattice point.

Remarks. (1) Since K is symmetric about O, it contains Q = (x; — x,
Y1 — )»), the mirror image of P in the origin. Thus K contains at least two lattice
points other than O,

{2) If K is convex, symmetric about O, and has area 4, it need not contain
any lattice point other than O. Consider, for example, the square consisting
of all points (x,y) with |x| < 1, [y| < 1. However, there is always a lattice point
P # 0 cither inside X or on its boundary. For if there were no such point, we
could magnify K slightly about O and obtain a set L which would still contain
no lattice points except O. This is a contradiction to Minkowski’s theorem,
since L has area >4.

113. We show first that if the radius p of the trees is greater than &, then
the view from the center will be blocked in every direction. Through the
center O draw an arbitrary line M N intersecting the boundary of the orchard
in the points M and N. We assert that there is no gap in the trees in either
of the directions OM and ON. To prove this, draw tangents to the
boundary of the orchard at M and N, and lines AD and BC equal and
parallel to MN and at distance p from it (fig. 51a). We obtain a rectangle
ABCD of area AB- MN = 100-2p = 4 - 50p and so greater than 4 (since
p > do). By Minkowski’s theorem (problem 112) it follows that there are
at least two lattice points P and @ inside the rectangle which are symmetric
with respect to O. (See remarks at the end of the solution to problem
112.) The trees of radius p planted at P and @ intersect the rays OM and
ON, so that an observer at the center cannot see out of the orchard in
either of these directions. -

We must now show thatif p < 1 /\/ 2501, it is possible to see out of the
orchard from O. Let R be the point whose coordinates are (50,1). (See
fig. 51b.) We will prove that the segment OR does not intersect any trees.
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Ay

Fig. 51

Clearly there are no lattice points on OR other than the endpoints O and
R. The length of OR is V502 4 12 = 4/2501. Now let § be any lattice
point in the orchard. By the remark made in the solution of problem
111b, the area of the triangle ORS is at least 1.

If T is the foot of the perpendicular from S to OR, then the area of
ORS is OR - ST. Therefore $OR- ST = $, which implies that ST =
1/OR = 1//2501 > p. This means that the tree of radius p with center
at S does not intersect OR. Thus it is possible to see out of the orchard by
looking toward R.

III. TOPOLOGY

114. To begin with, it is clear that the two regions into which the plane is
divided by a single straight line can be colored according to the conditions
of the problem (fig. 52). We shall now show that if the regions into which

Fig. 52
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the plane is divided by » lines can be properly colored, then so can the
regions into which it is divided by n 4 1 lines. The result then follows by
mathematical induction.

Suppose that we are given n 4- 1 lines. Throw one of them away.
The remaining » lines divide the plane into areas which by the induction
hypothesis can be colored to suit the conditions of the problem (fig. 53a).
Let us now reintroduce the (n 4 1)st line and change all the colors on
one side of it, replacing black by white and white by black, while leaving
all the colors on the other side unchanged (fig. 53b). The plane is now
properly colored. For if two of the regions into which the plane is divided
by the n + 1 lines adjoin each other along one of the first  lines, then they
must have different colors. (The reason is that they had opposite colors
before, which have either remained unchanged or both been changed.)
If two regions touch along the (# + I)st line, then before this line was
reintroduced they were part of the same region and thus had the same
color. But we changed the colors on one side of the line and not on the
other, so that now they have opposite colors. Thus the coloring we have
constructed satisfies the conditions of the problem, and the theorem is
proved.

115a. First solution. Let 1, 2, 3 denote three colors. Since at most two
lines meet at any node, each connected part of the network is either an
open or a closed polygonal path (fig. 54a). Any open path can be colored
by painting its lines alternately 1 and 2.

The same rule applies to any closed path with an even number of
sides. If Pis a closed path with an odd number of sides, say 2m 4 1, then
we can color 2m of the sides by alternating the colors 1 and 2. Then the
remaining side can be colored 3.
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Fig. 54

This analysis shows that the necessary and sufficient condition that
our network can be colored with only two colors is that it contain no
closed paths with an odd number of sides.

Second solution. Choose some line of the network and color it 1.
Then choose another line and color it 2. Proceed in this way, coloring
one line after another. Suppose that at the nth stage of this process we
have chosen a line L to be colored. By hypothesis there is at most one
other line through each endpoint of L (fig. 54b). These other lines may
have already been painted, but since there are altogether three colors,
there is at least one color left for L. Thus the process can be continued
until the entire network is colored.

b. Denote the four available colors by 1, 2, 3, 4. Figure 55a illustrates
an example where all four colors must be used, since every line is adjacent
to every other line.

We must now prove that four colors are always sufficient. As in the
second solution to part a, start coloring one line after another. Suppose
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that at the nth stage of the process we have chosen the line 4B to be
colored. By hypothesis there are at most two other lines through each of
the points 4 and B. Hence there is a color available for 4B unless these
lines have already been colored 1, 2, 3, and 4 as shown in fig. 53b.

Unless there are lines through C colored 1 and 2, we can change the
color of BC to 1 or 2, thereby releasing 3 for use on AB. Similarly, we are
in good shape unless there are lines through D colored 1 and 2. Hence
we may suppose that the situation is as shown in fig. 55c.

Now let P be the longest possible path starting at 4, with the property
that its edges are alternately colored 1 and 3. There are three possibilities:

(1) P ends at B.
(2) Pends at D.
(3) P does not end at B or D.

These three cases are illustrated in fig. 56.

In cases (2) and (3) we interchange the colors 1 and 3 along the path
P. The result of this interchange is that adjacent lines are still colored
differently, but now AB can be colored 1.

In case (1) let Q be the longest path through D whose edges are alter-
nately colored 1 and 3. This path cannot end at any of the lettered vertices.
We interchange the colors 1 and 3 on the edges of Q. Then the color of
BD can be changed to 1, thus releasing 4 for use on 4B.

Hence in all cases we can color 4B, and so the process can be continued
until the entire network is colored.

Remark. For another solution, see Ref. [13]. In the same way it can be
shown that if at most m = 2k lines meet at each node, then the network can
be painted with 34 colors, whereas if m = 2k + 1,then3k + 1colorsare enough.

116a. We will prove that the number of triangles whose vertices are labeled
1, 2. 3is odd (and therefore >0). Let the smalltrianglesbe 73, 75, ..., T,
and denote by a, the number of “12-edges” of T (that is, edges whose
endpoints are labeled 1, 2. If the vertices of T; are 1, 2, 3, then a; = 1;
if the vertices of T; are 1, 1, 2 or 1, 2, 2, then a, = 2; otherwise a, = 0.
The idea of the proof is to evaluate the sum a; + @, + -+ + 4, in two
different ways.

(1) Let X denote the number of triangles T, whose vertices are labeled
1, 2, 3, and let Y be the number whose vertices are labeled 1, 1,2 0r 1, 2, 2.
Then we have

at+a,+:-+a,=X+2Y.

(2) Let U be the number of 12-edges inside 7, and let ¥ be the number
of 12-edges on the boundary of 7. Every interior 12-edge lies in two
triangles T; and is therefore counted twice in the suma; +a, 4+ -+ - + a,.
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Fig. 56

But the 12-edges on the boundary of T lie on only one triangle T, and so
are counted only once in the sum. Hence
ayt+a+---+a, =20+ V.
Comparing the two expressions, we get
X+2Y=2U+V.

It follows from this formula that X is even if ¥ is even and odd if V' is odd.
It is therefore sufficient to show that V is always odd.

According to the conditions of the problem the side 13 cannot include
any vertices numbered 2, and the side 23 cannot contain any vertices
numbered 1, so that segments 12 can occur only on the side 12 of the large



II1. Topology 73

triangle T. Let us look at all such segments in the order in which they
occur as we move from the endpoint | toward the endpoint 2. We first
encounter a number (at least one) of vertices marked 1 (fig. 57). When
we first pass a segment 12 we are at a vertex labeled 2. A number of 2’s
may now follow (that is, a number of segments 22): only after we have
passed a segment 21 do we reach a vertex labeled 1. Passing the next
segment 12 we again find ourselves at a vertex labeled 2; passing the next
segment 21 we arrive at a 1 and so on.

Thus after an odd number of segments 12 we arrive at vertices labeled
2, and after an even number of segments at vertices labeled 1. But since
the last vertex we come to is the vertex 2 of 7, the total number of segments
12 lying on the side 12 of T must be odd. Thus the theorem is proved.

i ! i 1 L I [ 4 i
L ¥ 1 T T 1 ¥ ] ¥

] |

L 1

1 1 1 2 2 1 2 2 I 1 2
Fig. 57

Remark. This result can be put in a more precise form. Let us distinguish
between the 123-triangles for which the vertices labeled 1, 2, 3 go around the
triangle in the same order in which they go around 7, and those for which they
go around the opposite way. It can be shown that the number of triangles of
the first type is always exactly one larger than the number of the second type;
the result that the total number of triangles numbered 123 is odd follows from
this. The proof of this assertion is similar to the solution we have given of the
main problem and is left to the reader.

b. For the formulation of the theorem see the hints at the end of the
book. The proof is similar to that of part a. We count in two different
ways the number of 123-faces of the small tetrahedra. Each small tetra-
hedron numbered 1234 (of which there are, say, X) has one such face,
each tetrahedron numbered 1123 or 1223 or 1233 (a total of, say, Y
tetrahedra) has two such faces, and all the other tetrahedra have no such
faces. Thus the total number of 123-faces is

X+ 2Y.

On the other hand, every 123-triangle inside the large tetrahedron (say
there are U such triangles) is a face of two small tetrahedra, one lying on
each side of it. Suppose there are V' 123-triangles lying on the face 123 of
the large tetrahedron. Note that there are no 123-triangles on any of the
other faces of the tetrahedron, by the conditions of the problem. It
follows that

X42Y=2U+ V.

But the division of the face 123 of the large tetrahedron satisfies all the
conditions of part &, and from the solution to that problem it follows that
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Vis odd. Hence X is also odd and therefore cannot be zero. Thus the
theorem is proved.

Remark. This theorem can also be made more precise in the same way as
the theorem of part a (see the note on the previous page). The formulation and
proof of this refinement are Jeft to the reader.

117. We shall prove more than is stated. We show that if an arbitrary
polygon M is divided into triangles in accordance with the conditions of
the problem (that no two triangles should adjoin along part of a side
of one of them), and if an even number of triangles meet at each vertex of
the decomposition D, then the vertices of D can be numbered 1, 2, or 3
in such a way that all the vertices lying on the boundary of M are numbered
1 or 2, and the three vertices of every triangle are numbered 123.

Fig. 58

The proof is by induction on the number of interior vertices.” Suppose
first that there is only one vertex P inside M. By hypothesis, an even
number of triangles meet at P, and therefore an even number of vertices
lie on the boundary of M. Number the boundary vertices 1 and 2 alter-
nately, and assign the number 3 to P (fig. 58).

Suppose next that there are » vertices inside M, and that the theorem
holds for decompositions D’ with fewer than n interior vertices. Let 4B
be one of the segments into which the vertices of D divide the boundary
of M, and let ABP be one of the triangles of D. The vertex P must lie
inside M; otherwise there would be only one triangle at one of the vertices
A, B. By hypothesis, an even number of triangles meet at P: let us call
the polygon composed of all these triangles u (see fig. 58b, in which u is
shaded). Note that x might be concave.

We now remove u from M, thus obtaining a smaller polygon M’,
which clearly contains fewer interior vertices than M. Furthermore, the

7 Since two or more triangles converge at each vertex of M, there must be at least
one vertex inside M.
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triangles into which M is divided constitute a decomposition D’ satisfying
the conditions of the problem. For at every vertex of M’ which is also a
vertex of D, exactly two triangles have been removed; thus the number of
triangles at each vertex of D’ is even. By the induction hypothesis we can
number all the vertices of D’ so that the boundary vertices are all numbered
1 or 2 and so that every triangle is numbered 123. (Weleave it to the reader
to make the necessary changes in our argument if M’ consists of a number
of separate pieces.)

We now assign the number 3 to P and continue numbering the
boundary of x with 1’s and 2’s alternately (some of the boundary vertices
will already have been numbered in this way). Since there are an even
number of triangles, and therefore an even number of vertices, we can
carry this out successfully. We now have an enumeration of the vertices
of D, and by mathematical induction our theorem is proved.

Fig. 59

118. It may be that there are cavities between two adjacent polygons M
and M’ of the decomposition D. Such cavities will, of course, be filled up
by the other polygons of D (see fig. 59). In such a case the boundary
between M and M’ consists of a number of separate pieces. This phenom-
enon is inconvenient, and we proceed to construct a new decomposition
of the square in which it does not take place. For this purpose we adjoin
to M all the cavities between it and its neighbors; we obtain a larger
polygon M,. We then do the same with all the neighbors of M;, and so
on. Our new decomposition D is such that the boundary between any
two pieces is either a single point or a connected polygonal line. It is clear
that if some polygon of the new decomposition has at least six neigh-
bors, then the samemust have been true of the original decomposition,
for our construction can only decrease the number of neighbors a polygon
has. We note that each polygon # is contained within the polygon M
obtained by adjoining to M all its neighbors and all the gaps between it
and its neighbors. Since by hypothesis both M and all its neighbors have
diameter at most &, M has a diameter of at most & = & (fig. 60) and A&
has a diameter no greater.

Consider the polygon M, of the new decomposition which covers the
center O of the square (if O lies on a boundary, choose any polygon that
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Fig. 60

covers it). We say that M, has rank 1. All the polygons of the new
decomposition adjacent to M, we call polygons of rank 2; all other
polygons adjacent to any polygon of rank 2 we call polygons of rank 3,
and so on.

It is clear that the polygon M,, is contained inside a circle of radius
i and center at O; that M, and all the polygons of the second rank are
contained inside a circle of radius % and center O, and, finally, that M,
and all polygons of the second, third, and fourth ranks are contained
inside a circle of radius & with center at 0. It follows in particular that
no polygon of the first four ranks can touch the boundary of the square.

We note some simple properties of the classification of polygons by
rank.

(1) Every polygon of rank n(n > 1) has at least one neighbor of
rank n — 1.

(2) No polygon M of rank nhasa neighbor of rank <n — 1 (otherwise
M would have been assigned a rank <#). In other words, any two
neighboring polygons have either the same rank or ranks differing by
one.

(3) If the polygon M of rank n > 1 has less than two neighbors of
rank #, then it has no neighbors of rank n 4 1. For otherwise part of its
boundary would be part of the boundary of a polygon of rank n 4 1,
while another part would be part of the boundary of a polygon of rank
n — 1 [see property (1)]. These two polygons could not touch by property
(2), and hence there would be at least two regions where M adjoined
polygons of rank n, other ranks being impossible by property (2). But our
decomposition is such that neighbors touch only along a single segment
of a boundary, so that M must have at least two distinct neighbors of
rank n.

We are now ready to prove that some polygon of D has at least six
neighbors. The proof is by contradiction.
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Suppose that every polygon of D has at most five neighbors. We
will show that in that case no polygon of rank 4 can have neighbors of
rank 5, or in other words, that there are no polygons of rank 5. This is a
contradiction, for we have already seen that the square cannot be filled up
by polygons of the first four ranks alone.

We consider separately two cases.

(a) If a polygon M of rank 4 has at most one neighbor of rank 4,
then by property (3) it has no neighbors of rank 5.

(b) Suppose now the polygon M of rank 4 has at least two neighbors
of rank 4. We show first that M has at least two neighbors of rank 3.
For if not, and if M' is the single neighbor of rank 3, then M” has at least
two neighbors of rank 4, apart from M: these two are the polygons M,

Fig. 61

and M, which border M at the ends of its common boundary with M’
(fig. 61). M, and M, cannot be of rank 3, since by hypothesis M has no
neighbors of rank 3 apart from M’, and they cannot be of rank 5 by
property (2). Moreover, M’ has at least two neighbors of rank 3 [see
property (3)] and at least one neighbor of rank 2 [see property (1)}, a total
of at least six neighbors, contrary to hypothesis.

We show next that M has at least three neighbors of rank 3. Suppose
M is any neighbor of M of rank 3 (we know there are at least two such).
We show that M’ has no neighbors of rank 4 apart from M. M’ has at
least two neighbors of rank 3 [see property (3)]. Moreover, it has at least
two neighbors of rank 2. (This may be proved in exactly the same way
as it was proved that M had at least two neighbors of rank 3.) And since
the total number of neighbors of M is at most five by hypothesis, M must
be the only neighbor of M’ of rank 4. Now let M," and M,  be the poly-
gons which touch M’ at the ends of the boundary it shares with M. These
must be of rank 3 and are neighbors of M. So M has at least the three
neighbors M’, M,’, and M,’, or rank 3.

It is now clear that M cannot have neighbors of rank 5. For otherwise
it would have at least two neighbors of rank 4 [by property (3)], and, as we
have seen, three neighbors of rank 3, making a total of six neighbors,
contrary to hypothesis. The theorem is proved.

Remark. Tt is easy to see that the square can be divided into arbitrarily
small polygons, each of which has no more than six neighbors; the pattern of
hexagons given in fig. 62 is an example.
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Fig. 62

IV. A PROFERTY OF THE RECIPROCALS
OF INTEGERS

119. Let K be a continuous curve joining the points 4 and B. We will
show that if K contains no chord parallel to 4B of length a or length b,
then it has no such chord of length @ + b. It follows from this that K
has a chord of length 1/n. For otherwise it would have no chords of
length
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n n n n n n n
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and, finally, it would have no chord of length

l + = la
n n

whereas we know that it does contain such a chord (the chord 4B itself).

We proceed to prove our assertion. The statement that K contains
no chord of length a is equivalent to the statement that the curve K’
obtained from K by a parallel displacement through a distance « in the
direction AB has no point in common with K (fig. 63). Next, the curve
K’ has by hypothesis no chord of length b, for it is congruent to K. Thus
the curve K", obtained by translating K’ a distance b in the direction 4B,
has no points in common with K’. We next show that the curves K and
K” do not intersect: this will mean that the curve 4B has no chord of

a
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Fig. 63
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length a + b parallel to 4B. (For K” is obtained from K by translating
it a distance a 4 b in the direction 4B.) The curve K’ contains points
lying on or above AB (for example, 4 and B themselves). Among these
points there is at least one whose distance from 4B is maximal; denote
it by M’ (fig. 63). Similarly, among the points of K’ lying on or below
AB, let N’ be one whose distance from 4B is maximal.

Through M’ and N’ draw lines /, and /, parallel to AB. (One or both
of these lines may coincide with AB.) It is clear that all three curves K, XK',
K lie inside the strip enclosed by /; and /. The portion M'N’ of the curve
K’ divides this strip into at least two parts; and since K and K" do not
intersect K', each must lie entirely inside one of the parts. We claim that.
in fact, they lie in different parts of the strip and therefore do not intersect.

For if M and M” are the points of K and K" corresponding to the
point M’ of K’, then M and M" lie on opposite sides of M’. Therefore,
because they are continuous, the entire curves K and K” lie on opposite
sides of the curve M'N’ and so cannot intersect. This concludes the
proof of the first half of the theorem.

We must now show that for each real @ not of the form /n, there is a
continuous curve joining 4 to B and having no chord of length a parallel
to AB. If a > 1 thisis obvious: it suffices to require that the curve remains
inside the region bounded by perpendiculars to AB erected at 4 and B.
(See, for example, fig. 64.) If 1 > a > } we draw parallel lines through

P,
A
A . B
P,
P P.
< A
A G D 5
Ql Qi
c Q.

Fig. 64

A and B (neither of them the line AB itself), and an arbitrary line not
parallel to these two through the midpoint C of AB. It is easy to check
that the polygonal line AP,CQ,B (see fig. 64a) has no chord parallel to
AB of length greater than .

Suppose now that ¥ <a < }. Divide 4B into three equal parts
AC, = C,C, = C;B and also into two equal parts AD = DB. We draw
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three mutually parallel lines through 4, D, and B, and through C; and
C, two parallel lines not parallel to the first three. Then the polygonal
line AP,C,0,DP,C,Q,B (fig. 64c) has no chords parallel to 4B and of
length lying between } and §.

For if the ends of a chord lie on 4P, and P,Q,, or on P,Q, and Q,P,,
or on O, P, and P,Q,, or on P,Q, and Q,B, then the chord is of length at
most } (since in the notation of fig. 64 AC, = P,'’P, = 0,0, = C,B = 1}).
If the ends of the chord lie on the segments AP, and Q,P, or Q,P, and
Q,:B, then its length is . Finally, in all other cases the length of a chord
is greater than §.

In a completely analogous manner, we can construct a continuous
curve having no chord parallel to 48 and of length lying between 1/(n + 1)
and 1/n. Wedivide ABinto n + 1 equal parts AC, = G;C, = --- = C,B
and independently into n equal parts 4D, = D;D, =---= D, ;B. We
now draw arbitrary parallel lines through 4, D, D,,..., D, ,, B, and
parallel lines intersecting these through C,, G, ..., C,. It is easy to
see that the curve we obtain (see fig. 64d in which the case n =5 is
illustrated) satisfies the conditions: the proof is analogous to the one
given for the case n = 3.

V. CONVEX POLYGONS

120a. Let AB be one side of the convex polygon M of area 1, and C a
point of M at maximum distance from the line containing A8 (C may
be a vertex, or it may be an arbitrary point of a side of M parallel to 4B).
We draw the straight line AC (fig. 65) dividing M into two parts M, and
M, (one of these will not exist if AC is a side of M). Suppose next that
D, and D, are points of M at maximum distances from AC on either side
of AC. We draw through C the straight line / parallel to 4B, and lines
f,; and [, through D, and D,, respectively, parallel to AC. The four lines
AB, I, I, I, form a parallelogram P containing M.

/ c
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Since M, and M, are convex, they contain the entire triangles 4AD,C
and A D,C, respectively. The line AC divides P into two smaller parallelo-
grams P; and P,. It is clear that

Area (AD,C) = } area P; and area (AD,C) = } area P,.
It follows from this that
Area P = area P, + area P, = 2 area (AD,C) + 2 area (4D,C)
< 2 area My + 2 area M,
=2areaM =2,

If the area of P is less than 2, we can increase its area to 2 by translating
one of the sides through a suitable distance. This larger parallelogram
will still contain M.

b. Let P be a parallelogram containing the triangle ABC of area 1
(fig. 66). We can shrink this parallelogram by moving its sides together

Fig. 66

parallel to themselves until each of them passes through a vertex of the
triangle. Let A be the vertex (or one of the vertices) through which two
sides of the parallelogram produced in this manner pass. Let the parallelo-
gram be APQR, and let B and C lie on PQ and @R, respectively. Through
C draw line CDE parallel to AR, meeting AB and AP in D and E,
respectively. Denoting the area of any polygon M by S(M), it is clear that

S(CBD) = S(CBE) = $S(CQPE).
and

S(CAD) = S(CAE) = 3S(CRAE),
whence it follows that
S(ABC) = S(CBD) + S(CAD)

< 3S(CQRE) + 1S(CRAE) = $S(APQR');
S(APQR) = 25(ABC) = 2.

(If C is an interior point of QR, then S(4PQR) — 2 if and only if P and
B coincide.)}
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121a. Inscribe in the given polygon U a triangle 4;4,4, of maximum
area® (fig. 67a). Through the vertices of the triangle draw lines parallel
to the opposite sides. This gives a triangle T of area four times that of
Ay Ay Ay Suppose that the area of A;4,4; is <4. Then the area of T is
=2

We now show that the polygon U lies entirely within 7. Suppose
some point M of U lies outside T. Then M is further from one of the sides
(say A,4,) of the triangle A4;4,A4; than the opposite vertex (4;). Hence
the triangle 4,4,M has a greater area than 4,4,4; (see fig. 67a), contrary
to the hypothesis that 4; 4,4 has the largest possible area for a triangle
inscribed in U. Thus we have shown that U is enclosed within a triangle
T of area not greater than 2, as required. (We could always expand T
to obtain a triangle of area exactly 2, and it would also contain U.)

The case where the area of A4,A4,4, is greater than } is slightly more
complicated (fig. 67b). In each of the portions of U cut off by the sides of
Ay A, A, construct a triangle of maximum area with base a side of A,4,4,.
Through the other vertices B,, B,, B; of these three triangles, draw lines
parallel to their bases. We obtain a larger triangle C,C;C,. In exactly
the same way as before we see that U lies within C = C,C;C,.

We will show that S(C,C,C;) < 2S(A4,B;4,B,43B;). Since

S(A,ByAyB AyBy) = S(U) = 1,

the required inequality then follows. Now C,C,Cj is similar to 4;4,45, so
we can compute its area if we know the ratio C,C,/4,4,. To calculate
this ratio, put
S(A1AsBy) _ ,  S(A1ABy) _ . S(AyAuB) _
. . L T e T T A =
S(Aidzdg) T S(AyApAy) S(A1424s)

1.

8 It can be shown that such a triangle is one of the triangles whose vertices are
vertices of U. See, for example, Shklyarskii ez al. Ref. [21], chap. II, problem 23.
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Note that
A Ayt Ay = S(A,4:B;) + S(A4;14;3B,) + S(A4:45B,)
S(AlAzAa)
_ S(U) = S(A,Asdy) _ 1 — S(AsAsAy)
S(A;4.4,) S(A;,A4:45)
since by hypothesis S(4,4,4,) > }. Hence
56 2
== (A + A + A3 + 1)5
S(4) Ah+dt+ti+ 1)

and since also it is clear that

S(A1B34,B,A3By) _ S(A) + S(BiAz4;) + S(ByAiAg) + S(ByA4,)
sS4 S(4)
=1+ A4+ 4+ 4
we finally arrive at the result

S(©)
S(A;B3A:B143B,)

since 4; + 4; + 4; < 1. As explained above, this completes the proof.

b. We first show that a square of side 1 cannot be enclosed in a
triangle of area less than 2. Let C = C,C,C, be a triangle containing the
square 4 = A4;A4,4;4,. We may suppose that at least three vertices of 4
lic on sides (or at vertices) of C, for otherwise we can simply shrink C
appropriately until this occurs. Consider now the case where three of the
vertices A;, 4,, and A; lie on the sides of C opposite C,;, C;, and Cs,
respectively. We produce the sides 4,4, and 4,4, to meet C,C, and C;C,
in Fand D, respectively, and to meet C,C, in G and E, respectively. Since

the angles A,4,F and 4,A4,D are right angles, angles 4,FC; and 4,DC,
are obtuse. Next,

[ AEAy + £ A,GA; = 180° — / EAG = 90°;
L A AE + £ A, AG = 90°.

=1+ A4+4L+4<2,

1t follows that either / A,AE == / AyEA; or L A AG < Z A,GA,. For
definiteness suppose that the first of these inequalities holds. In that case
we have
AE < AyAs = AsA, < A.D,
and it follows from fig. 68a that
S(4;DC3)> S(A,EC,),  S(EDC,) < S(C).

We have thus arrived at a circumscribed triangle EDC, of area
smaller than C, one of whose sides contains two vertices of 4, and therefore
the side joining them. If this was the case to start with for C and 4, then
the preceding argument can be omitted.
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Fig. 68

Denote the height of triangle A4,4,C, with base 4;4; by 4, and let
H and H’ be the points of intersection of the perpendicular from C, with
AyA; and 4,4, (fig. 68b). Then HH' =1 (the length of a side of the
square) and

SCHAY _h  SCHA) _ .
S(HA,AH) 2°  S(4,4,D)

2

so that
S(4:,4,0) 1
S(HA,A,H) 2R
and
S(C.H'D) _ S(C,HA,) + S(HAAH') + S(4,4,D) _ 1k + 1
S(HA;AH' ) S(HA,AH')
In exactly the same way we may show that
A(C,H'E h 1
_(__E—)' =14=4—.
A(HA,AH") 2 2h
It follows from this that

S(C,ED) _ 1 B
s —'t3 +2;z 2+( 1+ )

ST

that is, S(C,ED) = 2, as was required.

We show now that if 4 = 4,4,4,4, is any rectangle of area 1, then a
circumscribing triangle C = C,C,C; has area at least 2. This result
follows easily from the corresponding result when A4 is a square. For given
4 and C in a plane P, let us project the whole configuration orthogonally
onto a plane Q in such a way that the projection of A is a square (fig. 68a).
If A)A, < A;A; we take Q to intersect P along A,4,, and to make an
angle « with it, where cos o = A4,4,/4;4;. The areas of 4" = A,4,4,'4,
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and C' = C,'C,'C, are equal to the areas of 4 and C multiplied by the
factor cos a, for this is a property of the areas of all figures under orthog-
onal projection. If, then, S(C) < 2 S(A4), we shall also have S(C") <2
S(A’), which is impossible, as we have seen.

From the result when A is a rectangle we can deduce the corresponding
result when A4 is a parallelogram. Suppose the result is false for some
parallelogram A and triangle C (fig. 69b). Construct a sphere whose
diameter is equal to the longer diagonal 4,4, of 4, and let A," and A4,’ be
the points of intersection of this sphere with perpendiculars erected at
A, and A to the plane = of A4, and lying on opposite sides of this plane. Set
A’ = A4, 434, and let C’ be the triangle in the plane of A’ whose

- ) “‘1"
Wiy “\“\\\\\\\\m\“‘%/k

Fig. 69

orthogonal projection ontow is C. Itis clear that 4’ is a rectangle whose
orthogonal projection onto = is simply 4, and we complete the argument
in the same way as before.

122a. Draw two lines parallel to / lying on either side of the convex
polygon M, and move them in until they pass through extreme points 4
and B of M. It is possible that the two lines /; and /; meet M not merely
in a point but in a whole side (fig. 70). M now lies in the strip between
/; and /;; denote the width of this strip by d, and draw lines [/, /p, /' so
as to divide it into four smaller strips of width d/4. Suppose the boundary
of M meets §,' in P and @, and /;’ in R and S. (Note that these lines
cannot intersect the boundary of M along a whole side of M because M
is convex). Let p be the side of M passing through P (or one of the two
such sides if P is a vertex), and, similarly, for ¢, 7, and 5. The area of the
trapezoid T; bounded by the lines /,, 4, p, and g is PQ - df2; similarly, the
area of T, bounded by /,, /5, r, and s is RS - dj2. Since T, and T, together
contain the whole of M,

S(M) < S(T,) + S(T2)=PQ~£;+ RS-‘—21=(PQ+ RS)%.
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Consider now the two triangles ARS and BPQ inscribed in M.
Clearly S(ARS)= RS- 3d; S(BPQ)= }PQ-3id, so that S(ARS)+
S(BPQ) = (RS + PQ)3d = ¥(PQ + RS)dj2 = 1S(M). 1t follows from
this that either S(ARS) = §S(M) or S(BPQ) = §S(M), which proves the
theorem.

b. Let M be the regular hexagon ABCDEF, and let / be a line parallel
to the side AB (fig. 71). Let POR be a triangle inscribed in M and of
maximum possible area, with PQ parallel to AB. If P and Q lie on FA
and BC, respectively, then clearly R must lie on DE (in fact, it makes no

Fig. 71

difference where it lies on DE). Let us take the length of a side of the
hexagon as our unit and write AP = BQ = a. Then (see fig. 71) we easily
see that

PQ=AB+PG+QH=1+‘—;+“5=1+a,

and
_ 3 3
h(PQR)=RS—AG=\/3—aT=(2—a)\€-.
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Hence

NEE ,

73=—4—(2+a—a)

JS[ 1 ( 1‘2]
= - 2 —— —_—— .
2t le3)
It follows at once from this formula that the triangle PQR has
maximum area when ¢ = §, and then

S(PQR) = %(1 + a)2 — a)

But the area of the hexagon is given by

3 3
6S(0AB) = 6£ = -‘L_
4 2
(O is its center.) It follows that the largest area a triangle inscribed in M
and with one side parallel to 4B can have is § of the area of M.

VI. SOME PROPERTIES OF SEQUENCES OF
INTEGERS

123a. We are given » arithmetic progressions, whose terms are integers.
Supposing that every pair of progressions has a term in common, we must
show that all » progressions have a term in common. We shall give a
proof by induction. For n = 2 the theorem is obvious.

Suppose the theorem has already been proved for n — 1 progressions,
and consider a set of n progressions, each pair of which has a common
term. By the inductive hypothesis, the first # — 1 of them have a common
term A. Now subtract 4 from all the terms of all the progressions: we
obtain n new progressions, the first # — 1 of which have the term 0 in
common. It is clear that if we can prove the theorem for these n new
progressions, then it is also true for the original ones.

Let us denote the common differences of the n progressions by
dy,dy, . ..,d,, where all the d; are integers. Then the first n — 1 pro-
gressions consist of the multiples of d, d,, . . ., d,_;, respectively, since
they each contain the term 0. The general term of the nth progression is
a + kd,, where a is any one term and k is an integer which may be
positive, negative, or zero.
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We must show that there is a term a 4 kd, which belongs to all the
other sequences, that is, that there exists an integer & such that a + kd,
is divisible by all of the numbers d,, d., . . . , d,_;. Equivalently, we must
show that there exists an integer & such that a 4 kd, is divisible by the
least common multiple ¥ of the numbers d;. d, . .., d,_;.

Denote by D the greatest common divisor of the numbers N and d,.
Then there exist integers p and g (positive, negative, or zero) such that
D = pN 4 qd,. We leave the proof of this assertion to the end of the
solution; meanwhile we assume its truth.

We prove now that a is divisible by D. Write D as a product of
primes

D p— plalpzaz PERRY prﬂv‘.

The fact that D is divisible by p * means that both d, and ¥ are divisible
by p,*. The fact that the least common multiple N of the numbers
dy, dy, .. ., d,_, is divisible by p,* means that some one of these numbers,
say d,, is divisible by p,*. But, by hypothesis, the first and nth progressions
have a term in common. In other words, there exist integers k* and k"
such that

k'd, = a -+ k'd,,
or
a=Kkd, — k'd,,

from which it follows that a is divisible by p* (since both d, and d, are
divisible by p,*). Since this is true for each i, a is divisible by the product
D = p™Mp,™ ... p’.

Multiply the equation D = pN + ¢d, by m = a/D, we obtain

a=pmN +gmd, or a— gmd, = pmN,

from which it follows that the term a — gmd, of the nth progression is
divisible by N, which is what we had to show.

It remains for us to prove the existence of integers p and ¢ such that
D == px + qy, where D is the greatest common divisor of v and y.
Consider the set / of all integers of the form px + gy, where p and g are
any integers—positive, negative, or zero. It is easy to check that the sum
or difference of any two members of 7 is again a member of 1. {For
(Prx -+ q1y) + (poxX + qop) = pax + gsy, where py = py 4+ pa; ga=¢q,
g, ] ltis also obvious that any multiple of a member of 7 is also « member
of /. Now I has at least one positive member (for example, x = 1 - x -}
0-y) Let E be the smallest positivé member of /. We intend to show
that E = D. We first show that [ consists precisely of all the muitiples
(positive, negative, or zero) of E. Suppose ¢ is an arbitrary member of /.
On dividing ¢ by E we obtain a remainder r lying between 0 and £ — 1.
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We may write
t=nE+r, 0= r<E

Now E is in I, so that nE is also, and risin /, so that r = t — nE is
also in /, by the remark above. But we chose E to be the smallest positive
member of 7, and r is smaller. This can only be true if r = 0. Thus every
member ¢ of 1 is of the form nE. In particular, E is a common factor of
x and y, both of which lie in /, and so divides D. On the other hand,
every number of the form px + gy is clearly divisible by D, and E is of
this form (being a member of 7). Since the two positive numbers D and
E divide each other, they must be equal. We can therefore write

D=E=px+gqy,

and equation (1) is proved.
Consider the two arithmetic progressions

P, =272, —V2,0,V2,2V2, . ..

Pyo..,—2,—1,0,1,2,...

and

These progressions have the common term 0, and no other common terms,
For if k\/Z = k', where k and k’ are nonzero integers, we deduce that

k'lk = \/é is rational, a contradiction. We now construct a third pro-
gression having a term in common with each of the first two, but having
no term equal to zero. Consider, for example, the progression

Pu(l+v2) + k(1 —v2) (k=...,-2,—1,0.1,2,...).
When k = —1 we get the term 24/2, which is also in P,. When k = 1 we
get the term 2, which is in P,. But no term of P, is equal to zero, since if

(1 +V2) + k(1 —V2) =0,
then

k=\/§+1=\/§+1,\/§+1

< < £ =34+ 22
V2—1 J2—1 J2+1 +2V

= 5.82 ..., a contradiction.

Remark. It is easy to see that the first part of the problem remains true
for arithmetic progressions of rationals (not necessarily integers). For one can

find a number N such that when the progressions a; + kd; (i = 1,...,n) are
multiplied by N, they all become sequences of integers. We can take N, for
example, to be the least common denominator of ay, as, . . ., Qu. dy, do, . . ., dy.

Neither the hypothesis nor the conclusion of the theorem is affected by muliti-
plying or dividing all the progressions by the same number.

b. Suppose we are given n arithmetic progressions Py, . .., P, of real
numbers, every three of which have a term in common. Consider any
two of the progressions, say P, and P,. If they have only one term in
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common, then every other progression must also contain this term (for
every other progression has a term in common with P, and P,). If P, and
P, have two or more terms in common, the difference between these terms
can be written in either of the forms k’d, or k"d,, where k" and k" are
integers and d,, d; are the common differences of P,, P,. Thus
k'd, = k" d,, il=k—,
d, &

so that 4, and d, are commensurable (that is, have a rational ratio).

Therefore if the common differences of any two of the progressions
are incommensurable, they have only one term in common, and this term
also belongs to all the other progressions. On the other hand, if the
common differences of all the progressions are commensurable, we can
multiply Py, ..., P, by a number so that the common differences of the
resulting progressions P/, ..., P, are integers. We now subtract from
all the terms of P', . . ., P, one of the terms of P,’, obtaining progressions
Py, ..., P,". The entire progression P," consists of integers (since the
common difference is an integer and one of the terms is 0). Each of the
other progressions P;’, ..., P,” also contains an integer (since it has a
term in common with the first) and therefore consists entirely of integers.
Moreover, every pair of the progressions P,”,...,P,” has a term in
common (since every three of them do), and therefore by the first part of
the problem they all have a term in common. But this means that the
original progressions also had a term in common, which is what we wanted
to prove.

124a. The first part is nearly trivial. By symmetry, there is no loss of
generality in assuming the first digit to be a 1. Then the second digit
cannot be a 1, or 1 would be repeated, and therefore must be a 2. Our
sequence thus starts with 12. The third digit must be 1 (since we cannot
have two 2’s in a row), and, similarly, the fourth must be 2. But then the
sequence starts with 1212, and the subsequence 12 is repeated.

b. We show that each of the sequences 7, (n = 1, 2, .. .), constructed
by using the digits 1 and 2 in the manner explained in the hint at the end
of the book, contains no digit or block of digits three times in succession.
That 7, contains no three consecutive digits follows from the fact that it
consists of a succession of 12’s and 2I’s. In what follows we call the pairs
12 and 21 links of the sequences. It is harder to show that no block of
digits in 7, can occur three times in a row. Our proof will be by the
method of descent: we shall show that if 7, contains a block of digits
repeated three times, then sodoes 7, _,. Wethusseethat/,, 7, ;...., I 1,
and finally /; contain such blocks, and this is obviously false, for 7, = 12.

Case I. The block P, which is repeated three times. contains an even
number of digits. There are two subcases:
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(i) The first time it appears, P starts at the first digit of a link. In
this case it will start at the first digit of a link on the second and third
appearances also. This means that P consists of an integral number
of links. On replacing each link 12 by a 1 and each link 21 by a 2, P is
replaced by a block Q half as long, which occurs three times in suc-
cession in /,_;. Thus 7, , contains a sequence Q of digits repeated
three times, as required.

(i) At its first appearance P starts with the second digit of a link
(and therefore also on the second and third appearances). Suppose for
definiteness that the first digit of P is a 1 (the argument is unaffected if 1
and 2 are interchanged throughout). In this case P starts with the second
digit of the link 21 at each appearance, and therefore the last digit of Pis a
2. We arrive at the configuration 1. It is clear from the configuration that

P P P
2 e xxx- 2l xxsx--2]l xenx---21
o o Qo

Configuration 1

1, contains three successive blocks Q obtained by throwing away the
final 2 of P and including an initial 2. But Q starts with the first digit of
a link, so that case (ii) reduces to case (i).

Case 2. The block P contains an odd number of digits. Since 7,
consists entirely of two-digit links, P contains an integral number of links
plus one digit, and so must either begin or end in the middle of a link (but
not both). If P begins in the middle of a link at its first appearance, then
it begins at the beginning of a link at the second appearance, and therefore
in the middle of a link at the third appearance; if it begins at the beginning
of a link at the first appearance, then it begins in the middle of a link at
the second appearance, and at the beginning of a link at the third appear-
ance. In either case we can find two successive appearances of P, the first
beginning at the start of a link and the second in the middle. Call these
two blocks P, and P,.

Without loss of generality, we may suppose that P, starts with the
link 12; otherwise we can merely interchange the roles of 1 and 2 in the
argument. Since P, starts with the second digit of a link, and this digit
is a 1, the link must be 21 and the last digit of P, is a 2 (see Configuration
2). Since the second digit of P, is a 2, so is the second digit of P., and this

P, P,
F2%xkn 2] %exn---2
1212 2121

Configuration 2
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means that the first link entirely inside P, is 21. Thus we see that the third
digit of P,, and therefore also of Py, is a 1. This means that the second
link of P, is 2 12. We now see that the fourth digit of Py, and therefore
also of P,, is a 2; this means that the second complete link of P, is a 21.
Continuing in this way, we see that the links of P are all 12; this means that
the last digit of P, must be a 1, for P contains an odd number of terms, and
all the odd positions are occupied by 1's. This is a contradiction, and
hence this case cannot occur. (We note, incidentally, that if P contained
as many as six terms we would already have three successive links 12 in
P

Remark. On writing out the sequences I, I, I, . . . it is easy to see that
each sequence is an initial segment of the following sequence. Using mathe-
matical induction it can be shown that in general the first 2771 digits of I,
constitute exactly 7, ,. It follows from this that we can not only write down
arbitrarily long sequences of 1's and 2's in which no digit or block of digits
occurs three times successively, but can actually write down an infinite sequence
with this property.

125a. We construct sequences J,, (n = 0, 1, .. ) in the manner described
in the hints for this problem. The proof that none of these sequences
contains a digit or block of digits twice in succession is analogous to
that of problem 124b. First of all, we show that no sequence J, can
contain two successive equal digits. For J, consists of links 02, 0121, 0131
and 03. Neither within one link, nor inside the sequence obtained by
putting two links together, can two successive equal digits occur. For
each link starts with a zero, whereas no link ends with a zero.

It remains to show that J, contains no block of digits occurring twice
in succession. The proof is by induction and follows closely the method
used for problem 124b. It is clear that the sequence J, = 0l contains no
repeated digit or block of digits. Suppose now that the sequence J,_, also
satisfies this condition, and that the sequence J,, does contain two successive
equal blocks of digits. We show that these assumptions lead to a contra-
diction. Let J, contain two successive blocks P, which we shall denote by
P, and P,. We now consider several cases.

Case 1. P, consists of an integral number of links. In this case it is
clear that P, also consists of an integral number of links. We now replace
every link of J, by the corresponding number, or, in other words, go
back to J,_;. Then P, and P, become equal consecutive blocks of digits in
J._1, a contradiction, since we supposed that J,_, contained no two such
successive blocks.

Case 2. The blocks P, and P, start with a digit a which in both cases
occupies the same place in the same link. Suppose for definiteness that
both blocks start with the 2 of the link 0121. In this case P, ends with
the digits 01, and therefore so does P,. We thus obtain configuration



VI. Sequences of Integers 93

3, from which we see that /, also contains two successive equal blocks Q,
and Q,, each consisting of a number of complete links. We have already
examined this case and shown that it is impossible.

P, P,

0121 *+xx0121%xxxx01
O, Q.

Configuration 3

Case 3. The blocks P, and P, start with the same digit a, which either
appears in different links in P, and P,, or in different positions of the same
link. The digit a must be followed by the same digit & in both P; and P,.
Examining all possible cases (here it is important to know the digits that
follow every given digit of a link), and bearing in mind that the last digit
of a link is always followed by a zero, we see that this case can only occur
when a = 1, and in one of the P’s it is the | standing at the end of the link
0121, whereas in the other it is the I at the end of the link 0131. Suppose
for definiteness that P, starts with the last digit of 0121, whereas P, starts
with the last digit of 0131. (This is no loss of generality, for we may, if
necessary, reverse the roles of 2 and 3 in the following argument.) The
block P, ends in 013, the first three digits of the link 0131. Therefore
P, also ends with 013. It is easily seen that the digits 013 can only appear
in a sequence J, if they are the first three digits of the link 0131. We
conclude that the first digit after the end of P, is 2 1, and we obtain
configuration 4. We see from it that the sequence J, contains two

Py P,

-~ -~
0121 0%»x%%x01310x+xxx0131
. N

(o) Q.

Configuration 4

successive equal blocks Q, and Q,, lying one digit to the right of P, and
P,, and that these blocks consist of 2 number of complete links. Thus
case (3) reduces to case (1).

Remark. In order to construct an infinite sequence from the digits 0, 1, 2, 3
satisfying the conditions of the problem (see the remark after the solution of
124b), we consider instead of the sequence J, the sequence J,” obtained
from it by the rule

Jy =01,  J, =0lT,_,.
(Here the tilde ~ above a letter has the same significance as in the hint to this

problem.) It is easy to check that the sequence J,_; constitutes the first part of
the sequence J,,'.
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b. The proof is similar to that of problems 124b and 125a, and like
them, uses mathematical induction (the method of descent is really a type
of inductive argument). It is clear that the sequence K = 123 contains no
repeated digits or blocks of digits. Suppose now this is also true of the
sequence K, _, but false for the sequence K,. We show that this leads to
a contradiction. Suppose K, contains two successive equal blocks P, and
P,. To begin with, it is clear that P, and P, cannot consist of a single digit.
In fact, none of the individual links (that is, blocks 123, etc.) of K contains
a repeated digit. Also, the last digit of one link cannot equal the first
digit of the following link. Suppose, for example, that the links 231 and
123 stand next to each other. In that case, one of these links would occupy
the place previously occupied by an odd-numbered term of K,,_;, and the
other an even-numbered place, whereas they both have to occupy odd-
numbered places. Next, suppose that the links 321 and 123 stand next
to each other. Then they replace adjacent I's in K _,, which is impossible
by hypothesis. All other cases are argued in the same way as one or the
other of these two.

We must now show that K, cannot contain successive equal blocks P,
and P,. We consider separately a number of distinct cases and show that
none of them can take place.

Case 1. The blocks P, and P, consist of complete links. In this case
we replace all the links of X, by the corresponding numbers, obtaining the
sequence K, _,, in which there will be two successive equal blocks (the
replacements for P, and P,), contrary to hypothesis.

Case 2. The number of digits in P, and P, is divisible by 3, but P,
and P, do not consist of complete links. If P, starts with the second digit
of a link, then so does P, (since the number of digits in P, is divisible by 3).
If the two last digits of the link which starts P, are, say 12, then before
them there stands a 3, and since P, must also start with the last two digits
12 of a link, the last digit of P, must be a 3. But then the last digit of P,
is also a 3, and we obtain configuration 5. We see that the blocks 0,

Py P,

Ve T~ N
312%x%xxxex3 1 2%exnxx3
. - -

(o2 Q.

Configuration 5

and @, lying one digit to the left of P, and P,, respectively, are repeated
adjacent blocks consisting entirely of complete links. Thus this case is
reduced to the previous one. The case in which P, and P, start with the
third digit of a link is dealt with in exactly the same way. The corre-
sponding blocks Q, and Q, will in this case lie one digit to the right of
P, and P,.
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Case 3. The number of digits in P, and P, is not a multiple of 3.
Also, P, starts at the beginning of a link. We consider two subcases:

(i) The number of digits in the blocks P, and P, is equal to 3k 4 1.
In this case P, and P, consist of an integral number of links plus one digit.
The extra digits will be at the beginning of P, and at the end of ;. Suppose
for the sake of definiteness that the first digit of P, (and therefore also of
P,)is a 3. (Clearly the argument is unchanged if in fact the digitisa 1 or
a 2, because of the symmetric role the three digits play in our construction.)
The next two digits of P, will be a2 2 and a 1, but we do not know in which
order they occur. In the configuration 6 toward which we are working,
the pair 12 or 21 (we do not know which) will be denoted by XX. It
follows that the second and third digits of P, are also 12 or 2]1. But they
are the first two digits of a link, and the third digit can only be a 3. Thus
the fourth digit of P,, and therefore also of P, is a 3. Now this digit is the
first digit of a new link in P,, the other members of which must be 21 or
12. We put them in P, and also in P,. We can now argue as before that
the next digit of P, is a 3, and so on. We conclude that the figure 3 stands
in the 1st, 4th, 7th, . . . positions of P; and P,, and since the total numter
of digits in P is 3k + 1, both P, and P, must end with 2 3. But then P,
ends with a 3 while P, begins with one, so that we have two successive 3’s,
which is impossible, as we have shown.

Py P,
3XX3XxXx3------ XX33XX3XX3XX------ 3
Configuration 6

(ii) The number of digits in P, and P, is equal to 3k + 2. In this case
P, and P, consist of a number of complete links and two extra digits.
These will stand at the beginning of P, and at the end of P,. Suppose the
first two digits of P, and P, are 1 and 2 in some order; then the third
digit, being the third digit of a link, must be a 3 in P,, and therefore also
in P,. But this means that the fourth and fifth digits of P, must be a 1 and
a 2 (since they are the last two digits of a link beginning with a 3). And
so the sixth digit of P, must be a 3, being the third digit of a link starting
with 12 or 21, and so on.

We see (Configuration 7) that the blocks P, and P, have 3’s in the

Py P,
3XX3XX3XX------ 3 XXXX3XX3XX3--0:-- Xx
Configuration 7

3rd, 6th, 9th, . .. places. It follows that P, ends with a link starting with
a 3, that is, either 321 or 312. The block P, starts with a link whose third
member is 3, that is, either 123 or 213. Thus the six middle digits of the
block P, U P, must have one of the four forms 312213, 321123, 312123,
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321213. All these are impossible, the first two because the middle two
digits are the same, and the last two because the two links of which they
are composed must both have come from odd-(respectively, even-)
numbered digits in X,_;.

The cases where the first two digits of P, are |1 and 3 or 2 and 3 are
treated in the same way.

Case 4. The number of digits in P, and P, is not divisible by 3; P,
does not begin at the beginning of a link. There are four subcases to
consider.

(i) P, starts with the third digit of a link; P, and P, contain 3k + 1
digits. In this case P, must start with the last two digits of a link and end
with the first two digits of a link: and P, must start with the last digit of a
link and end with a complete link.

Suppose for the sake of definiteness that P, and P, begin with a 3
(clearly this assumption involves no loss of generality). Then the last
two digits of P, must be a 1 and a 2 (in some order), and therefore, the
last two digits of P, must also be a 1 and a 2. Hence the third from last
digit of P, (and so also of P;) is 2 3. But this means that the two digits
before the 3 in P, must be 2 2 and a 1, since the 3 is the last digit of a link.
The argument continues in exactly the way it proceeded in cases 3(i) and
(i1), and we see that a 3 stands in the 3rd, 6th, 9th, . . . positions from the
end of P, and P, (Configuration 8). Since P, and P, contain 3k + 1

P, P,
33------ XX3XX3XX33----- 3XX3XX3XX

Configuration 8

digits, a 3 must stand in the second place of P, and P,. Butin P, we havea
3in position 1, so that in this case we would have two 3’s next to each other.

(ii) P, starts with the last digit of a link, and P, and P, contain
3k + 2 digits. In this case P, must start with an entire link and P, must
end on the first digit of a link. We suppose again, without loss of generality,
that P; and P, start with a 3. Then the second and third places in P; (and
therefore also in P;) are occupied by a | and a 2 (in some order). But then
the fourth position in P, (and therefore also in P,) is occupied by a 3.
Continuing the argument in exactly the same way as before, we conclude
that the figure 3 stands in the Ist, 4th, ... positions of P; and P, (Con-
figuration 9). Since the number of digits is 3k + 2, a 3 must stand in the
next to last position in the two blocks, which contradicts the fact that the
last two digits of P are a | and a 2 (since they are the first two digits of a
link ending with the 3 at the beginning of P,).

P, P,

IXX3XX3XX --- -+ JX3XX3XX3XX3 -+ -+ 3X3
Configuration 9
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(iii) P, starts with the last two digits of a link; P; and P, contain
3k + 1 digits. In this case P, must start at the beginning of a link and P,
end with the first two digits of a link. Suppose for the sake of definiteness
(and without loss of generality) that P, and P, end with a 3. Then the
first two digits of P, (and P)) are a 1 and a 2. Arguing as in the preceding
cases, we find that a 3 stands in the 3rd, 6th, 9th, . . . positions of P, and
P,. Since the total number of digits in these two blocks is 3k + 1, a2 3
stands in the next to last place. Since there is also a 3 in the last place, we
have two 3's next to each other, which is impossible.

Py Py

XX3XX3XX3-++ - 3I3XX3XX3XX -0 - 33
Configuration 10

(iv) P, starts with the last two digits of a link, and P, and P, contain
3k + 2 digits. In this case P, starts with the last digit of a link, and P,
ends with a complete link. Suppose once again that P, and P, end with
a 3. Then, arguing exactly as before, we find that P, and P, have a 3 in
the Ist, 4th, 7th, ... places counting from the end (Configuration I1).

Py P,

X3 -0 e 3XX3XX3X3 -+ -+ XX3XX3
Configuration 11

Since the number of digits in the blocks is 3k + 2, it follows in particular
that there is a 3 in the second position of P,. But this position is occupied
by the last digit of the link whose first digit is the final 3 in P, and this
is a contradiction.

We have now examined all possible cases, and proved that none of
them can occur. The proof is thus complete.

Remark. Suppose we start with the sequence 123 - - - »n, and construct
further sequences by successively replacing the digits standing in odd-numbered
places as follows:

1 by theblock 123+ -n
2 by the block 234 - - - nl
3 by the block 345 - - - n12

n bytheblock n123 - - (n — 2)(n — 1)
and the digits standing in even-numbered places as follows:
1 by the block n(z — 1)(n — 2)--- 321

2 by the block In(n — 1)(n — 2)---432
3 by the block 21n(n ~ 1)(n — 2) - - - 543

n by the block (n — 1}(n — 2)(n — 3) - - - 321n.
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We can show by 2 proof analogous to 125b above that none of the
sequences (of digits 1, 2, 3, . . ., n) obtained in this way contains a repeated
digit or block of digits.

126. We show that the number T = T, constructed according to the rule
given in the hints does in fact satisfy the conditions of the problem. From
the construction of T,, we know that no two n-digit numbers selected from
it are identical. Thus to complete the solution it suffices to show that any
sequence S of » 0’s and I's occurs somewhere in 7. The proof is by
induction on the number of 1’s at the end of S.

It follows from the construction of T, that it contains n consecutive
I’s, for that is the way it starts. The only sequence ending with exactly

(n — 1) onesis 011 ---11. We claim that this number is to be found in
n—1 times

T,, and in fact that it comprises the last # digits of T,,. For let us denote
the last n digits of T, by «ya5003 - + * &, = o8, say, where f is the sequence
o3 * * * &,. By the definition of T, the n-digit numbers $0 and f1 have
already occurred as n successive digits of T,. For otherwise we could
write either 2 1 or a 0 after 8, and g would not lie at the end of T,.
Suppose now that not all the digits of § are I's. Then neither of the
sequences 0 and Bl can start 7, for T starts with n I’s. It follows that
the sequences S0 and £1 must both occur somewhere in the interior of T.
Since no sequence of n digits can repeat itself in T, # must be preceded once
by a 1 and once by a 0. But in that case «, cannot be either a I or a 0 (for
in either case the final sequence, 18 or 08, would already have occurred).
This is a contradiction, and shows that § contains only I’'s. Thus the
last n — 1 digits of T are I’s, and the nth from the last digit must be a 0
(or the sequence 18 would occur twice: once at the beginning and once
at the end of T').

We have thus shown that the sequence 011 - - - 11 does indeed occur
inT.

Let us write ar) for a sequence of r zeros and I's (about whose
distribution we know nothing), and A(r) for a sequence of r ones. Let
us suppose that every a(n) of the form a(n — i — 1)0p(i), where i > m
has already been shown to occur in 7. We proceed to show that the
number k = yd 08(m) also occurs in to T, where y is an «(l) and ¢ an
an —m — 2).

By our inductive hypothesis d08(m + 1) occurs somewhere in T.
But by the construction of T this number can occur only if somewhere
earlier in T there is the sequence 608(m)0. Wesee therefore that 6 = 608(m)
occurs twice in T, and neither time at the beginning, since it contains a
zero. And since no «{n)’s can occur twice in T, 6 must be preceded on
one occasion by a 1 and on the other occasion by a zero. Thus whatever
the value of ¥, kK = y0 occurs in 7. The proof is thus complete.
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Remark. Since the number of distinct «(n)’s is clearly 2%, it follows in
particular from this solution that 7, contains (2” + n — 1) digits. For if it
contained any fewer, it would be missing at least one «(n), whereas if it contained
any more, at least one x(n) would occur more than once.

We note that one can use a similar construction to obtaina number L = L,
in the decimal system, such that every possible sequence of n successive digits
chosen from it is different, and such that every sequence of » digits is found
somewhere in it. Westart L, by writing down n 9’s, and thereafter write in each
position the smallest digit which will not introduce duplicated sequences of n
digits in the part of L already written down, until we can go no further.

VII. DISTRIBUTION OF OBJECTS

127. We prove a more general proposition: thatif we are given n cookies
of each of m different flavors, and if we put n cookies into each of m
different boxes, then we can always take one cookie from each box so
that no two of the cookies we take are of the same flavor (thus we have
one cookie of each flavor). The assertion is clearly true when m =1
(one box and one kind of cookie) and when n = 1 (one of each flavor and
one cookie per box). We show now that the theorem is true for any
value of n.

Consider first the case where n = 2 (two cookies per box). In this
case it is easy to describe a process of selection satisfying the conditions of
the problem. Select one of the cookies from the first box. Say this is a
cookie of type 1, and say the other cookie in the first box is of type 2
(we shall deal with the case where this second cookie is also of type 1
shortly). Since we have two cookies of each kind, some box contains the
second cookie of type 2. Say this is the second box, and the other cookie
in it is of type 3. Then we take the cookie of type 2 from the second box,
and find box 3, containing the second cookie of type 3. Say box 3 also
contains a cookie of type 4: we take out the cookie of type 3 and look
for a fourth box containing the second cookie of type 4. We continue
in this way until we finally come to a box, say the kth, which contains
the second cookie of type 1. If & =1 we have the case (which we
promised to deal with) where both cookies of the first type lie in the
same box; if &k = m then we have finished our process of selection. In
any case we have found & boxes which contain cookies of the first & kinds,
and no others, and none of the untouched boxes contain any of these
types of cookies. So we forget about the first k types of cookies and the
first k boxes, and start the whole process again on the remaining boxes
(see Configuration 12). On this second attempt we may still fail to get one
of every type of cookie, but in that case we merely have to start once more.
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Sooner or later we will obtain one of every type of cookie. (We could
have presented this proof more elegantly in the form of an argument
by induction on m: when we have finished the first cycle we have again
the situation we started with but a smaller m.)

1 2 3 k k+1 k+2
[12] 213] 314 -~ [T | K17k +2] [k+2[k +3}~

Configuration 12

For the cases with n = 3 we shall give a proof by induction on n.
Suppose that for all #» smaller than some given value (greater than 2) we
have already proved the theorem. Then we will show that the theorem
holds for this value also.

We are given n cookies of each of m different types, m - n cookies
in all. Suppose for the moment that the arrangement of the cookies in
boxes is such that it is possible to make a selection in accordance with
the conditions of the problem. We show that if we interchange any two
cookies, the new arrangement of cookies in the boxes is still such that
we can make an admissible selection.

For by assumption we can select m cookies, one of each kind, from
the m boxes. After that we have an arrangement of (# — 1) cookies of
each of m kinds, arranged so that (» — 1) cookies lie in each of the m
boxes. By our inductive hypothesis we may make a second selection of
m cookies, one of each kind, and one from each box. After this there will
be (n — 2) cookies of each of m kinds lying in m boxes, (n — 2) to a box.
(Remember that n > 3.) By our inductive hypothesis we can make a
third admissible selection. Suppose now that we change the initial
arrangement by interchanging two of the cookies. In this process at least
one of the three sets of m cookies that we could select will be undisturbed,
so that every one of the m cookies in this selection remains in its original
box. So we merely select this set.

We can now conclude that whatever the initial arrangement of the
cookies in the boxes was, we can always make an admissible selection.
For consider the arrangement in which each box is filled by all the cookies
of some one sort. It is clear that we can make an admissible selection
from it. (In fact we cannot help making an admissible selection if we take
one cookie from each box.) Now any arrangement of the cookies in the
boxes can be obtained from this arrangement by successive interchanges
of pairs of cookies. Thus by the theorem we proved above, applied a suffi-
cient number of times, we conclude that any arrangement permits an admis-
sible selection. The general result now follows by mathematical induction.

Remark. This problem can also be stated in a geometrical form. Suppose
we have two rows of m points (as in. fig. 72, where m = 4).
Now suppose that lines are drawn, each of which connects a point of the
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Fig. 72

top row with a point of the bottom row. It is permitted that the same pair of
points be connected by more than one line. We require, however, that the same
number of lines, say n, pass through every point (in fig. 72, n - 3). We assert
that it is then possible to choose m of the lines such that every point lies on exactly
one of them (in fig. 72 the heavy lines form such a choice).

To see that this result is equivalent to problem 127, think of the points
Ay, ..., A oOn the top row as the m flavors, and the points By, ..., B,, on the
bottom row as the m boxes. The lines are the cookies. Whenever a line connects
A; to B,, we put a cookie of flavor 4; in the box B,. The fact that » lines meet
at each A, means that there are n cookies of each flavor, and that the fact that
n lines meet at each B; means that there are 7 cookies in each box. A choice of
m lines such that each point lies on one of them is the same as a choice of m
cookies, one of each flavor and one in each box.

In its geometrical form, problem 127 is a famous theorem of graph theory,
due to Kénig. For other proofs, see Ref. [16].

128. We note that the hypothesis of the problem is clearly necessary in
order to marry off the boys (for if it is not satisfied, then there is some set
of k boys who are collectively acquainted with fewer than & girls). To
prove sufficiency we use induction on m. For m = 1 the result is trivial.
Suppose that m > 1, and that the theorem has been proved when the
number of boys is <<m. We distinguish two cases:

(1) Any k boys, where k¥ < m, have at least k + 1 acquaintances.
(2) There is a set S of k boys, k < m, who have exactly & acquaint-
ances.

In case (1) pick one of the boys and marry him to one of his acquaint-
ances. There remain m — 1 boys, and any k of them have at least k
acquaintances among the M — | remaining girls. By induction these
m — 1 boys can be married off, and we are through.

In case (2) we can marry the boys of the set S by the induction
hypothesis. There remain m — k boys, and we assert that they satisfy the
conditions of the problem with respect to the set R of remaining girls.
To see this, consider any subset T containing / of these boys, where
1 £ 1= m— k. If the boys in T were acquainted with fewer than / girls
of R, then the boys in S U T would be acquainted with fewer than k + /
girls, a contradiction to the hypothesis. Hence the boys in T are acquainted
with at least / girls of R. By induction we can marry them off, and the
proof is complete.
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Remark. The above result was first proved by P. Hall. The proof we have
given here is due to P. Halmos and H. Vaughan, (Ref. [8]).

As in the remark following problem 127, we can formulate the marriage
problem geometrically. Represent the girls by a row of points 4;, ..., 4y,
and the boys by points B,, . .., B, as in fig. 73 (where m =4, M = 6).

Connect A; and B; if the boy B; is acquainted with the girl 4;. The hypo-
thesis says that any & points on the bottom row are connected to at least & points
on the top row. The conclusion is that m of the lines can be chosen so that each
A; is on at most one, and each B; on exactly one of them. (In fig. 73, the heavy
lines form such a choice.)

It is now easy to show that problem 127 is a special case of 128. Recall that
in problem 127 we have M = m. Moreover, from each subset of k points on
the bottom row there emanate exactly k» lines. These lines must terminate
on at least k different points of the top row, since at most n of them can go
through any given 4,. Thus the conditions of problem 127 imply those of 128.
This gives us another solution to problem 127.

A, Ay A A A, A,

B, B. 8, 8,

Fig. 73

VIII. NONDECIMAL COUNTING

129. We will show that the number in the (4 + 1)st row and (B -+ 1)st
column is the Nim sum 4 @ B described in the hints at the back of the
book. Before doing this, we will derive some properties of 4 ® B.

(1) The Nim sum is commutative,i.e. A ® B = B ® 4. This follows
at once from the definition.

(2) The Nim sum is associative, i.e. (A @B C=A0B®C).
In fact if A ={(a,a, 1" " a), B={(bb, 1" b)), C={c,Cpy"""C1)s
we easily see from the definition that both (4 ® B)® Cand A ® (B® ()
are equal to (d,d,_, * - - d;), where

0 if a;+ b, +c; iseven
"l if a4+ b, + ¢ isodd

(3) 0@ A = Aforall 4, ie. 0is an identity element under ®.
(4) A® A=0forall 4(sinceif 4 = {a,a,_, ' a), thena, + a; =
2a,, which is even for all i{). This means that each integer 4 is its own
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inverse under ®. In the language of abstract algebra, properties (1)-(4)
imply that the nonnegative integers form a commutative group under the
Nim sum. In view of (2) we can simply write 4 ® B® C to denote
either of the numbers (A @ B)® Cor A ® (B&© C).

We are now ready to prove that 4 @ B is the entry in the {4 - 1)st
row and (B 4 1)st column of the array under consideration. To do this
we have to check that A @ B has the following properties:

(@ 0®0=0.

(b) A ® B is different from all the numbers P> B (P < A) and
A®Q (@ <B).

(c) Any nonnegative integer X << 4 ® B is equal to one of the num-
bers P® B(P < A)or (A ® @)(Q < B).

Property (a) is clear. We procecd to prove (b). If 4 © B=P® B,
where P< A, then A B®B=P®B® B Since BOB=0, we
have A = P, a contradiction. Similarly, the equation A @ B=A4® @
where Q < B leads to a contradiction.

To prove (c), let A ={a,a, " -a), B=(b, ;- b)), AOB=
C ={c,c,_y " ¢;), and suppose X = (x,x,_, """ Xx;) is any nonnegative
integer < C. Let k be the greatest integer such that ¢, # x,; since
C > X we must have ¢, = | and x;, = 0. Since ¢, = | we have either
a.=1,b,=0o0ra =0 b, =1 Suppose that g, =1, b, = 0. Then
B® X < B®C, since b, + x, =0 < by + ¢, = 1, while all *“‘higher”
digitsof B® X and B@® Carethesame. ButBO@C=BDdBH A= A;
thus, B® X < A. PuttingP =B X, wehave PO B=BHBO X =
X, which shows that X is of the desired form P ¢ B with P < A. Similarly
thecaseq, = 0, b, = | leads to X = A ©® Q where Q < B.

This concludes the proof. It remains only to observe that in binary
notation, 999 = (1111100111) and 99 = (1100011}, and therefore the
number at the intersection of the 1000°th row and the 100°th column is
999 @ 99 = (1110000100) = 900.

130. Suppose the three piles have a, b, ¢ matches in them. We write the
numbers to base 2 in the form

a=a,2™ +a, 2™+ - + a2 + a,
b=5,2"+ b, 2"+ -+ b2+ b,
c=10,2" 4+ €, 2™ 4 - 4 02+ ¢,

where each of the digits ay, by, ¢o, @1, by, €1, - . ., @ps by, ¢, S either O or
1. We have given a, b, and ¢ the same number of digits; this is possible
provided we allow an initial digit to be zero. We require one of the
initial digits to be a 1, but not necessarily all of them. A player on making
a move changes just one of the numbers a, b, ¢ to a smaller number. In
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the process he must change at least one of the digits of this number. Thus,
if he takes some matches from the first pile, he must change at least one
of the digits ag,a,,...,4a,. Note now that every change in a digit
reverses its parity (that is, changes it from even to odd or odd to even).
It follows that a player taking a match from the first pile necessarily
changes the parity of at least one of gy. ;.. .., a,,. A similar conclusion
holds if he takes matches from the second or third piles, Consider now the
sums

@+ by €y by o vard By eiag by < g

If at least one of these sums is odd, we assert that the first player can win,
whatever his opponent does. Suppose, for example. that the first odd
sum is @, + b, + ¢,. Then at least one of the terms q;. b,. ¢, is equal to
1; for the sake of definiteness let us suppose a, = 1. Then by taking a
suitable number of matches from the first pile the first player can make
sure that none of the digits a,.4a,,_1....,a.; changes, while the digits
@y, - .- @y, 80 assume any values he likes, and a; changes from 1 to
zero. This is so because any number satisfying all these conditions must
be less than a, and therefore obtainable from a by the subtraction of a
suitable number. In particular, the first player can make sure that all the
sums

@G+ bt Gt ot g saF by aas+ byt o

become even (whether or not they were even before). When the second
player makes his move, he must alter the parity of at least one term, and
therefore also of at least one of the sums

@y 4 b+ Cpa O+ s - Cpmin oo sar by | a0+ by + 0o

This means that after his turn there will once again be an odd sum for the
first player, and he now moves as before. As the game continues in this
manner, the number of matches continually decreases. Since at the
moment when all the matches have gone, the sums are all zero, and hence
even, the first player must have made the last move.

If in the initial position all of the sums

a, + bm T+ Crn> A1 + bm—l + Co—15+ - -Gy - b! ‘+eag + bo =+ €

are even, then the first player cannot guarantee a win; in fact the second
player can win by playing in the manner described above. Of course, the
first player can move at random, waiting for the second player to make a
mistake: after a single mistake on the second players part the first player
can win.

Remark 1. Using the Nim sum which was discussed in problem 129, the
strategy can be described as follows. Compute the Nim sum a &b ° ¢
of the three piles. If it is not zero, you can always move to a position where
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it is zero. Then, no matter what your opponent does, he will leave you in a
position where the Nim sum is nor zero. Continue in this way, always leaving
your opponent in a position where the Nim sum is zero. Finally he will be left
in the position @ = & = ¢ = 0, and then you will have won the game. This is
the reason for calling 4 @ B the **Nim sum™ of 4 and B.

Remark 2. Note that the game has a bias in favor of the first player: losing
positions for him are in a certain sense exceptional (since winning positions
occur far more frequently, especially when the piles are large). Thus if two
players who know how to take advantage of a winning position play each other,
the first to play will win most of the time.

Let us also note that our argument did not depend at all on the number of
piles: the first player can win in the manner described by the strategy described
however many piles there are, provided the sums

Am ;'bnt+cm+"'+kmaam—l +‘bm—l'i"f:m—l'*‘""‘}‘hm—b---a
ay 4 by +ey+ s a0+ by g+ by

are not all even.

Instead of counting to base 2 we could have used base 4, 8, etc. We give
{(without proof) the results when a system to base 4 is used. Suppose a, b, and ¢
are of the forms

a =a,4™ + a, 4™ 1 + - + a4 + ag
b =05b,4™ + b, 4™ + -+ 1 b4 + by,
€ =Cqpd™ 4 Cu 4"+ 4+ C,

respectively (where all the a;’s, etc., lie between 0 and 3). Then the initial
position is a losing position if and only if every one of the sets {ay,b0.c0},
{abicy}, ooy {@mbancn} is equal to one of the sets {0,0,0}, {0,1,1}, {0,2,2},
{0,3,3}, {1,2,3}. If this is not the case, then the first player can win by correct
play. He need only choose the matches he takes in such a way that afterwards
all the sets are of this form. However, the easiest way of showing that this is
always possible is to translate back to base 2.

131. The position of the game at any moment can be described by the
or ‘cred pair (x,y), where x is the number of matches in the first pile, and
15 the number in the second pile. Thus the various possible positions can
be represented geometrically by the points in the plane whose coordinates
are nonnegative integers (fig. 74). When a player is at (x,y), he can move
to any point on the horizontal line to the left of (x,y) (by taking matches
from the first pile), or to any point on the vertical line below (x,y) (by
taking matches from the second pile), or to any point of the diagonal line
to the southwest of (x,y) (by taking the same number of matches from
both piles).
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We now proceed to analyze the game, using the method explained on
page 17. In the present case properties (1), (2), and (3) can be stated as
follows:

(1) (0,0) is a losing position.

(2) If P is a losing position, then every point on the horizontal to
the right of P, the vertical above P, or the diagonal to the north-
east of P, is winning.

(3) If every point on the horizontal to the left of P, the vertical below
P, and the diagonal southeast of P is winning, then P is losing,

Applying property (2) with P = (0,0), we see that the points {other
than (0,0)) on the three lines drawn in fig. 75 are winning positions. By
property (3), the positions (1,2) and (2,1) are losing. Another application
of (2) shows that all uncircled points on the lines drawn in fig. 76 are
winning positions.

Y
. . . . .
. . . . .
) . . . .
. . . * .
2
(] * L3 L3 L[]
2,1
(] . . .

-
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A

Fig. 76

Using property (3) again, we see that (3,5) and (5,3) are losing
positions. Hence by (2), all uncircled points on the lines drawn in fig, 77
are winning positions. We now use (3) again to conclude that (4,7) and
(7,4) are losing positions.

Continuing in this way, we obtain at the nth stage of the process two
losing positions (a,,b,) and (b,.a,). The rule for finding (a,,b,) is the
following:

Cross out the rows, columns, and 45° diagonals on which the points
(O-O)v (al’bl)’ (bbal)r rrcs (an—l’bnfl)» (bn~ban~1) lie. Then (aﬂ’bn) is the
leftmost point of the diagonal y = x + n which has not been crossed
out.

@n
@®

®
/ =

|

Fig. 77
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Table 1

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

a, 1 3 4 6 8 9 11 12 14 16 17 19 21 22 24

b, 2 5 7 10 13 15 18 20 23 26 28 31 34 36 39

In the notation of analytic geometry, the columns crossed out are the
linesx=0,x=4;,x=05by,...,x =a,_,, X =b,_;. Therefore

(i) a, is theleast positive integer which is notequal to a,, 5,45, bs, . . .,
aﬂ—l) or bn-—l'
(i) b, =a, + n.

Properties (i) and (ii) completely determine the sequence {(a,,b,)}, the
first few terms of which are shown in table 1.

Remark. Our treatment has been designed to show how properties (i) and
(ii) can be systematically derived from the general theory, as explained on page
17. If, however, one has somehow guessed (i) and (ii), it is easily verified that
the pairs (a,,b,) and (b,,a,), together with (0,0), are indeed the losing positions.
It suffices to show that the set € = {(0,0), (a1,5,), (b1.ay), (a5,8,), (b2,a0), . . .}
satisfies the conditions of the theorem on page 19. Note first that every non-
negative integer is the x coordinate of exactly one point in £ and is also the
y coordinate of exactly one point in £. Moreover, every integer is the “‘coordinate
difference” y — x of exactly one pair (x,y) in £. In particular, no two distinct
points P, P’ of £ have the same x coordinate, y coordinate, or coordinate
difference. This proves property (4) on page 19. To prove (5), suppose that
(x,y) is not in £. If x = y, we can immediately play into the position (0,0).
Therefore we may suppose without loss of generality that x < y. We know that
there is a point of the form (x,z) in € (where z # y). If y > z, we can play from
(x,y) to (x,z) by removing y — z matches from the second pile. If y <z,
consider the (unique) point (¢,b) in £ suchthatb —a =y — x. Since b —a <
z — x, the pair (a,b) precedes (x,z) in the list {{(a,,b,)}. Hence a < x, so one
can play from (x,y) to (a,b) by removing x — a matches from both piles.

In the course of this proof we have incidentally obtained an optimal
strategy for actually playing the game (from any winning position).

We will now obtain an explicit formula for the pairs (a,,b,), namely
a, = [n1), b, = [n7*], where 7 = (I + \/5)/2, and where the brackets
denote integer parts. The idea of the proof is to show that the pairs
({n7], [n7?)) satisfy properties (i) and (ii). We begin by proving the following
remarkable result.

Theorem. If « and B are positive irrational numbers such that
1fe + 1/8 = 1, then every positive integer occurs once and only once
among the numbers [na] and [nf], n =1,2,3,... .
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Proof. Let S be the set consisting of the numbers no and nf,
n=1,2.3,.... Since « and § are irrational, the clements of S are also
irrational. We want to show that there is exactly one element of S between
I and 2, exactly one element between 2 and 3, etc. (For then, taking
integer parts, we get every positive integer exactly once; see fig. 78.) In
other words, we want to prove that if N is any positive integer, there are
exactly ¥ — | elements of S which are < N. Now na < N for n =
1,2,...,[N/a],and nf < Nforn =1,2,...,[N/S]l. Hence the number
of elements of S less than N is [Nf«] 4+ [N/B]. We have Nju — 1 <
[N/2}] < Nfa, and Nj§ — | < [N/f] < N/B, since N/« and N/B are
irrational. Adding these inequalities, we get Njo + N/f — 2 < [Nfa] +
[N/B] < Njx 4+ N[B. Since 1lfa+ 1/f =1, this says that N —2 <
[N/} - [N[F} < N. Since [N/a] + [N/} is an integer between N — 2
and ¥, it must = ¥ — 1. This completes the proof.

4 3 o I °
+ T

0 1 2 3 4
Fig. 78

LA 4
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Now put a =7 =(l 4+ v/5)/2, and =72 = (3 + +/5)/2. Since
7P=17+ I, we have ljouo + 1/ =1/7 + 1/72 = (+ + 1)/72 = 1. Since
7 is irrational, our theorem tells us that every positive integer occurs
exactly once among the numbers {n7] and [n7*, n =1,2,3,... . This
implies that [n7] is the least positive integer not equal to {7], [*%], [27],
[27%, ..., [(n — 7], [(n — 1)7*]. Moreover,

7] = [a(r + D] = [n7] + n.

Thus properties (i) and (ii) are satisfied by the pairs ([n7], [n7%]). Since
these properties characterize the sequence {(a,.b,)}, we have

a, = [n7], b, = [n7%.

This formula can be used to express the optimal strategy we found for
winning the game in a curious form. We will merely state the rules and
leave their verification to the reader. If 6 is any real number, put
{6} = 6 — [0]. Wecall {8} the fractional part of 0; it satisfies0 = {6} < 1.
Suppose the initial position of the game is (x,y), where x < y. Then

(1) If {x7} = 1/72, move to the position (x, [x7] — x).

(2) If {x7} > 1/7* and y > [x7] + 1, move to (x, [x7] + D).

(3) If {x7} > 1fv2and y < [x7] + 1, move to ([(y — x)7], [(y — x)7%]).

(@) If {xr} > l/r? and y = [x7] + 1, resign. You are in a losing
position!

We wish now to give still another construction for the losing pairs,
one which has the advantage that we can tell whether a given position is
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losing or not without having to calculate all previous losing pairs. For
this purpose we use the number system known as the F-sysrem (see pp.
15-16 for a description of it). Using the abbreviated notation, we list
the F-expansions of the first few pairs (a,,5,).

n a, b,

1 1 10

2 100 1000

3 101 1010

4 1001 10010
5 10000 100000
6 10001 100010
7 10100 101000
8 10101 101010

We note that so far, every a, ends in an even number of zeros
{possibly none), and b, is obtained from a, by adding a zero at the end.
We will now prove that these properties hold for al/l the pairs (a,.5,).
For the moment, call (x,y) a distinguished pair if x ends in an even number
of zeros, and y = x0 (that is, the F-expansion of y is obtained from that
of x by adding a zero at the end). We wish to show that the distinguished
pairs are precisely the pairs (a,.b,).

Every positive integer n belongs to exactly one distinguished pair.
For if n ends in an even number of zeros, it belongs only to the pair
(n,n0), and if n ends in an odd number of zeros, it belongs only to the pair
(m,n), where n = m0.

We show next that every positive integer z occurs as the difference
y — x of the members of a distinguished pair. Suppose

Z=qGr1"" "o = Gt + Gratlha + °° + qolo.
If z ends with an odd number of zeros, let
x =20 = Gy + Goath + * + golhy
¥ =200 = quheis + Giathesn + ° 0 0+ Gl
Then (x,y) is a distinguished pair, and
Y — x = q(lprs — W) + Gea(they — W) + -0+ qu{tls — )
=gyl + Grathr + "+ Gollo = 2.
If, on the other hand, z ends in an even number of zeros, say 2m, then

Go=¢q:="""=¢3,1=0, g2 = 1.
Let
2m4-2 digits
—_——
X = quGr—1" " " Gams1 0101 - - - 01,
2m+3 digits

—
y=x0=q:4i1" " Goms1 0101 - - - 010.
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Then (x,p) is a distinguished pair. Moreover,
X = Gulheys T Geathe + 7 Gamprllemye + Upm  Uppoa + 0+ Uy + U,

Y = Qleiz + Gl + 000+ Qempitlomys

+ Ugpiy + Uy + 00+ Uy + Uy
Hence

Y — % = qthss — U1) + Ger(tess — W) + **° F Gomir(Uamis —Uzmyo)
+ (Uamir = Uzm) + (Upmoy — Uapmg) +** + (g — up) + (1 — ug)
=gl + Gt + 0 Grmprtames + Uz
+ Uy g+ Uug U+ U
(noting that u; — u, = 1 = u,). Now
Ugp—y + Upp g + ° 00+ ug + w4y + U4y
= (Uy,, — Ugp—2) + (Ugpz — Us,, o)
+ v (g — ug) + (U — ) + U
= Uy,
Therefore
Y= X =@y + Gralh +  + Gomirtomir + Uam = Z.
This shows that every positive integer z occurs at least once as the differ-
ence of the members of an ordered pair (x,y). Now suppose (x,y) and
(x",y’) are two distinguished pairs with x < x". We claim that y — x <
y" — x'. To prove this, let the F-expansions of x and x’ be
X = Qutiy + Qe + 00+ @ity + Golhg,
xX'=q up + Geates + 0+ @'us + g0t

where if necessary we adjoin enough zeros at the beginning of x so that
both x and x’ have the same number of digits. Then if / is the greatest
integer such that g, # ¢,’, we must have ¢, = 0 and ¢," = 1. Note that
15 1, for then x’ would end in one zero, contrary to the hypothesis that
it ends in an even number of zeros. Hence/ = 2. Now

y=xX0=qlhs + Goath + - + 1l + qoths,
and therefore
Y — % =@ty — W) + Geathy — Uen) + * -+ qulty — )
+ qo(uy — ug)
= Qi1 + Qrrthz + *°* + Qiléo + o
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Similarly,

Y = x'= g Uy + Grathpma + -+ 411y + gy
Hence

' —x) = —x)=upy + (g1 — -0

. + o+ @ — U + (@0’ — o)
If / is odd, then

(' —x)— (,V —xXyzuy — (gt g+ + giths) — 9o
Uy — U+ Uyt Uy
=3 — (U — 1)=1,

using equation (6) on page 16 (with i =1 — 1).
If /is even, then we must haveg,” = 1 for at least one i < /; otherwise
x" would end in an odd number of zeros. Hence in this case

(}" —x')— (}’ —x)> U — (Gt e+ + qwo) — 4
2wy — (U g+ g+ +ug)— 1
=, — (U, —1)—1=0,

using equation (5) on page 16 (withi =7 — 1).

Thus in allcases y’ — x" >y — x.

We are now ready to prove that the distinguished pairs are precisely
the losing pairs (a,,6,). Denote the distinguished pairs by (x;,,), (xa.32),
(x3,¥3), . - ., where x; < X, < x3 < ---. By what we have just shown,
Vi X <Yys— Xy <y;— X3 <---. But we saw earlier that every
positive integer appears among the differences y, — x,. Therefore
n—xi=1,ys— x; =2, y5 — x3 =3, and in general y, — x, = n for
every n (since otherwise the differences would skip some integer). From
the fact that every positive integer occurs exactly once among the x’s and
J's, it follows that x, is the least positive integer not equal to x,, y;, X,,
Y2 - - -5 Xpq O ¥, Thus the pairs (x,,p,) satisfy properties (i) and (ii).
Since these properties characterize the pairs (a,.b,), we have x, = a,,
yn = b, for all n.

As an example of the use of this criterion for the losing pairs, let us
determine whether the position (64,105) is winning or losing. The
Fibonacci numbers <X 105 are 1, 2, 3, S, 8, 13, 21, 34, 55, 89. Therefore

64 = 55 4+ 8 4+ 1 = 100010001
105 = 89 -} 13 + 3 = 1000100100.

We see from this that (64,105) is not distinguished and therefore is a
winning position. Our earlier methods would require the calculation of
the first 40 pairs (a,,b,) to obtain this result.
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IX. POLYNOMIALS WITH MINIMUM DEVIATION
FROM ZERO (TCHEBYCHEV POLYNOMIALS)

132. To obtain formulas a and b, we expand the left-hand side of De
Moivre’s formula
(cos & + i sin )" = cos na + i sin na

by the binomial theorem and then equate the real and imaginary parts of
the resulting equation.

To prove ¢ we divide the two sides of equation a by the correspond-
ing sides of equation b, and then divide numerator and denominator of the
quotient on the right-hand side of the resulting equation by cos™ «. Of
course, we must assume that cos « # 0, but the formula is meaningless
anyway when cos « = 0.

133. From problem 132b we have

n e . n e .
COS na = cos™ o — (2) cos" Zasin®a + (4) cos"toasinfa — .

Let us now write
o = cos™! x.
Then
cos & = Xx, sina =1 — x2
and therefore

T.(x) = cos (n cos™* x)

- et (et

so that T(x) is indeed a polynomial of degree n. On removing the paren-
theses in this expression for T,(x), we find that the coefficient of x™ is

n n
o) )
which is equal to 2"~ (see problem 58a of Volume 1).
Let us now find the roots of the equation
T.(x)=0.
Since cos ¢ = 0 if and only if ¢ = 3(2k — D)= (k an integer), we have
T(x)y=cos{ncostx)=0

if and only if
ncos™!x = 1(2k — D7, x=cos —1—(2k — D,
2 2n
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By assigning the values 1,2,3,...,n to & we find that the n roots of
the equation T ,(x) = 0 are

2n—1

x1=cosi¢r, x2=cos-:i-1r,..., X, = cOs
2n 2n 2n
Next, it is clear that if x lies between —1 and +1, then —1 <
cos(ncosix)< + 1 (since —1 =cosg =1 for any ¢). It is not
difficult to find the values of x for which the polynomial T,(x) =
cos (n cos™! x) assumes the values +1 and —1. For cos ¢ = 4-1 if and
only if ¢ = kw (k an integer), and we deduce that

T,(x) =cos{(ncos? x) = 41
if and only if

ncos™ x = km, x=EM.
n
Thus
T, (cos 0) = T (1) =1, T,,(cos E) =1,
n
)
T,(cos 2—“) =1, T,,(cos 3—17) =—1,....
n n

It is important to note that on the interval —1 < x < | the maximum
and minimum values of T ,(x) alternate. Thus at x = | the value of the
polynomial is 41; it then drops to —1 (at the point x = cos =/n), then
again increases to +1 at the point x = cos 2n/n, then drops again to —1
at the point x = cos 3#/n, and so on. (See fig. 79, in which we show the
first six Tchebychev polynomials.) The solution to problem 135 below is
based on this property of T,,(x).
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134. It is easy to see that the polynomial

Py P’
P(X)=x2+pX+q=(x+5)+q—z

assumes its minimum value ¢ — (p?/4) when x = —p/2. We consider now
two separate cases.

(1) 1—p/2] = 1 (fig. 80a). Suppose at x = | our polynomial assumes
the value P(1) = a and at x = —1 the value P(—1) = b; the deviation
from zero of the polynomial P is then equal to the greater of ja| and |5].
Consider now the polynomial

P;(X)=x2+Px+q—g%_b=x2+Px+ql;

for this polynomial

a+b a—b a+b b—a
P(l)=a— - . P(—1)=b— _b—a
1) =a > 2 1{(—1) 5 2
so that P(1}) = —P(—1). The deviation from zero of P, is not greater than

the deviation of the original polynomial P. For the graph of P, is obtained
from that of P by shifting it up or down such a distance that the two
endpoints (where x = 1 and x = —1) are equally far from the x axis;
see fig. 80a, where the graph of P, is shown dotted. Thus the deviation of
P from zero is not less than that of P,, and the deviation of P, is given by

[P —P(—=D] _d+p+g)—U—p+g) _ Il
2 - 2 -

Since by hypothesis {pf2] = 1, it follows that the deviation of P is at
least 2.
(D |—p/2] < 1 (fig. 80b). Let us suppose that the point x = —p/2

Yk B4
,
y= P.(r),/
7
7
X (4] yd X 0 X
\t/ 1

n

X Y&

T
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is in the interval —1 < —pf2 < 0, that is, 0 = p/2 < 1. (In the alter-
native case, 0 < —p/2 < 1, the argument needs only trivial alteration.)
1t is then clear that

P1—P(—l’) P—l—P(-’—’)l
(1) 5 (—1) 2
(see fig. 80b). As in case (1) we replace P(x) by a new polynomial

Py(x) = x* + px + qu,
for which P,(—p/2) = —P,(1). The graph of P, is obtained from that of
P by shifting it vertically until the lowest point of the graph and the point
with x = 1 are located at equal distances from the x axis (see fig. 90b).

It is clear that the deviation from zero of P, is less than or equal to that of
P. Hence the deviation of P is at least

(Py(D) — Pi(—p/2)l _ I +p+9) — (P4 — P2 + ¢l
2 2
A+ p+ 1 pl2 + 1)
- 2 o 2 ’

Since 0 = p/2 < 1, this deviation is a minimum when p = 0, and for this
value of p we deduce from

A p—

=

that

We conclude that the quadratic polynomial with minimum deviation
on the interval —1 = x < 41is
s 1
Py(x) = x* — >
(fig. 78c); its deviation is 3.

135. Suppose that on the interval —1 < x < 1 thé polynomial
Px) =x"+ @ X" 1+ - f ayx + aq

has deviation from zero less than (3)"~!. In other words, suppose that for
—1 = x =1 we have

P < 50 -

We show that this supposition leads to a contradiction.
Consider the polynomial R, where

R(x) = Po(x) — —
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Since the coefficients of the leading terms of P, and (3)"T, are equal
to 1, they cancel out on subtraction. The degree of R is therefore at

most # — 1.
From (1) in the solution of problem 133, it follows that

R(1) = P(D) = 5,5 Tu(1) <0,

R(cos Z) = Pn(cos E) — —I; T, (cos E) >0,
n n P n

R(cos %‘E) = P,,(cos 2—‘”) — 5—5_—1 T, (cos 2—”) <0,

n n n
R (cos 3—”) = P"(cos 3—-“) _ 1 T, (cos 3—”) > 0.
n n 2n-1 n

Thus R(x) is negative at x = 1, whereas it is positive for x = cos =/n.
It follows (by the continuity of R), that there is a value x between 1 and
cos w/n for which R(x) = 0. We see in exactly the same way that the
equation R(x) = 0 has a root in each of the intervals (cos 2n/n, cos n[n),
(cos 3m/n, cos 2m/n), (cos 4n/n, cos 3nw/n), ..., (—1, cos (n — V)w/n).

We conclude that the equation R(x) = 0 has at least n roots. But R
is of degree at most » — 1, and this is a contradiction unless R is the zero
polynomial.® Hence P, = (3)*'T,, contradicting the assumption that the
deviation of P is less than (3)"~* (for the deviation of Tis equal to (})"~?, as
we saw in the solution to problem 133.) We have thus reached a contra-
diction, and the first part of the problem is solved.

We can prove the second part—that (3)"!T, is the only polynomial
of degree n with deviation equal to (3)"~? on the interval [—1,4+1] by a
refinement of the previous argument. Suppose P, is a second such
polynomial. As before, we consider the difference R, where

1
R() = Po(x) = 2.5 T,
Here R is a polynomial of degree at most n — 1. At the points x = 1,
cos 2w7/n, cos 4mfn, ... the values of R are < 0, while at x = cos n/n,
cos 3mfn, cos Swjn, ... they are = 0. It follows that in each of the
intervals [cos w/n, 1}, [cos 2=/n, cos m[n], [cos 3m[n, cos2=in], ...,

[—1, cos(n — 1)w/n] (possibly at their endpoints) R(x) has at least one
zero. We will show that in this case R has at least 7 zeros. It then follows
as before that R is the zero polynomial, and therefore that P, = (3)*~!T,.

?If a polynomial R(x) of degree < has # roots x;, Xs, Xs, . . . , Xn, then R(x)
is divisible by the polynomial (x — x;)(x — x3)** - (x — x,) of degree n. This is
clearly impossible unless R(x) is identically zero.
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Consider the graph y = R(x) near a point g at which R(a) = 0. This
graph must either cross the x axis at the point x = a or touch it. If the
graph touches the axis, then x = a is a double root of the equation
R(x) = 0, in the sense that (x — a)* is a factor of R(x). For the purposes
of our argument such zeros must be counted twice.

Since a is a root of R(x) = 0, we can write R(x) = (x — a)R,(x) (by
the factor theorem for polynomials).

If R does not have a double zero at x = 4, then R;(a) # 0. Since R,
is continuous, this means that in a sufficiently small neighborhood of 4,
R, does not change sign. But as we pass from points on the left of x = a
to points on its right, the sign of the function (x — a) does change, and
so the sign of (x — a@)Ry(x) also changes. This means that the graph of
¥ = R(x) crosses the x axis at the point x = g, contrary to our hypothesis
that it touches.

In proving that R(x) = O has n roots, we must count double roots
twice. To show that R does have at least n roots, we prove the following
more general assertion:

Let F be any continuous function defined on an interval [q,b].
Suppose this interval is divided into » smaller intervals

[aman—lls [an—lsan—zls R IazaalL [alaao] (an =4a,dy = b)'

Suppose that
Fa)=0 (i even),

Fa)=0 (iodd),

and that F has a zero in every interval (possibly at an end point). Then F
has at least n zeros, provided double zeros are counted twice.

The proof is by mathematical induction. For n = 1 the theorem is
trivial. Suppose we have proved it for all continuous functions and all
intervals divided into fewer than n pieces. We then prove the result when
there are n subintervals.

Consider first the case where n is even, so that F(a,) = 0. Suppose
F(a,) < 0. If F(a,_,) > 0, then the graph y = F(x) must cross the x axis
at least once between x = a, and x = a,,_,. Thus F has at least one zero
in the interval [a,.4, ;] and, by the induction hypothesis, at least n — 1
zeros in the interval [a,_;,a,], a total of at least » zeros, as required.

Suppose next that F(a, ;) = 0, but F(a,_,) # 0. Then F(a,_;) <O0.
We know that F has at least n — 2 zeros on the interval [a,_s.a,], by the
induction hypothesis. We must show that it has at least two zeros on the
interval [a,_,,a4,_,]. We have one zero at a,_;. If there are no other zeros
to the left of @,_,, then the graph of the curve remains under the x axis to
the left of a,,_, (see fig. 79a and b). If the zero at a,,_, is not a double zero,
then the graph is above the axis immediately to the right of a,,_,, and since
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it is below at a,,_,, it must cross the axis again somewhere in the interval

[a,_1,a,-2) (see figs. 81c and d). Thus in every case there are at least two

zeros (possibly a double zero at a,,_,) in the interval, as required.
Suppose more generally that

F@,)) = F@, ) = ** = F(@,,) = 0
but that
F(ap) # 0.

By the induction hypothesis F has at least k zeros in the interval
[a.a,]. We must show that it has at least » — k zeros in the interval
[a..a). If k is even, then F(a,) < 0. We already have n — & — 1 zeros
@y 1,Qp g, -« >ary. If there are no further zeros on the interval, then
certainly all these zeros are simple (that is, not double) and there are no
more zeros in the smaller interval [a,,,a;.,]. But then the graph crosses the
x axis n — k — 1 times by the time it gets just to the right of a;,. Since
n — k — 1 is odd, the graph is above the x axis just to the right of a,,,
and since it is below the x axis at g, it must cross the axis at least once
in between. We thus have an (n — k)th zero (see fig. 82a).

The proof where k is odd is similar. The graph crosses the axis an
even number of times if there are only n — k — 1 simple zeros in the
interval [@,,a;,,]), and is therefore below the x axis just to the right of @, 4,
whereas F(a,) > 0. Hence there is a further zero in the last interval (see
fig. 82b).

If there is no k for which F@)#0(k =n—1,n—2,...,1,0),
then we already have n zeros a,,_;, 4, ,, . . ., a;, a,.

%A\ N\ N &\ /\ /N /
/7 .\/!... AN / S ‘\-/....\/'

Fig. 82
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If F(a) = 0, then by the induction hypothesis F has at least n — 1
zeros on the interval [a,_;,ao] and a,, is the required nth zero. Thus the
proof is complete in this case. The case where n is odd is dealt with
similarly.

Returning to the original problem we see that R satisfies all the con-

ditions of the theorem and so has at least n zeros. The solution is now
complete.

136. Let
P(x) =x"+ a, . x" 1+ +a;+ ag

be a polynomial of degree » whose deviation from zero on the interval
{—2,2] is equal to 4. Consider the polynomial

Py(x) = P(2x) = 2x)" + a,1(2%)" 7 + - - + a(2x) + aq,

i P Py

P
N,
HE

¢
'\ i
i
]
i

L]
‘\
[ )
+
\
L]
\

[}

+ ! 19
it P ]+t +2
P\Y
‘l uy

Fig. 83

whose graph is obtained from that of P by compressing it uniformly to
half its width (fig. 83). The deviation of P, from zero on the interval

[—1,+1] is equal to the deviation & of P on the interval [—2,4-2]. Con-
sider now the polynomial

P(x) = Zi Py(x)

= x" + :l—za,,_lx"“1 + :11 A oXx™ 24+ ax +

1
2n 1
with leading coefficient 1. Its deviation on the interval [—1, 1] is clearly
8 = (3)6. But by the result of problem 135 we know that § is at least
(3)"! and that § = (3)"* only if P = (3)*'T,. Therefore we see that
8 = 278 is at least 2 and is equal to 2 if and only if

P = P29) = 2" 55, () = 2T

P(x) = 2T,,()—;) = 2cos (n cos™? g)

(where n is arbitrary).
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Remark. It can be shown in exactly the same way that the deviation from
zero of a polynomial P, of degree n with leading coefficient 1 on the interval

b -_ n
[a,b] (where a and b are arbitrary real numbers with a < b) is at least 2 (Ta) .
b—a

2

b—a\" 1 2
Pu(x) = (Ta) -2—”717'"[5—_—‘1 (x —a) — l:}

b — a\" 2
=2( 2 ) T,[m(x—a)—l].

It follows, in particular, that in order for there to exist monic polynomials
whose deviation on a given interval is less than any preassigned positive number
(such as 1/1000 or 1/1,000,000) it is necessary and sufficient that the interval
be of length less than 4.

\d
and is equal to 2( ) if and only if

137. This problem looks similar to the previous one but is solved quite
differently. Denote the values assumed by a given polynomial

Px)y=x"+a, x4 -+ ax+ a,

atthe pointsx =0, 1, 2, ..., n by P(0), P(1), P(2), . . ., P(n), respectively.
Consider now the polynomial @, where

_ (x—Dx—2x—3)---(x—n)

20 =PO) 0 —2)0—3) -0 —mn
(x—O0x—2}x—3)---(x—n)
+P(l)(1—0)(1—2)(1—-3)---(1—n)
+P,(Z)(x—-())(x—-1)(3:-—3)--'(x——n)
QCQ-02—-12—-3)---2—n)

+ e
x—0x —1Xx—2)"--[x —(n— 1]
O X —2) [ — (= D]
=P(0)(x— Ix —2x—3)---(x—n)
(—1)™n!
x—0x—2x—3)---(x—n)
+ PO (=Dt (n — D!
x—0x—1Dx—3)---(x—n)
+ A2 (=D R!@n—2)

4.
+P(n)(x—0)(x—1)(x—2)-"[x—(n—1)]'

n!
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The polynomials P and Q clearly have the same values at x = 0, 1,
2,...,n Thus R(x) = P(x) — Q(x) has at least n + 1 zeros. Since R(x)
is a polynomial of degree at most n, it vanishes identically. Hence P and
Q coincide. In particular, the leading coefficient of Q is 1, that is,

P(0) P(1) " P(2)
=Dt (=DM — 1! (=)™ (n — 2)!
P(3) Y (O
+(—l)"‘33!(n—3)!+ T )

Let us denote the deviation from zero of P on the set {0, 1,2,
...,n} by . Then the quantities |P(0)], |[P(1){, {P(2)|, . . ., |P(n)| are < 4,
and hence

6[i+ LRI - — +~~+1—]21.

nt m—10D' 21(rn—2)! 31(n—3)! n!
Now
1 1 1 1 1
— + PR —
n!+1!(n—~l)! 2!(n—2)!+3!(n—3)!+ +n!

@ () G+ ) () 0]-F

(compare problem 57a of Volume 1). It follows that
é z =1, 6= n! .
n! "

From this solution it also follows that there is a unique monic poly-
nomial of degree n whose deviation from zero on the set {0, 1, 2,...,n}
assumes the minimum value n!/2”. It is the polynomial

P(x)=n_f x—Dx—2x—3) - (x—mn)
2" n!
X(x —2x—=3)- - x—n)  x(x—Dx—=3)---(x—n)
+ 1t(n — 1) + 21 (n — 2)! *
" x(x — I{(x — 2)};" fx —(n-- 1] ’
for which )
Py = —P(n — )= Pln = 2) = —P(n —3) = --- = (— PO = 2.

138. We use the geometric representation of complex numbers: the
number
Zz = X + iy = r(cos 0 + isin 0)
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Y
A
z y
4
77} 5 X
Fig. 84

is represented by the point of the plane with cartesian coordinates (x,y)
and polar coordinates (r,0) (fig. 84). If the points 4,, 4,,..., 4, of the
plane correspond to the complex numbers «y, «,, . . ., o, and the point
M to the variable complex number z, then

M4, = |z — o]
M4, = |z — o

MA, = |z — a,].

When complex numbers are multiplied, the absolute value of the product
is equal to the product of the absolute values of the factors. Hence

MA,- MA, -+ MA, = |z — a)(z — a9) * * * (z — @)

=|z* + @, 12"+ @, 02™ -+ @2+ a2+ ay,
where
"+ a, 2" 4 o+ a7 + a, = P(2)

is the polynomial (z — o))z — &) * - (z — «,). In general, P(z) has
complex coefficients, and its roots are «;, a3, . . . , %,.

It is now possible to see the connection between this problem and
problem 136 on the deviation of polynomials from zero. Suppose we have
selected our axes in the plane in such a way that the segment of length /
is the section of the real axis between —//2 and +//2. Our problem can
then be restated as follows: Given a polynomial P of degree n with leading
coefficient 1 and complex coefficients, what is the minimum possible
deviation of P on the real interval 7 = [—//2, +//2]? The deviation of a
complex-valued function on an interval is defined as before; it is the
maximum value of | P(z)| on the interval. The only difference is that it is
no longer possible to draw the graph of P.

We now write P in the form

P(z) = Py(z) + iPy(2),

where P, and P, have real coefficients. The coefficients of P, are the real
parts of the corresponding coefficients of P, and those of P, are the
imaginary parts. Hence P, is of degree »n with leading coefficient 1, and
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P, is of degree at most n — 1. Next,

[P(D)| = V[P,(2) + P5*(2)] = |Py(2)].

The absolute value of P is therefore at least as great as that of Py, and so
its deviation on I is greater than or equal to that of P;. But by the result of
problem 136 (see especially the note at the end of the solution), the
deviation of P; on an interval of length [ is at least 2(//4)*. Hence the
deviation of P on I is at least 2(J/4)". This concludes the first part of
the solution.

For the deviation of P on I to be equal to 2(//4)" it is necessary that
Py(z) = 2(I/4)"T,(2z[l), and that P, vanishes at all the points where |Py
assumes its maximum [that is, 2(//4)*]. But there are n + 1 such points

o gl ek el e deh
Fig. 85
(see the solutions to problems 133 and 135), and so the polynomial P,

of degree = n — 1 must vanish at n 4 1 distinct points and must there-
fore be the zero polynomial (compare the solution of 135). We thus have

o =2(lfn2)

Interpreting this result in terms of the original formulation, we have
shown that the product M4, - MA, - - MA,, where 4,, 4,,..., 4, are
fixed points of the plane and M ranges over a segment J of length /, must
assume a value of at least 2(//4)". And if it is to assume no larger value,
the points A4;, A, .. ., 4, must be on /, and, moreover, in the positions
of the roots of the equation T,(2z/) = 0 when we take [ as part of the real
axis and its midpoint as the origin. In other words, the distances of the
points A4;, 4,, . .., 4, from the center of J must be equal to

I LI | 3w 1 S ! (2n — Om

-c0§s—, —COS—, =—COS—,...,=COS——

2 2n 2 2n 2 2n 2 2n
(fig. 85; see also the solution to problem 133).

X. FOUR FORMULAS FOR =«

139a. Denoting the area of any plane figure F by S(F), we have
S(AOAM) =304 -MP =13} 1 sina=4%sina

S(sector OAM) = 2s (circle) = 2.
27 27
S(AOAQ)=304-AQ =4%-1-tan o = } tan a.
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Fig. 86

The result now follows from the fact that
S(AOAM) < S(sector OAM) < S(AOAQ).
b. We have (fig. 86)
o = 2.S(sector O4AM), sin @ = 2S(AOAM),
no. = 2S(sector OAS), sin noe = 2S(A0AS).
But clearly
sinnx _ S(AOAS)
no S(sector OAS)
S(AOAM + AOMN + --- + AORS)
= S(sector OAM + sector OMN + - - - + sector ORS)
nS(AOAM)  S(AOAM) _ sina

~ nS(sector OAM) _ S(sector OAM)  «
as required.

140. Multiply the expression to be simplified by sin (x/27). We obtain

o a4 .«
_(COS—SID‘—)

2n 1 zn 21:

1 o « ( « . )
==cos-cos- - |cos sin

2 2 4 2n-1 271

1 o« o ( « . )
==-cos-cos— --- {cos sin

4 2 4 PN

a( o . cz)

= cos - | cos - sin -

21;—2
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whence

cosgcosi-'-cos—z— (o £ k).

141a. The formula of problem 132a can be written in the form

sin nax = sin” o{(';) cot" la — (:) cot™ 3o + (Z) cot" P — - :l

Suppose now that n = 2m + 1is odd. If « has any of the values

ar 27 37 mm
2m+1" 2m+1" 2m+1"" " 2m4+1’
then sin 2m + 1)a = 0 and sin « # 0, so that

(2m1—+— 1) cot’™ o — (2m3+ l) cot?™ % g

+ (2m5+ 1) cot™ g — ... =0,
We thus see that the equation
(2m + 1)x,,, _ (Zm + 1))6,,,*1 + (Zm + l)xm-e. =0
1 3 5
has the roots
2 ar s 2w . mw

CO

* s

t , cot . .
2m + 1 2m + 1 2m +1

b. We may rewrite the formula of 132¢ in the form
(et (gt Gty
1 \t/cota  \3/cot®«  \S/cot’n
cot nor n) 1 n\ 1 n}y 1
= (e (B ()
2/cota ' \4/cot'a  \6/cot®a +
cot™ o — (n) cot"™%a + (") cot™ o — -
2 4

n n—1 n) n—38 (n) n—5 .
cot —_ cot t —_
( 1 ) x ( 3 ® 5 cor e

Suppose now that n is even. If « is equal to any of the numbers

or

cot not =

7 5w 9= (4n — 3y
4n’ 4n’ 4n’ "’ 4n ’
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then cot nx = 1; so for such values of «,

cot™ o0 — (") cot" 2o + (") cot" o — - -
2 4

(n) cot™ 1o — (R) cot™ 2 a + (n) cot" P — - -+
1 3 5

It follows from this that the equation

n n n— n‘ n— n n— n n—4 e —
x —(1)x ‘_(2)x 2+(3)x a+(4)x —=0

has the roots

= 1.

cot4l, cot-s-f, cotg—w,...,gt—“n——‘?’)—".

n 4n 4n 4n
But
cot(4n — = —cot 37 ’
4n 4n
cot @ =D7_ oy Im @D G D
n 4n 4n 4n

and therefore the roots of equation (1) can also be written in the form

cotZ, —cot3T, cot3T, —cotlT,. .., cot =T
4n 4n 4n 4n 4n
—cot———(zn — D7
R

¢, d. The formulas of 132a and b, for n = 2m, can be written in the
following form:

2m
3

+ (2;}1)(1 —sinfa)™ Psinta — - :l

sin 2mo = cos « sin oc[(zlm)(l — sinfa)™ ! — ( )(l — sin? )™ Zsin’a

and
cos 2ma = (1 — sin® )™ — (2;1)(1 — sin®a)™ tsin®a

+ (2;")(1 — sin® )" *sin*a — - - -
It follows in particular, as above, that the equations

(zin)(l 9" = (2;")(1 — X)X+ (2;")(1 )=
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and
(1 —=x"— (2;")(1 — X" x + (2;")(1 — )" =0
have the roots
Sinzz—”, sin? 27 , sin? 37 el sinz(ﬂ—_l)”,
m 2m 2m 2m
and
sin® T, sin?2T it gineZm = D
respectively.
142a. Since the roots of the equation
(2m l+ 1)x,,, _ (2m3+ 1)xm_x n (2m5+ 1)}‘,,,_B il

are

cot? —Z— | cot? 27 ..., cott —2%
2m + 1 2m + 1 2m + 1

(see problem 141a), the polynomial

(2m + I)x”' . (2m + l)xm_l " (Zm + l)x"‘_z .
1 3 5

is divisible by each of

27 mar

x —cot? —Z— | x — cot? y...,x — cot? .
2m + 1 2m + 1 2m + 1

We conclude that

(2m 4 l)x"‘ _ (2m + l)x,,,_, 4 (2m + 1)xm_e .
1 3 5

=A(x—¢:ot2 z )(x—c:ot2 2m )“-(x—cofz mm ),(1)
2m + 1 2m + 1 2m + 1

where 4 is a constant. On removing the parentheses on the right-hand side
of this last equation and equating the coefficients of x™and x™~! on both
sides, we find that

(2m + l) — 4
1
and

Zm—}—l) ( s s 2w . mm )
=A t cot s+ 4 cott —— .
( 3 e 2m—}—l+ 2m-{—1‘*~ + 2m + 1
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Hence
cot? —Z— + cot? o 4 cot? T
2m + 1 2m + 1 + 2m + 1
(Zm + 1)
_ 3 _ m(2m — 1)
(Zm + 1) 3 ’
1
as required.
b. Since csc? o« = cot? « + 1, we deduce from part a that
2 mmx
csct —2 csc? + -+ 4+ csc?
2m + 1 + 2m + 1 2m + 1

=m(2$ﬂ+m=§m(m+ 1.
c. It follows from the result of 141b that

£ R n—1 n n—2 n) n—3
X" — x -_ X X e
()= G ()

w 37r) ( 571') ( 71:')
=fx—cot—]}Ix+cot—J{x —cot—j|{x +cot—)---
( 4n) ( + 4n 4n + 4n

(x — cot @ =3 3)") (x:l- cot @n — D 1)").
4n 4n

Equating the coefficients of x"~ on both sides of this last equation, we
find that
T 37 S T
cot— — cot— 4 cot— — cot — 4 - -
4n 4n * 4n 4n *

o@D @ (1),

n 4n 1
143. From the solution to 141c and d it follows that

(21m )(l — )" - (2;2 )(1 —X)"x + (2;”)(1 — )™ .
= A(x — sin® ﬁ) (x — sin? 3—:;) ce (x — sin? (m z—ml)ﬂ')
and

d=x)"- (2;" )(1 — )"+ (7';")(1 — X

= B{x — sin* ) (x — sin’ ) .. (x — st 2= br),

m m m
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Now equating coefficients of the leading terms on both sides of these
equations, we find that

A=(_1)m_1[(2;,,)+(2;n) +(2;n) +]
B=(-07[1+ (2;") +(2f) el

whence (sce problems 58a and b of Volume 1),
A —_— (_ 1)m—122m—1’ B — (_ 1)m22m—1'
We next equate the constant terms in the same two equations. This yields

2m = (zin) = (=1)"4- sinzzl sin? 27 . . . gipz M — D7

m 2m 2m

1 = (—1)"B sin? 7 sin? 3% §in? 37 . . . gip2 @M — D7
4m 4m 4m
from which the required identities follow.
144a. Consider the identity

o 1 sina

e _ 1 _sinax 2%
2" 2" sin (¢/2") (e = 2%

o xX X
€OS = COS = COS = * * * COS
2 4 8

obtained in problem 140. Take the limit as n — co. We find

o o « . ( o« o« zz)
Cos—cos—¢cos—--- =lim|{cos=cos-cos--"--cos—
2 4 8 n=o 2%
= sin alim ]—‘/2—— (ot # lim 2"kw) .
a—~o SIN (91/2") n—rw
But
2t
n—cw sin (o/2")
because
lim .x =1;
2—6 SIN X

this latter fact follows from the relation 1 < x/sinx < 1/cos x (0 < x < 7/2),
which in turn follows from the inequality of problem 139a. So

n . » .
sin ot lim 2" _sinx . «f2 _sina

pmw S (/27 & new sin (427) (@0
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We thus obtain

x o o sin o
COS—COS—COS— * * * = —— 0 1
508,08 . (x#0) (¢))

and
o= sin o
cos (af2) cos («/4) cos («/8) « -+

(o 3£ ko).

To complete the argument we put a«=w/2 and use the relations
sin (7/2) = 1, cos («f2) = 0, and

0 /(1 1 )
Y T2 4+ 2cost).
cos 2—;—2cos

b. Substituting « = 27/3, sin « = v/3/2, cos («/2) = } in the identity
(1), we obtain

N ]
<SR LW a1 D)) -2

1
145a. If the angle « lies in the first quadrant, then csc « > — > cot « (see
o

problem 139a). It follows from the identities of problems 142a and b that

m(2m—1)<(2m+1)2+ (2m+1)"+ (2m+1)2+...

3 T 27 3
2
+(2m+1)<m(2m+2),
mm 3
or
”z( 1 )( 2 ) 1 1 1
_1_ 1_ <1 el — PR —
6 2m + 1 2m + 1 +2’+32+ +m2

2
)
6 2m + 1 2m + 1

Since the two outside terms of this double inequality both tend to the
same limit 7%/6 as m — co, we have

. 1 1 1 2

L R R
b. Let us find the sum of the squares of the roots of the equation in

problem 14la. On equating the coefficient of x™2% in the two sides of
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equation (1) in the solution to problem 142a, we find that the sum of all
products of two distinct roots of this equation is

(2m i 1) (2m5+ 1) _ m(2m — )(m — 1)Y2m — 3) )

5
A (2m + 1) 30
1
Denoting the roots by «, 8, ¥, . . . , we have the identity

@+t =(a+ B+ y R =20+ ay+ Byt

where the last sum is taken over all possible distinct pairs. Applying this
formula, we find that

27 37 mm
. ott ott + <+ 4+ cot*
1 T 1 T Im a1 oot 1

_m2m — 1>  m2m — 1)(m — 1)(2m — 3)
N 9 15

_ m@2m — 1)(4m® + 10m — 9)
45 ’

Next,
cscta = (cot2x + 12 =cot* « + 2cot?x + 1,
so that

osct —T— 4 osct —2T— 4o esct

mrl o amy 1 “om+1
2 —_ —_
_ m(2m — 1)}4m® + 10m — 9) + 2m(2m — 1) tm
45 3
_ 8m(m + 1)(m®:+ m+ 3)
45 ’

Now, as in the solution to part a, we obtain the double inequality

m2m — 1X4m® + 10m — 9) < (Zm + 1)‘ + (Zm + 1)‘

45 T 27
4 (-3 2
+(2m+1)+.._+(2m+1)<8m(m+1)(m+m+3)
37 mm 45
or
2
= e
90\"  2m+1 2m + 1 m+ 1 @m+ 1P
1,1 1 17"( 1 )( 11 )
1ttt <t — ——— 1+ ———),
<ttt <o\ T/ T am 1
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from which we deduce by letting m — co that

Remark. We may evaluate the sum of the cubes, fourth powers, and so on,
of the roots of the equation in problem 141a in the same manner, and we can
deduce the following sequence of formulas, first given by Euler:

L Lo o
tatEtat 945
11 -8
1 — 4 — + — e = ——
tRtEteEt 9450
AL a0
mwtm Tt 53585
| 11 691t
tmtE T mt T T G3ss12875

146a. We have the identity
sin (f — «)

- - = sin (§ — «) csc « csc f.
sin « sin 8

cota — cot f =

Using the identity of problem 142¢ we deduce from it that

kt Sm T
SC — CSC — SsC—csc— + - - -
(c 4ncsc4n+cc4n 4n+

sin —
2n

2n — )=w esc = 1)11-) —

sC
te 4n 4n

or
cscicscg’—” + cscs—”csc7—?r + -+ csc(zn — 3)m csc(zn — U=
4n 4n 4n 4n 4n 4n
n

~ sin (m/2n)’

On the other hand,
cot o — cot § = tan (§ — x)}(1 + cot « cot B),

since cot (f — a) = (1 + cot « cot B)/(cot « — cot ). It follows from
the same identity that
I: S T

cot — cot — + cot — cot —
4n 4n + 4n 4n +

tan —
2n

+ cot (2n — 37w cot (2n — D7 +§2_:| —
4n 4n



134 SOLUTIONS

or

37 S n (2n — 3)= 2n — D=
t — cot — t — cot e cot cot
ce 4nco 4n+co4n o4n+ + 4n 4n

__n___n
tan(w/2n)y 2~

Proceeding as in problem 145a we obtain the double inequality

_n _dndn dn 4 an___ 4n
sin{wf2n) =« 37 S5a I= (2n— 37 (2n— D=7
—n_ 1
Z an(m2n) 2’
or
mt 1 2 2 2
— —— > —— + — + .. + —_—
8n sin (7/2n) -3 -7 (2n —3)2n —1)
@1 =
8ntan (#[2n) 16n°
or, finally,
7 72n 1 1 1 1 1
_—— 1 J—— - - = PO —
4 sin (#[2n) 3+5 7+ +2n—3 2n— 1

> E(_E/ZL _ 1)
4 \tan (n/2n) 4n/’
As n — oo the two outside terms of this double inequality tend to the
same limit #/4. This is because

. [+ 4 . ¢4
lim — =1, lim = lim (— cos oz) =1
a—o SIN @ a0 tana® a~0 \SIn«

(See the solution of 144a.) It follows that
1,1 1 il
1—-= - _ = cee=2
3 + 5 7 + 4
as required.
b. Let us find the sum of the squares of the roots of the equation in
problem 141b. As in problem 145b we see that the sum of the products

of the roots taken two at a time is — (g) = —n(n — 1)/2, and that the sum

of the squares of the roots is n* + n(n — 1) = n(2n — 1).
We deduce from the resulting identity

cot"::—r-—}—cotzz—7-'r —}—cotzs—"7 4. —{—(:otg(—z—'ﬂ'r

= n(2n — 1),
n n 4n 4n ( )
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that

37 S5 (2n — D=7
osc® T 4 csc?E 4 csc? 2T 4 - v o osct it T
4n + 4n 4n 4n
=n(2n — 1) + n = 2n%

from which, as in the solution to 145a, we conclude that

4n\ (Zln)2 (4111)2 ( 4n )"’ 2
m—1 an an an .. __an_
n(2n )<(rr)+ 3n + 5= + + 2n — D7 < 2

or
172( 1) 1 1 1 w°
Nl =)<l ==+ < —,
8 2n 32 52+ +(2n — 1P 8
and so that
1 1 1 t
1 —_ —_— —_— vt = —
+32+52+72+ 8

This last formula is in fact equivalent to Euler’s formula; for
1 1 1
1+ 3 + 5 + b +
1 1 1 1 1 1 1
=(rprtat) - Grataret)

1

1 1 1 ) ( 1 1 1 )
—_— 1 — —_ —_ PPN 1 _ — —_
—(+22+32+42+ " +22+32+42+

Remark. By determining the sums of the cubes, fourth powers, and so on,
of the roots of the equation of problem 132b we may obtain the following
sequence of formulas:

R -
TETmoORET TR
Lo 1 -
+34+54+'7—4+ 9—6,
i 1 1 1 57t
TETE R T 5%
R B
P TRET T T

These formulas were also first discovered by Euler.
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147. We consider the following two expressions:
sin (2w/4m) sin (2=[4m) sin (4= [4m) sin (4= [4m)
sin (w/4m ) sin (3w{4m) sin (37/4m) sin (S=/4m)
. sin ((2m — 2)mf4m) sin (2m — 2)md/m)

sin (2m — 3)wf4m) sin (2m — 1)=/4m) 0
and
sin (27/4m) sin (4/4m) sin (4=[4m) sin (67[4m)
sin (3w{4m) sin (37{4m) sin (S7[4m) sin (S=[4m)
sin (2m — 2)=f4m) sin 2mn[4m) @)

“sin (@m — 1)m/4m) sin (2m — Ly=/dm)’

The consideration of these two expressions is suggested by the form of
Wallis’s formula. By the identity of problem 143 these two expressions
are equal respectively to

\/E/T"_lz .7 . 2m— D7 . om ™ .o
*———] sin — sin ——— = 2m sin — c0s — = m sin —
J2p2m 4m 4m dm  4m 2m
and
(\/512’”'1)2 sin 2mn[4m) sin?
J2/2™ / sin (2m/4m) 4m
sin® (w/4m) g
=2m = mtan —

2 sin (7/4m) cos (m[4m) 4m-

We now show that the quantity (1) is decreased by substituting angles
for their sines throughout, and, similarly, that (2) is increased by this
substitution. We use the fact that

sin® ka — sin® o« = (sin kx + sin «)(sin kx — sin «)
(k + De cos (k — Da 2 sin (k — Da cos (k + Dx

= 2sin
2 2 2
= 2sin (k= e cos (e — D, 2 sin (k + Da cos (k + Da
2 2 2 2

= sin (k — e sin (k + Da.
It follows from this that
sin (k — Do sin (k + Do _ sin® ko — sin% « — 1 (sin«x )2
sin ko sin ka sin® ka sin ka/

while

(k — Dok + Da _ (K*— 1)«22 (=X
kot ke (k) ! (ka) ’
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From the result of problem 139b, sin «/sin kx > «/k« and therefore
: 2 2
(g
sin ka ko
As a consequence of this,

sin (k — Da sin (k + 1) < (k — Do (k + D
sin ka sin ko ko kae

sin ko« sin ko ko ka
sin (k — Dasin (k + Do~ (k — Dax(k + Do
We thus have
2n[Am 2m{dm 4m[dm 4=m[4m
n/dm 3w[dm 3w[4m Sw[4m

.. 2m — Ymjdm 2m — 2)m/dm m sin =
(2m — 3)m/4m 2m — 1)w/dm 2m
and
2nf4m 4n[dm 4m[dm 6m[dm
37jdm 3w/4m Sn[dm Su/dm
(2m — 2)w{4m 2mmjdm 7
. . > mtan —
2m — D=ldm (2m — D=fdm 4m
or
2 2 44 2m —2 2m —2 .o
—_— e T b e Y — <msln_
1 335 2m — 3 2m—1 2m
and

The last two inequalities can be combined in the following double
inequality:

2244 2m—22m—2 2m—1 il
msin—>%-2.2.2... . > m tan — ,

2m 1 3 3 5 2m —3 2m—1 2m 4m

or

sin(w/zm)>_2_g_g 4 _2m-—2.2m—-2>E(1_L)tan(w/4m)
wf2m 1335 2m—3 2m—1" 2 2m/  wjdm

The two outside terms of this double inequality tend to the same limit
m[2 as m — co. (See the solution to problem 146a.) It follows that

224466 -
133557 2’

T
2
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XI. THE CALCULATION OF AREAS OF REGIONS
BOUNDED BY CURVES

148. Divide the segment OD of length a into n equal parts and construct
on each small segment M,_, M, a rectangle of the type described on p. 26
(fig. 87). The base of each rectangle is a/n, while the height of the kth
rectangle is (ka/n)®. The total area of all the rectangles is therefore

s.o=20(f+ (25 + + (»2]]

a 2 2
=;,,(l + 28+ + 1Y)

It is well known (and can be proved by induction, as in the footnote on
page 105 of Volume 1) that
12+22+“‘+}12=n(—ni1)6(2n—_’_1),

and so

a@nin+D2n+ 1)

S,=5————1—.
n 6
The area S of the region bounded by the parabola is equal to the

limit of S, as the number of rectangles increases indefinitely. That is,

3 2
S =1limS, —limge @ 3 4 n)

n-w n-w 6”3
1 1 1 a®
=lima’(- ———f——):—.
n—w 3 + 2n 6?]2 3

d
£
x
b

Fig. 87
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149a. The required area is 2. The proof follows at once from fig. 88a,
from which we see that the area is that of AOBDC, and that this figure has
the same area as the rectangle PQRS. The two portions of the area which
do not lie in the rectangle are congruent to the two portions (I and II)
of the rectangle which do not lie inside our figure.

b. Asin problem 148, choose bases of equal length for the n rectangles
(fig. 88b). The sum S, is given by

S, = k(sin h + sin 2h - - -+ 4 sin nh),
where

y =sinx

Using the identity?®

sin ynh sin 3(n 4+ Dk
sin 3h

sinh 4+ sin2h + -+ + sinnh =

)

10 This formula can be easily derived as follows: since

sin a sin B = 3[cos (@ — B) — cos (&« + B)]

we have
h
(sinh+sin2h+"-+sinnh)sin§
=3[ e0s3 — con ) + feor 3 —c0s3)
=3 <:os2 c052 +C052 cos2
ey (Cos(Zn — I)h — cos 2n + l)h)]
2 2
Ao fo - 3]
== 3| cos35 — cos{n 3 ,
and so

1 h 1
=| cos 5 — cos (n + -)h]

2 2,
sin 34

sinh +sin2h 4+ --- 4 sinnh =

__sindnhsin 4(n + DA
- sin 34 .
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we deduce that

S —n sin §nh sin {(n + 1)h _ asin }a sin ((n + 1)a/2n)
" sin 3h n sin (a/2n) ’
But since lim (sin )/« = 1, we have
a—0
ajn im 2 af2n

lim — = - =

n~w Sin {(@f2n) 2~ sin{(af2n)
It follows that the required area is

S =1im S, = 2limsin < sin [9-(1 + 1)} = 2sin? 2.
n- o n-w 2 2 n 2
In particular, when « = 7= we have $=2; and when « = =2,
S = 1. From these two results we can again show that the area of the
figure AOBDC of fig. 88a is 2, since
S(OBD) = 2, S(ODSP) = =,

and

S(OAP) = S(DCS) = g —1.
150a. In this problem the most convenient way to divide up the segment

AD of the x axis (where O4 = a, OD = b) is not by points chosen at
equal intervals, but by points chosen so that

OM, OM, OM, b
a OMI OMQ OMn_l
(fig. 89). Let us denote the common value of these ratios by 4. Then
OM, OM, OM; b p
a OM, OM, oM,
b OM,OM,OM; b — g
a  a OM,OM, OM,, '

so that ¢ = V/bfa. Consequently, as n — o0, g — 1.11
It is clear that

OM, = aq,
OM; = OM, ‘g = ag’,
OM,=0OM, - g=aq* ... b=0OM, _, q=aq"

11 Since g decreases as n increases, and ¢ = 1, it follows that L =nlin; q exists, and

L= Since ¢ = L, we have b/a = L* for all n, which is impossible if L > 1. Hence
L=

1.
1.
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¥ C

B,
O Ay M, M. 0 %

Fig. 89

Hence
hy =O0OM, — 04 =a(g — 1),
h, = aq® — ag = ag(g — 1),
hs = ag® — ag* = ag*(g — 1),
h, = aq" — ag"' = ag" g — 1).

We note here that the necessary condition described on p. 26 is fulfilled:
as n— 0, ¢ = Vbja— 1, and the length &, of each segment M,_,M,
tends to zero. The area of the kth rectangle is clearly

h(OM)™ = ag*(g — 1)(ag*)™,
so that the sum of the areas of all n rectangles is
S, = a(qg — 1)(aq)™ + aq(q — )ag" )™ + ag*(q — ag®™ + - - -
+ ag" (g — 1) - (ag™)"

— am+lqm(q _ 1)[1 + qm+1 + q2(m+l) 4 + q(n—l)(m-H}]
 omiiom qn(m+1) -1
= g™t q (q - 1) —q—m

- T [ (&)= 1]
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[since g"("*+Y = (g")™*+! = (bla)"*']. Asn— c0,g— 1,s0thatlimg™ =1
for any fixed m. Thus in order to determine the area of the curvilinear
trapezoid 4BCD it suffices to find the limit of the expression (g™ — 1)/
(q — l) as g — 1.
We consider separately a number of cases.
(1) m is a positive integer. In this, the simplest case,
i qm+1 —1 X
lim*——=1lim@"+¢"'+---+qg+1
-1 g—1 q-1
=1414+---4+14+1=m+4+1.

m i1 times

(2) mis a rational number greater than —1. We may writem + 1 =
r/s, where r and s are positive integers. In this case

qm+1 -1 qr/a —1 — lim [(ql[s)r -1 N (ql/s)a " 1}.

lim = lim :
=1 g — 1 1 g — 1 g1 ql,«'s —1 qlz's -1

Now as g— 1, ¢; = \S/e_]—> 1. It therefore follows from the result of
case (1) that

llsr_l r_1 1/5ys
TRCI e G TN Tt S T C il ek S
q-1 qla—"l a—14g; — g—1 qh—l
and hence
m+1l
lim Z LY
-1 g —1 s
(3) mis rational and less than —1. Say m + 1 = —r/s, where r and

s are positive integers. In this case, using the result of case (2), we find

m+l —ris __ r/s __
fim =1 gim T =1 i (—q"“ 9 1)
-1 g—1 -1 g — a1 g—1

(4) If m is irrational, then ¢g™*! is defined as the limit of ¢"*, where

r[s ranges through a set of rationals converging to m + 1. Since for any

rational number m # 1, linll (g™ — Df(g — 1) = m + 1, it follows?? that
e

2 To prove this, suppose for definiteness that ¢ > 1. Let a positive number ¢ be
given, and choose rational numbers r,, 7, such that

ri<m+1<r, n>m+1—¢ and n<m+1l+e

Then
qu_l qmvl_l q72__1

g—1 g1 g-1

2
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for irrational m as well

mtl
q —_—

lim—1=m+l.
=1 g —

Thus we see that for any m #% —1, llrr; @rtt—Dig— 1) =m+ 1.

It follows that for any such m the area of the curvilinear trapezoid ABCD
of fig. 89 is

m+1 m+l __ m+l
1 ._1_ am+ll:(l_).) —_ 1:} p— E.—a_ .
m-+1 a m+ 1

Remark. For m = —1 the formula for the area of ABCD is of an entirely
different form; see problem 134 below.

b. To calculate the area of the curvilinear triangle bounded by the
curve y = x™, the x axis, and the line x = b, the method we used for the
previous question is inapplicable. This is because OD = a cannot be
divided into a finite number of segments in such a way that the coordinates

since ¢ > 1. We have already shown that

ry —
limql 1=r,
1 g —
and
im =,
9—1 ¢ —

Hence, if ¢ is sufficiently close to 1, we have

1 —1 "2 — 1
7 >ry — & 1 <rs + ¢
g1 g—1
Then
qm+l__1
el ——<rt+ &
qg—1

Sincer; >m+1 —¢candry, <m+ 1 + ¢ it follows that

gmt —1
1

mil—2e< <m+4 1+ 2e

(The same inequality is obtained forg < 1 by choosingry, > m + 1> r,,ry <m + 1 +
e, r; >m+ 1 —¢) Thus,if ¢ > 0is given, we have
qmqu — l
g—1
for all ¢ sufficiently close to 1. This means by definition that

—(m+ 1)] <2

m+l l
lim 7

=m+ L
g—1 g—1
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C
Y,
B
O A D x
Fig. 90

of the endpoints form a geometric progression. However, we can use the
result of the previous problem. The area of the curvilinear triangle OCD
(fig. 90) is the limit as @ — 0 of the area of the curvilinear trapezoid 4BCD.
The expression (b™! — g™*1)[(m + 1) tends to b™*1/(m + 1) as a tends
to zero; it follows that the area of OCD is b™/(m + 1).

Remark. The result of part b remains valid even for negative values of m,
provided they are greater than —1. Forif m> —1 then hm (bt —g™ Y [(m+1)

=bmt1(m + 1). In case m <0 the curvilinear tnanglc OCD no longer
exists, since the curve y = x™ has the form shown in fig. 91a. (The reader
should examine for himself the intermediate case m = 0, and compare its graph
with figs. 90 and 91.) The figure bounded by the curve, the x axis, the line x = 0,
and x = b is unbounded for m < 0, but we may nevertheless speak of its area.
We may, for example, define the area to be the limit of the sum of the areas of
the rectangles shown in 91a as the length of the base of each of them tends to
zero; this limit is equal to 5™/(m + 1).

’ y

<

o 7 o

Fig. 91
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In an analogous manner, when m < — 1 we can speak of the area of the
figure bounded by the curve y = x™, the x axis, and the line x = g, aithough
this figure is unbounded (fig. 91b). This area may be defined as the limit of the
sum of the areas of the rectangles shown in fig. 91b as the number of rectangles
tends to infinity and the length of the base of each rectangle tends to zero. The
area so defined is equal to

bm+1 —_ am+l am+1

m+1l  —(m+ 1)

lim
b—>
151. Suppose OAI = dy, ODI = b1 and OAg = dgy, ODz = bz. Divide
the segments 4,D,4,D, into n equal parts and construct a rectangle on
each part as base, as shown in fig. 92. Clearly the area of the kth rectangle

y
i I } e—
O} A, DA, D, x
Fig. 92
of the first set is
Priig by —ay i
M=
n  a, + k(b, — a)n
b1 — a4y . bI/al —1

T (n—Kay + kb, n—k + k(byja)) "
We can find the area of the kth rectangle of the second set in the same way;
it is
Al(cz) - by — a, 1
n a,+ kb, — ay)fn
_ by —a, _ bafa, — 1
C(n—Kay+ kb, 1 — k+ kibyfay)

Since byfa, = byfa;, we have ALY = A ; it follows that the sum SV of
the areas of the first n rectangles is equal to the sum S? of the areas of the
second n rectangles. Since » is arbitrary, the required result follows from
the definition of the area under a curve (see p. 26).
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152. We consider separately a number of cases.

(1) z; and z, are both greater than 1 (fig. 93a). Since (z,2,)/z, = z,/1
it follows from problem 151 that the areas of the two shaded trapezoids in
fig. 93a are equal. Since the area of the trapezoid bounded by the x axis,
the hyperbola y — 1/x, and the lines x = 1 and x = 2z, is equal to the
sum of the areas of the two trapezoids bounded by the x axis and the
curve, and the lines x = 1, x = z; and x = z, and x = z,z,, respectively,

F(z,2,) = F(z)) + F(z,).

¥ Y,

Fig. 93

(2) z, = 1/z;, z; > 1 (fig. 93b). In this case the identity to be proved
assumes the form

F(zy) + F(zi) =F(1)=0
or 1
F(zil) = —F(z,).

Since z;:1 = 1:1/z,, it follows from problem 151 that the areas of the
trapezoids bounded by the curve, the x axis, and the pairs of lines x = 1,
x =z, and x = lfz;, x = 1, respectively, have the same area. The
equation F(l/z,) = —F(z,) follows immediately from this.

(3) z, and z, are both less than 1. In this case 1/z,, 1/z,, 1/z,z, are all
greater than 1, and from what we have already proved

F(i) — _F(z), F(zlz) — _F(z), F(ZL) — —F(z,29),

Zy 122

() +r(2) AL

and
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Multiplying both sides of this equality by —1, we arrive at the required
identity
F(z)) + F(z2) = F(z:20).

4) z,>1, z,<1 but z;z,# 1. Suppose for definiteness that
2, > 1/z,, so that
2,25 > 1.

Since 1/z, > 1 we may use the results already established to write

1 1)
F(z,z,) + F(_) = F(lez ) _) = F(zy),
\Zy Z,
whence

1
F(zy25) = F(z;) — F(z—) = F(z,) + F(z,).
2
The case where z;z;, < | is dealt with similarly.
We have thus solved the problem in all cases.

153. Note that by its definition the function F is increasing, that is, for
zy, > zy, F(z5) > F(z,;). Since F(1) = 0 and F increases continuously as
z increases (and so cannot ‘‘skip” any values), in order to prove the
existence of a real number e such that F(e) = 1, it is sufficient to show that
there exist values z for which F(z) > 1.

We will show that F(3) > 1. Draw a tangent B'C’ to the hyperbola
at the point G(2,4) (fig. 94a). The area of the trapezoid ABC'D (where
OA =1, OD = 3) is 1, since its midline HG = }, while its height AD
is 2. It follows that the area F(3) of the curvilinear triangle ABCD is
greater than 1, as required.

We note now that F(2) < 1. This follows from fig. 94b: the area of
the curvilinear triangle ABGH (04 = 1; OH = 2) is equal to F(2), and
is clearly less than the area of the square ABG't{, which is 1.

b4 i

B G
G
0| Y [ A H ¢ 3

Fig. 94
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We thus conclude that

F) <1< FQ3)
and so
2<e<i.

154. We first prove the following important property of the function F:
for any «,

F(z*) = aF(2).

We give the proof in a number of steps, each time extending the range of
a for which the theorem holds.

(1) F(z™) = nF(z) when n is a positive integer. For by the result of
problem 152,

F(z%) = F(z - 2) = F(2) + F(z) = 2F(2),
F(z%) = F(z%- z) = F(z%) + F(z) = 2F(2) + F(z) = 3F(2),
F(2*) = F(z* - 2) = F(z%) + F(2) = 3F(2) + F(z) = 4F(2),

F(z") = F(z"+ 2) = F(z"Y) + F(z) = (n — 1)F(z) + F(z) = nF(z).

(2) F(z¥) = kF(z) when k is a negative integer. For let k = —n,
where n is a positive integer. Then clearly F(z¥) = F(1/z") = — F(z") (see
the solution to problem 142), and therefore

F(z%) = —nF(z) = kF(2).

(3) F(z\'™) = (1/m)F(z) for m an integer. For let us substitute zV/™
for z, in the identity F(z;™) = mF(z;). Then we obtain

F(z) = mF(z"'™),
whence

F(zV™) = 1 F(2).
m
(4) F(z™™) = njm F(z), where n/m is any rational number. For
F(z"™) = F[(2Y/™" = nF(z"™y = & F(2).
m
[See cases (1), (2), and (3) above.]

(5) F(z*) = aF(z), where « is any irrational number. Construct two
sequences of rationals,

’ r
Ay, Xgy o ve, O, ... and oy, 0, ..., @, ..
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satisfying the following conditions:

o, <o <<a,’, lime, =limea,” = «.
L Al n—oo
(We could, for example, choose a, and «," as follows. Let the representa-
tion of « in the decimal system be a,a,_, - - aq- bybybs.... Put a, =

@, 1 ag  biby - b, ande, = a, + 107", Then0< a0 — «, < 10~"
and0 < &, — a, < 1077)
Since F is clearly an increasing function, we have the inequalities
F(z%ny < F(2%) < F(z*),

or, since &, and «,” are rationals,

«, F(z) < F(z*) < o, F(2).
[See case (4)]. Thus
F(z)

o, <
F(z)

<a,,
and therefore

lima, < 22 < lim o,

n— V4 n—+ow

Since
Iim o, = a =lime,’,

n=0 n—o0

it follows from the last inequality that

F(z

F) = a, F(z*) = aF(2),

as required.
It is now easy to show that
F(z) = log, z.
For by the above

F(z) = F(e!% %) = log, zF(e) = log, z,
since F(e) = 1 by the definition of e.

155, In this problem the same experiment is considered as in problem 96
of Volume 1. As in the second solution to that problem, we can charac-
terize all possible outcomes to this experiment in terms of the two numbers
AK = x and KL = z (see fig. 95). Then the set of all possible outcomes
to the experiment can be represented as the set of all points in or on the

A K L B

i 1
o $ T -©

Fig. 95
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B a C
Fig. 96

triangle OST bounded by the coordinate axes and the line x 4+ z =/
(fig. 97). The probability of any event is the ratio of the area of the part
of OST corresponding to the points at which the event occurs to the area
of the entire triangle OST.

We must now determine for which values of x and z an acute-angled
triangle can be formed from three segments with lengths x,z, and/ — x — z.
A necessary and sufficient condition is that the square of each of these
lengths be less than the sum of the squares of the other two lengths.’®
Therefore the unfavorable outcomes of the experiment correspond to the
points of the triangle OST for which at least one of the following
inequalities is fulfilled:

x2z224(l—x— 24 222 x* 4 (I — x — 2)%,

M
(—x—2zP= x4 22

Moreover, no two of the above inequalities can be satisfied simultaneously
(for if r, s, t are three numbers with r < s < ¢, then 2 < s 4 2 and
s2 < r? + 1. Consequently, no two of the three regions determined by
these inequalities overlap. Furthermore, in splitting the rod at random
into three pieces, the probability that the square of the length of a given
piece is greater than or equal to the sum of the squares of the lengths of the
other two pieces is the same for each of the three pieces of the rod'). It
follows from this that the areas of the three regions of the triangle OST
determined by the three inequalities (1) are the same. Hence in order to
find the area of the region corresponding to all the unfavorable outcomes
of the experiment, we need only compute the area of the region defined
by one of the three inequalities (1) and multiply it by 3.

13 The necessity of this condition follows from the law of cosines. Forif a, b, care
the sides of an acute triangle (fig. 96), then @* = b® + ¢* — 2bccos 4 < b® + ¢?, since
cos A > 0. Similarly, b* < a® + ¢* and ¢* < @* + b*. Conversely, if q, b, ¢ are any
three positive numbers satisfying @* < b* t ¢%, b* <a® 4 ¢%, ¢® <a* + b% then
a® < b+ 2bc + ¢* = (b + ¢}, sothata < b + c. Similarly,b <a + candc <a + &
Hence there is a triangle ABC with sides a, b, c. From the law of cosines for ABC we
find that cos 4, cos B, cos C are positive, so that 4, B, C are acute.

14 As we saw in the solution to problem 98 of Volume I, the problem of breaking
a rod into three pieces is equivalent to the problem of dividing a circle into three pieces,
and in the division of the circle the three pieces obtained are obviously interchangeable.



X1. The calculation of areas of regions bounded by curves 151

//,

Fig. 97

Let us now find the area of the part of the triangle OST for which the
inequality
(l—x—2zP= x4 22
is satisfied. Removing parentheses, this inequality can be rewritten in the
form

24 2xz —2Ix —2lz= 0.
Adding /2 to each side of the inequality and dividing by 2, we obtain:

2

!
l—x(—-—2z=.
F=x—-2=7

But the equation (/ — x)(/ — z) = [3/2 defines a hyperbola which passes
through the points x = }/, z = 0 (the point N) and x = 0, z = }/ (the
point M); the inequality (/ — x)({ — z) = [?/2 is satisfied by all points of
the curved region ONRM (the shaded part of fig. 97) and only by those
points.

It remains for us to determine the area of the region ONRM.
Introduce a new coordinate system by taking for coordinate axes the lines
O,T and O,S (that is, the lines/ — z = 0 and / — x = 0; see fig. 97); in
this coordinate system our hyperbola will have the equation x’z" = /2/2.
Now take as a new unit of length [IN2. Then the abscissa O,K of the
point N in the new units is (//2)/(//v2) = ¥2/2, and the abscissa O,T of
the point M is [/(//v/2) = V2. By the result of problem 154, the area of
the hyperbolic trapezoid KNMT in the new units is In « 5/(\/ 5/2)) =
In 2. Passing back to the old unit of area, we find that the area of the
hyperbolic trapezoid KNMT is (In 2)(/3/2) == (/*In 2)/2. Hence for the area
of the shaded region ONRM of fig. 97, we obtain
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The total area of the part of the triangle OST corresponding to the
unfavorable outcomes of the experiment is three times this expression,
and the area of the part corresponding to the favorable outcomes is

P P B
——3-(1—-In2)=—@GIn2-2)
> 5 ( ) 2 Gin )
Therefore the probability to be computed has the following value:
(*231In2 —2)
Bp2

156. Suppose for simplicity that the length of the rod is 2 (this is no
restriction, since we can always take half the length of the rod as the unit

g

=3In2—-2=0082-""

Fig. 98

of length). Let AB be the rod, and K and L the first and second break
points. The outcome of the experiment in this problem is completely
determined by the numbers x = 4K and z = KL, where x is chosen at
random from the interval 0 < x < I (x is the length of the smaller of the
two segments formed after breaking the rod the first time, whence x < 1)
and z is chosen at random from the interval 0 < z = 2 — x. If we take
x and z as coordinates in the plane, then the set of all possible outcomes to
the experiment is represented by the set of all points on or inside the
trapezoid OMNP (fig. 98). However, the probability that (x,z) falls
within some small rectangle located within the trapezoid does not depend
only on the area of this rectangle: the probability that x falls within a
given segment of the x axis is the length of that segment, but the proba-
bility that z falls within any segment of the z axis for given x is the ratio
of the length of that segment to 2 — x, and hence depends on x. Therefore
the probability that a point (x,z) falls within any part of the trapezoid
OMNP depends not only on the area of that part but also on its location
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within OMNP; accordingly, the representation of all possible outcomes
of the experiment as the points on or in the trapezoid OMNP is inconven-
ient for computing probabilities.

It is more convenient to characterize all possible outcomes to the
experiment in terms of the numbers x and y = z/(2 — x). The selection
of the two break points amounts to a random selection of x and y from
between 0 and 1; consequently, if we take x and y as coordinates in the
plane, then the possible outcomes to the experiment are represented by the
points of the unit square OUV'W (fig. 99), and the probability that a point

Fig. 99

(x,p) falls within some part of this square is the area of that part (since the
area of the entire square OUVW is 1). Hence we need only determine the
area of the part of the square OUVW which corresponds to the favorable
outcomes of the experiment.

In this problem the favorable outcomes are those in which a triangle
can be formed from segments of lengths x, z, and 2 — x — z. In order
that this be possible, it is necessary and sufficient that none of these
lengths exceed 1. Since x is by hypothesis at most 1, the favorable
outcomes are those in which z < 1 and 2 — x — z < 1, that is,

z<l1l and z>1—x.
Since y = z/(2 — x), we find by dividing the above inequalities by 2 — x
that the favorable outcomes correspond to the points (x,y) for which
y<1/@2—x)and y > (1 — x)/(2 — x), that is,

1
y<——2_x, y>1—2_x. €3]

We now have to determine what the region in fig. 99 defined by these
inequalities looks like.
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In place of the coordinates (x,y) let us introduce coordinates (x",y"),
where

y=y and x'=2—x.

This change of coordinates amounts to a translation of the origin to the
point O’ located on the x axis at a distance of 2 from O, and a reversal of
the direction of the x axis (see fig. 99). In the new coordinates the
inequalities (1) assume the form:

y<i, ys1-1 @
X X

The first of these inequalities shows that all points which correspond
to favorable outcomes lie below the hyperbola

Now consider the curve

this curve is the one obtained by reflecting the curve y' = 1/x" over the line
¥y =13 (see fig. 99). The second of the inequalities (2) shows that all
points which correspond to favorable outcomes are located below the
curve

1=1_il

X

Therefore the favorable outcomes correspond to the points of the shaded
region in fig. 99. We must determine the area of this region.
Note first that by virtue of the symmetry of the curves
y'=i, and y’=1—%
x

about the line y' = 4, the areas of the hyperbolic triangles OTW and
TUV are equal. Therefore the required area is 1 — 2 area {TUV). But
by problem 154, the area of the hyperbolic trapezoid OTVW is In 2. It
follows from this that area TUV = 1 — In 2, and, consequently, the arca
of the hyperbolic triangle TV W is

1—2(1—1n2)=2In2—1=0388....

This expression is the probability that a triangle can be formed from the
segments x, z, and 2 — x — z.
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»-}/-‘a/\&

Fig. 100

157. The location of a needle 4B after it lands on the plane is determined
by the distance y from its center to the nearest of the parallel rulings
and the angle x between AB and the rulings (fig. 100). It is clear that
0= y=4a0=< x = 7; the possible outcomes to the experiment are de-
termined by pairs of numbers (x,y), where x is chosen at random from
between 0 and =, and y is chosen from between 0 and a. The set of all
outcomes can be represented as the set of all points in or on a rectangle
OMNP with sides OM = a and OP = = (fig. 101). The probability of the
point {x,y) lying within any region of this rectangle is the ratio of the area
of that region to the area of the entire rectangle OMNP. We therefore
need only determine the area of the part of OMNP which corresponds
to the favorable outcomes of the experiment.

Fig. 101

It is apparent from fig. 100 that in order for the needle AB to lie across
one of the rulings, it is necessary and sufficient that y < asin x. Hence
the favorable outcomes to the experiment correspond to the points
located under this sinusoid. By problem 149b, the area under the sinusoid
is 2a. Since the area of the entire rectangle OMNP is an, the required
probability is

24 2 o063

am m
158a. We know that the quantity In (1 + 1/n) is equal to the area of the
curvilinear trapezoid ABCD bounded by the hyperbola y = 1/x, the x
axis, and the lines x = l and x = 1 + 1/n (see fig. 102). Since the area of
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X

this trapezoid is less than the area of the rectangle ABED and greater than
that of the rectangle AFCD,

l>1n (1+l)>1'——1—= 1
n n

Hence

1>n1n(1+1)> n_y_ 1
n n+1 n+1
and therefore

lim 1 In (1 +1) —1
n->w n

Remark. The result of this problem is equivalent to im(1 + 1/m)" = e.
(Sec the end of problem 162.) n—o

b. We know that log, x = (log, x)/(log, @) = (In x)/In a. (See foot-
note on p. 159.) Hence

lim n log, (1 + l) =Iimm(1+—l/") - L
n-*w n n—w Ina Ina

¢. Recall that the area of the curvilinear trapezoid bounded by the

hyperbola y = 1/x, the x axis, and the lines x = 1 and x = Va is equal
to

Inva=Lna.
n

The area of the trapezoid withsidesx = land x =1 4 (1/n)Ina is
clearly less than the area of the rectangle with base (1/n) In a and height 1
(see fig. 103a), that is, less than (I/n) In 4. It follows that

\’VE>1+llna.

n
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¥

{7///////, C,

o-—l—-L%lnaJ * — 1 —-'Dl )

Fig. 103

9|

In the same way we can show that the area of the trapezoid with sides

x=1and x = is greater than the area of the rectangle

1
1 —(/m)yina

1
with base Wln_a — 1 and height 1 — (1/n) In a (fig. 103b), that is,

greater than (1/n) In a. It follows that

— 1
7, < —_—_—
va 1—(/n)Ina
Thus
llna<\"/3—1<—l__1= (I/mMIna i
n 1—(U/mina 1—(/n)lna
that is, |
na
l < 7 -1 <« —204
na<nva ) 1—(I/m)ina
Hence

limn(va— 1)=Ina.

n-— e
159a. Divide the segment OD of the x axis, where OD = b, into n equal
parts (fig. 104). The length of each part is b/n, and the heights of the
rectangles having these parts as bases and inscribed in the curve y = a*
are equal to I, a®", a®/, ... a1 It follows that the total arca
of all these rectangles is

Sn =é(1 + ab{n+ azb/n+ . + a(n—l)b{n)
n

_ba—1
Cnatm—1
The area S of the curvilinear trapezoid OBCD is the limit of S, as
n— co. Thus

b b
S—tm%. -9 g _—a—-1
n-o N (a"/" —_ 1) n— o (n/b)(ab/" —_ l)
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_—

[ ——. ™

A

o D x

Fig. 104

But by the result of problem 158c,

im 2@ — 1) =L tima(V@ - )=Lma =a.
n—o n—*oC b

Thus
a®—1

Ina

S:

(In particular, if @ = e we obtain the simple expression § = &* — 1.)
b. First solution. We use part a and the fact that the equation
y = log, x can also be written in the form x = a¥. We must find the area
of the curvilinear triangle 4BC, where O4 = | and OB = b (fig. 105).
We first calculate the area of the curvilinear trapezoid OACD. The
equation of our curve is y = log, x or x = a. It follows that the curvi-
linear trapezoid OACD is congruent to the curvilinear trapezoid OBCD
in fig. 104, whose area we calculated in the previous problem.’® The
trapezoid OACD is bounded by the curve x = a¥ and the straight lines

¥
D

O] / £ x

Fig. 105

C

15 More precisely, these trapezoids are symmetric (since looking toward the positive
direction of the x axis, the positive direction of the y axis is to the left, whereas looking
toward the positive direction of the y axis, the positive direction of the x axis is to the
right).
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y=0and y == log, b. It follows from the result of part a that its area is

8t 1 b —1

soacp) =2 — — .

But the area of the curvilinear triangle can be found by subtracting this
area from that of OBCD. We obtain'®

b—1 blog,blna—5bt1_ binb—b+1
Ina Ina Ina )

In particular, the area S, of the curvilinear triangle bounded by the
x avs, the curve y = In x, and the straight line x = b is given by

Se=blnb—b+1,

and the area S; of the curvilinear triangle bounded by the x axis, the curve
y = log x, and the line x = b is given by

_blnb—b+1_Inl0-blogh—b+1 _ 23blogh—b+1

S=blog, b —

S
In 10 In 10 23
Second solution. Let OA =1, OB = b. Divide 4B into n parts by
points M, M, ..., M, _, so that
OM, OM, OM,__ _ b
1 OM, OM, oM,
We have

OM,=q, OM,=4g
OMy,=¢%...,0M,_ =q"Y, OM,=gq"=b,

where ¢ = b (compare the solution of problem 150). It follows from
this that the lengths of the bases of the rectangles in fig. 106 are

(g—D.q(g — D.g®(g— D, ..., " g —1
and the heights are
log, g, log,q* = 2 log, q,log,¢* = 3 log,q,...,log,g" = nlog,q.

y

g

Fig. 106

% We use here the identity log, b Ina — In b. It can be deduced from the followin
Y 108, g

chain of identities:
elnb —_ b _ alogab — (eln u)lolab _ elnnlogﬂ b.
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Thus the area of the curvilinear triangle ABC is equal to the limit as
n— oo of the sum
S,=(g—1)log,qg+qg(g—1)-2log, g +g%(g — 1) 3log, g+ -~
+¢" Mg — 1)-nlog.gq
=@ — D0 +29+ 32+ - +ng"Mlog,q.

But??
. nqn qn —1
1+29+3¢°+ - +ng" = —— — ~——,
g—1 (g—1)°
so that
S.— na"log,q — L=Liog, q,
q—1
or, since g = Vb, log, g = (1/n) log, b,
S, =blog, b — (_b;l__)lo;gab )
n(¥'b — 1)
Since lim n(V'b — 1) = In b (see problem 158¢), we have
. log, b
S=1imS, = blog, b — (b — 1)8a?
n—w Inb

#blnb b—1

(see footnote 16).

Ina Ina

Remark. If we determine the area in part b without using the solution to
part a, as we did in our second solution, then one can use the resulting formula
to find the result of part a.

160. The solution to this problem is analogous to the second solution of

problem 159b. Suppose O4 = 1, OB = b. We divide the segment 4B

into n parts by points M;, M,, . . ., M, so that OM,/1 = OM,/OM, = - - -

= OM,_,/b (fig. 107). Then the lengths of the bases of the rectangles

shown in the figure are

g—1),9(g—D,g%g—1),...,g"Hg— 1),
17 For

1 +29+3q£+ “ee +"qu—l =(} +q+q2+...+qn—1)+(q+q2+... +qu—1)

+ (qﬂ R = qn—l) A (qn—x - qu—l) _{,_qn—l

n_l n o n __ 42 n . gn—1
. "qn _l+q+...+qn—l

g-—1 g1
g g1

g—1 (@¢-1n"

Another proof of this identity is given in problem 172b.
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Y

Fig. 107

where g = /b, while their heights are
log,qg 2log,q 3log,q nlog, q

g & ¢ T g
(See the solution to 163b.) It follows that the area S of the curvilinear
triangle ABC is the limit as n — oo of the sum

Sn=(q—l)log,q+2(q—l)losaq+.,,+n(q—l)logaq
q q q
an+1)g—1

=%1(1+2+~'~+n)logaq— logaq
Since
g=Vb  log.q="log,b,
n
we have
1Vb—1 1 n+11
I Liog, =2 Vb — _log, b.
2 Vb n( n Vb &

Now by the result of problem ISSc,
limn(¥b — 1) = In b,

and clearly (see footnote, page 140)

limn—H=lim(l+l)=l, limVb =
n

n~aw N n—+ow n-w
Thus (see footnote, page 159)
S=1imS, = 3}Inblog, b = }In a(log, b)°.

In particular, the area of the curvilinear triangle bounded by the x
axis, the curve y = (In x)/x, and the line x = b is equal to 4 In? b, and the
area of the curvilinear triangle bounded by the same lines and the curve
y = (log x)/x is equal to

$in10log2b ~ 1.151og? b.
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XII. SOME REMARKABLE LIMITS

161. Let us determine the area of the figure bounded by the curve y = x*,
the x axis, and the line x = b. We choose the points M, M,, ..., M _,
(see p. 26) so as to divide O D into n equal parts. The sum S, is calculated
as in the solution to problem 148: it is

S, = hIRE + QR + -+ + (h)] = B + 26 4 - 4 ),
where h = b/n. Thus the required area is

ik A .

k+1

S

A= n

But from the solution to problem 150b we know that S = b*+/
(k + 1). It follows that if £k > — 1 (see the note to the solution of 150b),
then
Hml"+2"+--~+n"_ 1
n—wo ntt N k+1 ’

Remark. When k is a positive integer, this result can be proved more easily.
We give a proof by induction. For & = 0 we have

194204+ n0 1
n o+1’°

for all n, so that the result certainly holds. Let us write S(n) for the sum
1" + 27 + - -+ + n". We assume that

SAn) 1

o o+ 1

lim

R—> 0

O=sr<k-1,

and must then prove that

lim ——Sk(n) = ———I
ry Pk + 1T

Consider the expression (» + 1)*+! — n*+1, By the binomial theorem we have

5

k+1
(o + 1P — = (ke + 1)nk+( 5 )n""l+"'+(k+l}n+l.
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Similarly, replacing nbyn — 1, n — 2,...,0, we have

k+1

5 )(n_l)k—l+...

nH — (n —1)k+*=(k+1)(n—1)*+(
Fk+Dm—1)+1
(n — DM — (= 2M = (k + 1)(n — 2 + (kzl)(n—z)*—wv--

+k+DE—-2)+1

k+1
1M1 — (0Pt =k r 1) 0 + ( 2 )0"‘“1+-" +k+1-0+1.
On adding all these equations, we obtain
41 Cfk+1
(n+1) =(k + S, (m) + 2 Sya(n) 4 - -+ (k + 1)S(n) + Sy(n).

Now divide through by n*+!, getting
(n + 1)erl * + Sy(n) (k + 1) Sy—1(n) 1

ey nttl 2 n n

Sin) 1 S, i
+k +1) i:"—f_—l-i-%n)”—k

Let n — oo, and use the induction hypothesis, that hm S,(n),’n'“ =1/(r+ 1)
0 =<r <k — 1). We obtain

n + 1)1
l—lim(n) -(k + 1) lim n‘()+o+0+ S+ 0,

T+l
N> O N—+ 0
or
i Si(n) i
im —-— = ——
T+l s
nereo MY k+1

as required.

162a. First solution. 1t is sufficient to prove the inequality
l n 1 m
log {:(l +—):I > log [(l -{-") J
n m

nlog(l—}—l) >mlog(l+i)
n m

or
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whenever n > m. We take logarithms to base e (see problems 151 to 154
above). Then In (1 + 1/n) is the area of the curvilinear trapezoid ABDC
bounded by the hyperbola y = 1/x, the x axis, and the lines x = 1 and
x =1+ ln; In (1 + 1/m) is defined similarly (fig. 108).

Let ABNK be the rectangle with base 4B and area equal to that of
the curvilinear trapezoid ABCD; then

S(ABNK) = AB- AK = 1 AK,
n

J

d

and therefore

1. 4K = S(4BDC) = In (1 +1), AK = nln (1 +1).
n n n
Next, using the notation of fig. 108, S(ABNK)= S(4BDC) and
S(BB,MN) > S(BB,D,D), so that S(4B,MK) > S(AB,D,C). But
1

S(ABMK) = AB,* AK = — AK
m

~—1umnm (1 + -l), S(AB,D,C) = In (1 4 l),
m n m

) s 2)

)>m1n(1 +—1-),
y m

so that

—l-nln(l—}-
m

X

n]n(1+

I

as required.
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Second solution. We use the inequality between the arithmetic and geometric
means,'® which states that if a4, a,, . . . , a,, are all = 0, then

‘\,"/ala2“'an§al+a2+’..+aﬂ9 (1)
n
with strict inequality unless 4, = @, = - - - = a,. Suppose n > 1, and put
1
Gg=a,="""=a,;=1+ s a,=1
n—1

Since the a; are not all equal, the strict inequality holds, and we get

o
J( 1 )’*"‘ ("—1)(1+n—1)+1
o1+ <

n—1 n

Y
"

Raising both sides to the nth power, it follows that

7—1 n
(1475 < ),
n—1 n

which is what we wanted to prove.

1 7
Third solution. Expand (1 + ;t) by the binomial theorem; we get

n—ND1 nn—HBr—201 1
2 6 ERE

(1 + l) =1+4+1+2%2
n
The number of terms is n + 1, and thus increases with n. Moreover,

the individual terms increase with n, since

nn—Hn—=2)---n—k+ 11
k! n*

A=Y -4),

. . . . 1A
and each factor 1 — j/n is an increasing function of n. Hence (l + -)
increases with . "

18 The left-hand side of (1) is the geometric mean of the numbers a,, @, ... a,,
while the right side is their arithmetic mean. For a proof of the inequality, see for
example, Ref. [3].
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b. First solution. 1t is sufficient to show that for any positive integer n

(N R (e '

Form the difference

o [( ) )= (25T

:(n+1)ln(1+i)—(n+2)1“(‘+,,jr_1)

=(n+1){m(l+i)—ln(1+nll)}—‘“(I“L,,:Ll)'

But In (1 + 1/n) — In (1 + 1/(n + 1)) is the area of the curvilinear trape-
zoid BB, D, D bounded by the hyperbola y = 1/x, the x axis, and the lines
x=14+1n x=14+1/n+1), and In(1 4 1/(n + 1)) is the area of

)

Fig. 109

the curvilinear trapezoid bounded by the same curve, the x axis, and the
lines x = 1 and x = 1 + 1f(n + 1) (fig. 109). The area of the curvilinear
trapezoid BB,D,D is greater than the area of the rectangle BB;D,X,
whose area is

2
BB,-BID1=(-1-— 1) 1 __1 n =( L )
n n+l/1l+1/m nn+Dn+1 n+1

Thus

1 1 1
(n-l—l)[ln(l+;)-—ln(l+n+l)]>(n+l) Y
1
_n—}-l'
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The area of the curvilinear trapezoid ABCD is less than the area of the
rectaagle ABLC, which is equal to

AB-AC— — .= 1

n—+1 —n+1'

ln(l+ 1)< 1 .
n—+1 n—+1

On comparing the two inequalities, we find that

(437wl
nofufo )l )]l ) o

as required.
Second solution. As in the second solution to part a, we can use the
inequality between the arithmetic and geometric means. Take

Thus

1
al=a2=-'-:a,,=l—;,an+1=1,wheren>1.

Then we have the strict inequality, so

""\’/ﬂ<n(lﬂi)+l— )

n n+1 _n+1'

(n——- l)n ( n )n+l
< .
n n+1

Inverting both sides, we reverse the inequality; thus

( n )n>(n_§_l)u+l.
n— 1 n
n n+1
(e 750> (3"
n—1 n

which is what we wanted to prove.

Hence

In other words,

Remark. In later problems it will be important to know that

1\ lﬂ+l
lim(l+-) =e——lim(l+-) .
n—w n R—>®© n
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where e is the number defined geometrically in problem 153. This follows at
once from either problem 158a or problem 163 (with z = 1).

163. First suppose that z is positive. Consider the curvilinear trapezoid
ABCD bounded by the hyperbola y = I/x, the x axis, and the lines x = |
and x = 1 + z/n (fig. 110a). The area of this trapezoid lies between the
areas of the rectangles ABED and AFCD, that is, between z/n -1 and
zfn - 1/(1 4+ z/n) = z/(n 4+ z) (see the end of the solution of 159). It

follows that
z > ln(l + 5) > z
n n

n+z
or
z>ln{(1 5” >——. 1
+ n 14 z/n )
Passing to the limit'® as » — co, we see that
. zy
ln[hm (l +—):’ =z, (2)
n—~+w n

from which it follows that
lim (1 + 5) = ¢

n—® n

The case where z is negative is handled similarly (fig. 110b).

1
Here S(ABED) = —z/n, S(AFCD) =(— f) —_— ,
n z n+4z

— In(1 + (z/n)). (Remember that z is negative; see p. 31.) It follows
from fig. 110b that

—E<—ln(1+—z)< -2 s
n n n+z
or
Eonfi 4 2) = £,
n n n+z
or finally,

z> 1;{(1 + i)} > +zz/n )

* The details are as follows. From (1) we see that (1 + z/n)* < e, so the sequence
(1 + z/n)" is bounded from above. As in problem 162, it can be shown that the
sequence (1 + z/n)" is increasing. Hence lim (1 + z/m)" exists. Since In x is continuous,
we have lim in(1 + z/m)» = ln ]im (1 + z/m)». Since the first and last members of (1)

tend to z as n — co, SO must 1ts mlddle member, i.e., lxm In(l + z/n)* = z. Equa-
tion (2) follows at once from these facts.
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Y,

169

Fig. 110

Letting n — o0, we find once again
ln[]im (I + E)] =z,
n—co n

]
lim (1 + 5) = ¢e*.
n—c n

164, Expand (1 4 z/n)" by the binomial theorem:

and so

zy zn 22 nln—1)
1 —)=1 B,z
( +n +n 1-!_n2 21

Z'nn—Hn—2)---(n—n—1)
n” n!

_}_-.»_}_

We can write

K]
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The terms u, of this sum clearly satisfy the inequalities

E
]“klg%a
| _ 12000 — ) _ ]
u; k+1 T k41

From the second of these inequalities it follows that

I2] |z] |zf*
< fugl - —— < = ) :
[Upia] < lugd P [thres2l [t k+2 Juge k + 1)2
|12} 1zl
u = |tggol —— = lual - s
{tisal [ k+2lk 13 [t *k + 1)

Now choose &k so that k + 1 > |z|. This is permissible, since we shall
later let n — o0, and our sums can therefore be assumed to have sufficiently
many terms. For such k

fthepr + e + 0+ ) S ] + o] + 00+ Jugl
|z] ( 2| )2 ( 2] )"_J
< _z o f 4zt RO i t4 1
I“kl]:k+1+ K+ 1 + + K+ 1
k+1
< Ju lzlftk + 1) = |l iz|
1 —|z|/(k + 1) k+1— |z
|zlk+1
TkU(k+1—|z))°
But

(1+§) —QtuF Ut b W)=ty U+t Uy

so that
z\" Pikaz
1+—) —(I+uy+u+ -y —
( a ¢ v ) K'(k+1—|z)
It follows that
lim (1+3)"_(1+u R ="
e n v IT e+ 1=z
Now lim u, = z*/k! and lim (I + z/n)" = e* (see problem 163). Hence
iz[k«pl

( Z2 Zk)
z __ 1 —_— PR — — Y
¢ TR A Ry



X11. Some remarkable limits 171

But clearly
kel
lim —2
o k!(k+1—|z))
Thus
. . P
lxml:e —(l+z+§-§+§+'--+—” =0,

ko
and this is exactly what is meant by the equation
2
3!
165. Consider the sum of the areas of the n — 2 trapezoids and the triangle
inscribed in the curve y = In x in fig. 111a. Since the bases of the kth
trapezoid are In k and In (k 4 1), this sum is equal to

PR A R S
esltptyrytootn o

ln_2+ln3+ln2+ln4—{—ln3+“.+lnn+ln(n—1)

2 2 2 2
=ln2—{—ln3+ln4+-"+]n(n—1)+%lnn.

The area S, bounded by the curve y = In x, the x axis, and the linex = n
is clearly greater than the area of the inscribed figure. That is,

S, >In2+In3+---+Intn—1+%inn
Moreover,

K,=8,—[In24+In3+ind4+---+In(n—1)+%Inn]

is an increasing function of n, since this difference is equal to the sum of
the areas of the n — 1 segments cut from the curve by the upper boundaries
of the trapezoids, and as n increases new segments are added.

Let us now construct n — 2 trapezoids, bounded by lines x = k — }
and x = k + }, the tangent to the curve at the point x = k and the x axis
(k=2,3,4,...,n—1). Add a further trapezoid bounded by the lines
x = 1 and x = §, the tangent to the curve at x = § and the x axis, and a

1 H
H H
H H
H
1
: ; } i
| HE | : ]
tz 3 4 a-1  nx [ 1:48 2 4 3 i 4 A-tin-ga x
a -1
»
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rectangle of height In » with sides on x = n — % and x = n (fig. 111b).
Since the midline of the kth trapezoid is of length In (k 4 1), and the
midline of the small added trapezoid of length In ¢, the area of the
entire figure is

In2+In34+-<-+In(n—D]l+4lnn+ %In}
=[n24+In3+---4+In(n—1)+3lnnl+3ink

But this area is greater than that of S,, so that

Im2+In34+---+In(r—1+3lnn]+32lng>S,.

It follows that for any n,

K, <3ilnk
In the solution of problem 159b we showed that
S,=nlan—n+1.

On the other hand,
In24+hh3+--4+Inr—D+lnn=InQ-3---n)=Inn!
Using these relations, we can rewrite the expression for X, in the

following form:

K,,:(nlnn—n—t-l)—(lnn!—élnn)

n"/n

n!e”

=lnn"—lne"+1—Inn'+In/n=1In + 1.

Since 0 < K, < 4 In § for all n,

"\/
0<lIn o +1 <§Inz
that is,
Ctem™ L3,
nle"
or
1>In ”!e2>1nﬁe
n"\/n 5
or
() 5 nt > L),
e 5 e
as required.

166a. We continue the argument used in the solution of problem 165.
Since K, increases with increasing », yet always remains less than $1n §,
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it must have a limit, also not exceeding % In £, but necessarily positive,
since K, is positive, and all subsequent K’s are larger. Thus

lim K, = K 1

5
y where 0 < K< -In-.
n—+ o 2
But in the solution to 165 we showed that
ﬂ
n
K,=In \/ + 1.
n!e®
Since the limit K = lim K|, exists, so does the limit
n—»a0
' n
C =lim 2%,
n—+o n"\/n
and moreover,
e>Cz+ e,
as required.

b. In order to determine the numerical value of the limit C asn — o0
of the quantity

n!

o Cﬂ’
(3)

we use Wallis’s formula (problem 147):

- P e t em v e e—— '2"
2 nwl 335 21—12n+1’
which may be written in the form

k2

46 - 4
™ (2-4-6--2n)

2 mew(1°2:3:4-5---2m*Q2n+1)
or

[2*(»hH1*
nw [(20)1P20 + 1)

_ 2ng.. 1\2
\/11' =lim R L) S— (nl)

n e 2n—}—1'
2m)! - N ——
Cmt- =

In this last equality we substitute
n 2n
nt = c,‘\/i(ﬁ), @2n)! = czﬂ\/z_n(z—”)
e e
and obtain

. nien
~ 22nC 2”(;) ce
\/‘n' =lim L

e il e Tmil
n-® anV/Zn( H) J n + n—w Cg,, n +
n
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But
limC, =limC,, = C,
n—oo no o0
lim {zli-—l =lm /2 + 1 =2,
nowm n n-wm n
so that
— C?
V= N
whence
C = V2n,
as required.

167a. In n is equal to the area of the curvilinear trapezoid A BCD bounded

by the hyperbola y = 1/x, the x axis, and the lines x = 1 and x = n.
Construct n rectangles, all of base 1 and heights 1, 3, 4,..., 1/(n — 1),

as in fig. 112a. The area of the curvilinear trapezoid ABCD is less than

N
B
C
[4 A D “x
a
¥
B
L'\ c
i [ T T .
o A D x
b
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the total area of these rectangles. Hence

1,1
1 = — e >Inn,
+3+3 + -

that is,

1 1
=1 s e S —Inn>0.
Vn + >3 -+ + m_1
We now inscribe in the same curvilinear trapezoid n rectangles with
unit bases and heights %, 4, 1,..., I/n (fig. 112b). Since the total area of

these rectangles is less than that of ABCD,

1 1 1 1
]n > - - - -
n 2+3+4+ +n
Therefore

1 1 1
=14+-4+=-+--- —Inn<t—-<1.
T 273 R n
Thus foranyn, 0 < y, < L.
b. As n increases, so does y,, for it is equal to the sum of the shaded

areas in fig. 112a. Since with increasing n,

1 1 1
Z=l4+-4+-4+- -4+ ———In
Y 5713 -+ ] n

increases, yet always remains less than 1, it must have a limit y, satisfying
O<y=s L.

168a. The sum
fogl log2 log3 log(n — 1)
...+_—.
1 * 2 + 3 + n—1

is equal to the area of the shaded figure shown in fig. 113. For large n
this area does not differ greatly from the area of the curvilinear triangle
ABC, which by problem 160 is

In 10
— log?n.
> g

Fig. 113
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It is therefore natural to suppose that the required number C is (In 10)/2.
We consider, then, the difference

log1 4 log 2 logn

1 2
where C = (In 10)/2, but first let us examine in greater detail the form of
the curve y = (log x)/x.

Clearly, as x — 0O the quantity (log x)/x tends to —oo, for x = 1 it is
zero, and as x — oo it tends to zero. This last follows from the fact that
the ratio of the number of digits in a number n (written out in the usual
way to base 10) and n itself tends to zero as » increases, since the number
of digits in n does not differ from log n by more than 1. Now we use the

fact that
ntl 1 atn+D n® s+ n
R EE e fn 1) J(l L1
vn n n/’ n
< n(a-Hi/E
n

(sec problem 162). It follows for n = 3 that "/ + 1< ¥n But
V2=141, and ¥3=144..., so that V2<¥3 and V3>
V4 >13/5>%6>.... On taking logarithms, we find that

4o 4 ——Clogzn,

log 2 <Io_g§ and 1083 >log4> log5 _ log6_ .
2 3 3 4 5 6
We see therefore that as x increases, the quantity (log x)/x at first
increases, then somewhere between x = 2 and x = 3 assumes a maximum
value, and then decreases. To locate the maximum more closely, we must
do a little more calculating.
Let us compare (log 2.5)/2.5 with (log 3)/3. We have

log2.5 log10/4 4(1 —2log2) _ 41 —0.6026---)
2.5 10/4 10 10
and

=0.15917 - - -

log3 _ 047712~ _ o oo

3 3

Hence (log 2.5)/2.5 > (log 3)/3, and so the maximum value of (log x)/x
occurs at some value of x between 2 and 3. It can be shown that the
maximum value occurs precisely at x = e ~ 2.718. However, we shall
not need this fact in the argument. We have thus established that the
curve y = (log x)/x has the form shown in fig. 26. The maximum value
of the function (log x)/x cannot be greater than (log 3)/2, for log x < log 3
for2 < x<3.
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Fig. 114

The area of the curvilinear figure ABC is less than that of the shaded
polygon in fig. 114. The area of this shaded figure is less than

log2  log3  log3 logd = log(n—1)
2 T2 T3 s T T
[For the area of the first rectangle is (log 2)/2, that of the second, less than

(log 3)/2, while the areas of the third, fourth, . . . rectangles are (log 3)/3,
(log 4)/4, .. ..] Since (log 1)/1 = 0, we have

logl+log2+log3+log(n—I)+log3>Clog,n’
1 2 3 n—1 2
that is,
6”=1&1+M+"'+M—C10gan>—@.
1 2 n—1 2

On the other hand, the area of the curvilinear triangle 4BC is greater
than the area of the curvilinear trapezoid MDEN, it is therefore still
greater than the area of the shaded figure in fig. 115. The area of this
figure is

log2  logd logs == log(n—1)
2 + 4 + 5 + + n—1

Thus
log2 log3 logd  ~~  logn—1) log3
2 + 3 + 4 + + n—1
where C = (In 10)/2, that is,

logt  log2 log3 log(n — 1)
5 = ce.gp sn — 1)
" 1 + 2 oyt n—1

< Clog?n,

—Clog’n <%.
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Since (— log 3)/2 = —0.238 ... and (log 3)/3 = 0.159..., we find

that —0.239 < 8, < 0.16
and so certainly
1 <8, < !
4 "4
b. The difference

=log2 4 Iog4+ log 5 I log(n — 1) — (Clog*n — Clog*2),
2 4 5 n—1

where C = (In 10)/2 and n = 3 is equal to the area of that part of the

curvilinear trapezoid MBCN which is not shaded in fig. 115. Hence this

difference increases with n. By the result of part a,

n

&, =6, + Clog + Clog?2

_ log 3 <1 log 3
4

for any value of n. Hence as n — oo, ¢, tends to a limit . Therefore the

sequence {4,}, where &, = ¢, + (log 3)/3 — C log® 2 also tends to a

limit 6 = ¢ + (log 3)/3 — Clog? 2.

169. The solution to this problem is analogous to that of 167a. Let ABCD
be the curvilinear trapezoid bounded by the curve y = 1/x*, the x axis,
and the lines x = | and x = n. Consider the polygon consisting of n — |
rectangles, with base 1 inscribed in the trapezoid, and the polygon
consisting of n — 1 rectangles of base 1 circumscribed about it (see figs.
122a and b). The areas of these polygons are

1 1 1 1
1 + + and — 4 —+ - + =,
2° + ot (n — 1)y 2° + 3 + + (n—1¢ n
and the area of the curvilinear trapezoid ABCD is (1 — 1/n*Y){(s — 1).
(See the solution to 150a.) Therefore,

11 1 11— (1/n* )
— — _—
>yt +(n—l)’+n" s —1

1 1 1

<l — —_ vew

TR TG Ty
or
1 —(1/n" Y 11 1 1—(1;‘n"‘) 1
—<I —_ — PP < —_—
s —1 +2“+33+ _%-(n—l)‘7 s—1 n®

or, finally,

1 1 1 1 s s 1
C+ < .
s—1  s—1np*! 3‘ (n—1* s—1 s—int?
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Since 1/n* — 0 as n — oo, the assertion of the problem follows from

1 1 1
this inequality. That the sum 1 + > + T + 4 p does tend to a

definite limit as » — oo follows from the fact that it increases with
increasing n, yet remains bounded above by s/(s — 1).

XIII. THE THEORY OF PRIMES

170. Consider the expression
(2n) @)t
n CH

We shall estimate its value by two different methods.
First, by the binomial theorem,

R R R

1 2
=22n,
and therefore
(2}1)<22'l
n
Next,
(Zn) =2n(2n— H2r—-2)...(n + 1)=2n'2n—1.2n—2”'n+1
n 1-2-3...n n n—1 n-—2 1
=22:2:2---2=2"
\q.,—/
n times
so that
2" 3 (2;1) < 2%, )]
n

2
Second, let us consider the prime factorization of( n) . The prime
n

p appears in the factorization of the number k! to the power

FREREE

where brackets indicate integral parts. To see this, observe that among
the & factorsof k! = 1 -2+ 3 -+ - £, there are {k/p] divisible by p; of these,
[k/p*] are divisible by p? (and therefore have to be counted twice); [k/p®]
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are divisible by p® (and therefore have to be counted three times), and so
on. Thus only the primes py, po, . . ., p,, where p, < 2n < p,..,, appear in

the prime decomposition of (Zn) = (2n)!/(n!)?, and each p; appears to
the power n

R IR PR (HE I s P
s Rk IR (FIRE )
e ([Ga] -2))

where g, is the largest integer such that p,% < 2n. But by the definition
of the integral part of a number,

o v R

2
2 =1 if ‘—’—{ﬂgl,
2 2

that is, [a] — 2[a/2] = 0 or 1, whatever the value of a. It follows that the
sum

G =20+ (Gl -el) - () =[5

g terms

does not exceed 1 + 14 -+ + 1+ 1=g;. Hence p, appears in the

. . 2n
prime decomposition of ( ) to a power < g¢,, and so
n

2n
( n ) E piipe o pt = 2n)Q@2n) - - - (2n) = (20

Here r = =(2n), the number of primes not exceeding 2n. We may
therefore write the last inequality in the form

(2:) < (2n)"m,

On the other hand,
(Zn) _22n—1)---(n41)
n 1- 2 . 3 e n
is divisible by the product of all the primes p,.,, p,,s, - . . , p, greater than
n but <2n. (We denote the primes =n by py, p,, ..., p,.) So

2n
n = PosiPora’ " P
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On replacing each of thesc primes by the smaller number n, we find that

2n
>n.n...n:nr—s’
n

where r = #(2n) and s = =(n). Thus we obtain the result

nw(ZnJ—r(n) < (2:) < (2")"2"). (2)

Comparing the inequalities (1) and (2), we see that

»m < (2n)r(2n)'
Taking logarithms, we find that

m(2n) log (2n) = nlog 2,
or
log2_2n _ _gys01---—21
2 log(2n) log (2n)
Thus for N even (N = 2n) we have already obtained one of the
required inequalities. We can deduce a similar inequality for odd N > 1
by noting that 2rn/(2n + 1) = §. It follows from this inequality that

n(2n) =

7(2n + 1)log (2n + 1) > =(2n) log (2n) = ~&< I°g 2

-2 log2
3

@2n)

—(2n+ 1),
so that

log2 _2n+1 _oiooae . _2n4l
3 log(2n+1) log(2n + 1)

Thus for all N > 1,

n(2n + 1) > ——

N
Ny>01——.
() log N

The proof of the second of the required inequalities is somewhat more
complicated. First of all, on comparing (1) and (2), we find that

nrten)—r(ﬂ) < 221:'

Taking logarithms, we obtain [#(2n) — n(n)]logn < 2nlog 2, so that

m(2n) — m(n) < 2log 2 —— = 0.60206 - - - )
logn logn

Suppose x is an arbitrary number > 1 (not necessarily an integer). As
before, we denote by #(x) the number of primes < x. Let n = [x/2]; then
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clearly [x] = 2n or 2n + 1, and

w0 — m(2) = mm — mn) + 1

= 1.60206 - - - —=

log n
(since nf(logn) > 1). It is not hard to show that for n = 3 and n < x,
nf(log n) < x/(log x). (See, for example, the solution to problem 168a.)
It follows that for [x/2] = 3,

m(x) — w(2)<(210g2 + 1)?

The last inequality also holds for [x/2] < 3, that is, for x < 6. For if
x < 10, then logx < I, and therefore m(x) — #(x/2) = n(x) <x <
x/(log x) < (2log2 + 1)x/(log x). Thus for arbitrary x > 1 (integral or
not) we have
7(x) — w( )<(210g2 + l)———

2 g X

From this we obtain the inequality

7(x)log x — 77(2) log-
Lo o) s

2
<Qlog2 + I)%logx—}- w(’—;) log 2

(210g2 +14 1°82)x = 1.75257 - - x

[Here we have used the obvious fact that #(x/2) < x/2.]
Suppose that N is an arbitrary positive integer. Then by what we
have proved,

m(N)log N — 77(2) Iog? < 1.75257 -

w(ﬂ) log (ﬁ) - ﬂ(ﬁ) log X < 1.75257--- &,
2 2 4) 8% >

N\. N N, N N
Mitog¥ — 2(¥) 10g ¥ < 175257 X,
w(4) %8 #(8) 8% < 4

N N N N N
7:'(—) log— — (5’;) log; < 1.75257 - - 2?

1°
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Choose k so that 2¥ > N, and add all these inequalities. This gives

N\, N N N, N
n’(N)logN—w(;;)log§<l.75257"-(N—i—;—}—z—g— -i—F)

N — Nf2*

= 1.75257 - - < 3.50514 - - N <<4N.

By the choice of k, Nf2* < 1 and therefore #(N/2*) = 0. Thus we find
that

N
N) <4 ——,
™) log N
as required.

171. We start from the decomposition of N!=1-2-3--- N into its
prime factors:

ar

Nt =p*p™ - py
Here p,,ps, . .., p, are all the primes not exceeding N,and a,(i = 1,2,...,1r)

is equal to
o) * L)+ [gsl =+ [l
=+ l=l = =
[Pf pe p’ P

The square brackets denote integral parts, and g, is the largest integer such
that p,% < N (compare the solution to problem 170). On taking loga-
rithms, we find that

log Nt = oy logp; + azlogp, + -+ + «,logp,.

We now estimate log N! in two different ways. The right-hand side
of the last equation is of the form

([ e
()]
o (e B (2] e

Let us throw away all the square brackets in this expression, that is, let us
replace [N/p¥] by N/p*. In the process we introduce an error at most 1
into each term. Thus the total error introduced is at most
qilogp, + gzlog p, + - - + ¢, log p,

= log p,* + log p,™ + - -+ + log p,*

= logN +logN +---+logN =rlogN.

r times
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By the result of the previous problem, r is less than B(Nflog N), where B
is a constant (in fact, we could take B = 4). Thus

rlogN <B N log N = BN.
log N
So we have

N N N N
( +—+ —“)IogP1+(—+—,+"'+T)108Pz
n o 20 P: P: § 22
N
+“+@+7
N N N N
>(—+—2+' +—)108P1+(—+_2+"'+ N;‘)k’gps
41 Pz Pe 2
N N

4o +( + X4 +p%)iogp,—szv.

f r

-+ -&) log p, = log N!
P

We now use the inequalities

N N N N
—+ =t
P P p; by
and

P P e 11— (up,) 1—(/p) p—1°
Thus we find that

N N
log p, + logp, +-- -+
p;— 1 p,—1

N 1logp,>logN!

.
N N N
>;logp;+-—10gpz+'~+—logp,-BN‘ ¢))
2 D2

T
From this one can deduce the inequalities

N log p, i log p,

+..-+]0gpr+K}>]0gN|
J 21 2

P,
>N{logm+l°g_1>a+...+w_5}, ?
) 21 j 23 P,

where K is a positive constant. For

logp; logp,_ _logp G=1,2,...,7

pi—1 P rp; — 1)
so that the left-hand side of (1) differs from

lo, lo lo
w(lotn  loer, . lobp)
2} P2 P
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by the quantity

+
pp. — 1)  pipe— D pdp, — 1)

We show that for all r the sum inside the braces is bounded. Note
that for each integer a = 2

N { log p: logp, ... _logp, }

_loga L_, thatis, loga <a-1
aa —1) aa

Ja
For if a = 2, then

() el 2ol )

while
2loga < Va, since 1021086 — g2 < [QVa

To see why this last inequality holds, note that if a® lies between 10* and
10*+1, then the number of digits in 10V is the integral part of JVa plus
1. This is clearly greater than k + 1. It follows from this inequality
that

log py logp, ... + log p,
Py — 1 pup.— 1) pp, — 1)
1 1 1
< + + At —=
Plﬁz Pas/;z Pr\/ Dr
1 1 1 1
<14+ —+ —+4+—= e /.
22 3/3 44 + NN
But this Iast sum remains bounded for all N:
1 1 1 1 3/2
l+—=—= =4+ —=< =
+2J2+3J3+4ﬁ+ +NJN 3)2—1

(see problem 169). Thus in the inequality (2), K can be taken equal to 3.
In order to obtain another estimate for log N! we use the fact that
for any N

CWG)N> N> cz\m(%)ﬂ

where C, =e¢, C, = \/ge (see problem 165). On taking logarithms we
find that

N{log N —loge}—{—%logN + log C; > log N'!

> N{log N —log e} + %logN + log C,.
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We use the facts that }(log N)/N < #(log 3)/3 < 0.08 for N = 3 (see the
solution to 168a) and that (log C;)/N < (loge){3 < 0.15, to write this
inequality in the form

Nf{log N —loge + 0.23} > log N! > Nflog N — loge}.
On comparing this with the inequality (2) on p. 184, we find that

logp,  logps ... o8P | p 100N _loge,

P1 P2 P

logp,  logps , ... 18P g _10gN —loge+0.23,
2 P p,

whence we obtain the required result:
1 1
logN +R> 08P logps . logp 0N g
1 4 P2 pf

where we can take for R the larger of the numbers B — log ¢ 4+ 0.23 and
K + loge. Since the constants B and K can be given the values 4 and 3,
respectively, and since log e &~ 0.4343, we can take R = 4.

172a. From the definition of B,, B,,..., B, wehave b, = B, b, = B, — B,,
by=By — B,,...,b,=B, — B,_;. Thus

arb, + ashy + ashy + - - - + a,b,
= ayby + ay(B; — By) + ag(By — By) + -+ - + a,(B, — B,_,),
or, regrouping terms,
ab, + azh, + - - 4 ab,
=(a; —a)B, +(ay, —ag)B, + -+ (a,_, —a,)B,_; + a,B,,

as required.
b. (1) If we substitute

ay=1la,=2,a,=3,...,a,=n;
by=1,b,=¢q by=¢q*...,b,=qg"!

in the formula of part a, we find that

— 2
31=1(=‘1__‘), B—1+g=2—1
q—1 g — 1
3
— 1
Bi=1+q+4=1
qg—1
n—1
Bn_1=1+q+q2+...+qn—z=qq 11,
" —1
Bn=1+q+q2+"'—{>—q"_l=q ,
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and
4 — Ay, =ay,— A3 =03 — qg="""=4a,_; —ad, = — 1.

Thus we find that

142943+ ---+ ng™?!
. 2 __ n—1 __ no__
:_(q__1+q I, ..., 4 1)+,,q !
q—1 gq-—1 q—1
:_—L(ﬂ;l_n)+nq —1_n" 4 _‘2_
q—1\g—1 g—1 qg—1 (g—1
(2) If we substitute
aa=la=4a,=9,...,a, =n%
by=1by=q,by=¢%...,b,=qg""
in the formula of part a, then B,, B,, ..., B, have the same values as
before, and
a,—a,= —3,a,—a;=—5,a;—a,=—17,...,
a,,—a,=n—1¥ —n*=—2n—1).

Thus we find that

2 n—1

L +4g +9¢" + -+ nq

:_(3q 1+5q 1+7q 1
q—1 q—1 qg—1

n—-1 _ n __
foen—ni—t) el

q—1 q—1
—1 2_1 3_1 n—l__l
=(q +1 +14 +--~+q——)
qg—1 g —1 qg—1 qg—1
_ 2 n—1 _ n
_z(zq__l+3q 1+..‘+nq__1)+n2q 1
qg—1 qg—1 qg—1 qg—1

=;1(1+q+q”+”'+q“"‘—n)
7—

_L(l+zq+3qz+...+nqn—1_"("_+1))+,,z‘1_*_1
qg—1 2 q—1

e

q—1\g—1

2 l:nq" g1 _n(n+1)]+n2_qn_l
g—1lg—1 (@-1»° 2 q—1

n’g"  (2n—1)g"+1 29" —2

g—1 (@ —1? (g —1)°
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Here we have used the fact that by part I,
_ nqn qn —1
142g+3¢* 4+ +ng"t=—— — 21—,
g—1 (-1
173a. In order to evaluate

1,1 1,1

Pr Pz Ps Pn
where p;, p,, . . . , p,, are all the prime numbers not exceeding some given
integer N, we substitute
1 1 1 1
a = , Gy = , Gg= seees @, = ,
log p, log p, log ps log p,
b= o8P 4 _logp ,  logp, . logp
n 2 P2 128
in the formula of problem 172a.
Put
log py _ B,
121
1 1
°8Pz+ Og Py =B,
4 1 41
logp. , ... logp, logp _ B..
b, P2 151
We find that

S R +
P P2 Ps

- (i ) e
log p, log p, log p, los Ps

1
(R P A T T P
log ps logp, log p, logp, log p,

1 1 1
- () (k)
logp, logp. log p, log ps

1 1 1
+( — )Bs+"'+( — 1 )Br—l
logps log ps logp., logp,

1 1 ) 1
— B B,.
+ (log p, logN/ 7~ + logN "
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Let us now estimate this last expression. We first use the fact that by
Mertens’ first formula (problem 171),

B, <logp, + R,
B, <logp,+ R,

B, , <logp, .+ R
B, <logp,+ R and B, <logN + R.

Here R is a constant (which can be taken equal to 4). From this it follows
that

1 1 1
L+l+_+.--+—<( )(logP1+R)
P P: Ps p, logp,  log s
1
+ ( - )(log P +R)
log p, log Ps
1
+ ( — )(log ps+R)
log ps logp,
1 1
++( — )'(logpr_x—l-R)
IOg pr—l IOg pr
1
+ ( )(log P+ R)+ ——(log N +R)
log p, log N
1 1 l
=1+[— Iogp1+( - )l"gf’z
log p; log p, logps
1 1
+( - )108P3+"'+( L 1 )lOgPH
log p; log p, logp,_, logp,
1 1 ) 1 } !
— lo R —+ log N + R ]
+ (log p, logN &P log N ® log py

since the terms having R as a factor cancel out in pairs (except for
R/log p).

It remains only to estimate the sum inside the brackets. This may
easily be done geometrically. Write the sum in the form

— log p.)

(log p, —
log p,

+.-.

+ (log p, — log ps) )

8 Pa

+ (log N — log p, —1—

1
+ (lo — log p,_
(log p, g P, 1)10 fog N

r
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Now look at fig. 116a, in which the hyperbola y = 1/x is shown.
It is clear that the expression in which we are interested is the area of the
shaded part of the figure and is therefore less than the area bounded by the
hyperbola, the x axis, and the lines x = log p, and x = log N. But this
area is In (log N) — In (log p,) (see problem 154).

Thus we obtain, finally, the inequality

1—+i—}-l+--~+l<lnlogN—ln10gP1+R—L—+l. 3]
P P: Ps P, log p

Y,

log py

logp, logp,  logp, logp,

b log v
Fig. 116
We have now found an upper bound for our sum. To obtain a lower

bound, we start by transforming Mertens’ first formula somewhat. It
follows from the formula that

io lo log p;
B‘=ﬂl+ﬂ2+.”+_§l’_
) 41 Pe Ps
1 I 1 1 .
logp logp . logp logpu

j 2 23 Py Pina
>logpyy—R—a (i=12,...,n,
where a is a constant chosen greater than (log p)/pi1 (= 1,2,...,71).
(We could, for example, take a = (log 3)/3 or a = 0.16 > (log 3)/3; see
the solution to problem 171.) We also use the fact that

Ing‘+]0gp’+Ing3+---_{_log—P”>logN—R—a.

D Pe Ps p,
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{According to Mertens’ first formula the summand —a is actually un-
necessary, but we shall find it convenient to include it.) We obtain

1
’l_+_1‘+l'+"'+_>( L__1 )(logpz—R—a)
PL P: P Pa logp, logp.
1 1
+( - )(logps—R—a)
log p. log ps
+( LI )(logR.-—R—a)
log ps logp,

IOg Pr-1 lOg pr

)(log p,—R—a)

1 1 )
— logN—R —a
+ (logp, log N (log )
1
logN —R —a
+logN(0g )
1 1
= [(log p: — log py) + (log ps — log p,)
log p, log p,
1

i + -+ +(ogp, — log p,_) —
og Ps log p,_,

+ (log N —log p, LJ F1—(R+a)——.
log p log p,

In the last expression we have omitted the term —(1/log N)log N from the
quantity inside the brackets and included the extra term —(I/log p,) log p,.
It is easy to see that the sum inside the brackets is greater than the area
bounded by the hyperbola y = I/x, the x axis, and the lines x = log N
and x = logp,. (See fig. 116b, in which the shaded area is equal to this
sum.) Thus

+ (log p, — log ps)

l-%-‘1‘4--1‘—1-"'-4}-1>lnlog1\(—lnlogpl—(R—;—a) !
Pr P2 Ps P, log p,

+1
(2

To avoid using logarithms to two different bases in the same formula,
let us change to natural logarithms throughout. To transform common
logarithms to natural logarithms, we use the formula

logN=MInN,

where M = loge = 0.434. ... (See footnote on page 159.)
Thus our estimates (1) and (2) for the sum

Pr P: Ps P,
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assume the form

InInN+1InM —inlog2 + —X— + 1
log 2

1 1 1 1
>—+4+—4+—=—4+-"+ =
Py D2 D3 P,

SIninN+InM—Inlog2 — X+8
log 2

+1

(recalling that p, is the first prime, so that p, = 2). It follows from this
double inequality that there is a constant T such that S lies between
InlnN+ T and Inln N —T. For T we may take the larger of the
numbers Rf(log2)+ 1 +InM —Inlog2 and (R + a)/(log2)—1 —
In M + Inlog 2; since the constants R/(log 2), (R + a)/(log 2), In M and
In log 2 may be assigned the values 4/0.301 - - - < 134, 4.16/0.301 - - - < 14,
In0.434.-+- = —0.833:--andIn0.301 - - - = —1.20. . ., respectively, we
can take 7 = 15.
b. Let us use natural logarithms from the beginning. We write

B=-2m p _lop Inp,
21 1 21 P2

B =.[_nll+.l_w+...+_lnp"’

. 3 P P,

and introduce the differences
%, =B, —Inp,a,=8B,—Inp,,...,a,= B, —Inp,.
Let us also write
2 =B, —InN,
where p, is the largest prime < N.
It follows from Mertens’ first formula (problem 171) that all these
differences are bounded. In absolute value they are all less than

4/0.434 - -+ < 10.% Using the result of problem 172 in the same way as
in the solution to part a, we find that

e““":—l-+L+~~-+l—lnlnN=e{M+e§'v’,

j 21 P2 Pn
¢ Since
! 1 1 i/ 1 !
npy mpe L M2, ,‘=_(.°_gﬂ+$&+---+%~logm).
P P P P P

where M = 0.434 - - - (see the footnote on p. 159), and

logps | logps . logp:
x

P Pa P - Iogp,, < 4.



XII1. The theory of primes 193
where

1 1 1 1
&N = 0(1(‘—‘ - ) + %( - )
Inp, Inp, Inp, Inps

1 1
i ar—l( - _) + x,
In Pra ]l’l D,

1 1 ) w1
- + k4
(In p, InN * In N
and
1 1 1 1
e =In P:( ) +In pz( — ——)
In p, " ln D2 Inp, Inp,

1 1 1 1
=
+ e 1Inp*,,_1 In p, tinp Inp, InN

1
InN— —Inln N
* InN

1 1
=1+(ln1’2_]np1)_ + (In pg — In p,)
In py

‘4 (np,—Inp, )=+ (N —in p)—— —Inln N.
Inp, InN

In the solution to part a we showed that |¢®)] < 15 for any value of
N. Here we must show that as N — oo the sequence {¢/¥} = {&{¥) + £}
tends to a limit. To do this it is sufficient to show that each of the
sequences {&7} and {5} tends to a limit as N — oo.

As far as the sequence {5’} is concerned, the proof is very simple.
We need only use the fact that

lnln2+1—lnm—[(lnpz—lnp1) L
In2 In p,

+ (In ps —In Pz) *+(np, —Inp. )

In p,

In N —Inp,
+( P ]

1 np,
is equal to the sum of the areas of the curvilinear triangles not shaded in
fig. 116a. We see from this that —&{¥) — InIn2 + 1 increases mono-
tonically as N increases; and since the terms of the sequence remain
bounded above, it must have a limit as N— . And since —& —
Inln2 4+ 1 tends to a limit, so does &M,

We show now that the sequence ™ also tends to some limit as
N — oo. Let us write

1 1 )
o ——
1(ln pp Inp, +

_L _¢)
(lnpz In pg +
1 1
+ ak—t(— - —_) =dy

Inp,y, Inp,
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Then it is clear that if N > p,,

1 1 1 1
earalgh ) el )
Inp, Inpen Inp,; Inp.

1 1 1 1 9 1
) el i)
* 11np,_, In p, % Inp, InN * InN

But all the terms «,, a;, ..., «,; oY) lie between —10 and +10. On
substituting —10 and +10 for the «, in the appropriate parts of the last
formula, we find that

dk—l—0<£§‘”<dk+ 10

In p, In pk'

Thus all the numbers (" for which N > p, are included within a segment
of the real line of length 20/(In p;). On choosing / > k we can find a

//—;\\\

ok P 1 3 4
T LI A § T L

—

Fig. 117

f
T

segment of still smaller length within which all the &Y with N > p, are
confined; then we choose a segment of length 20/(In p,)), m > I, which
is smaller still, and within which all the & with ¥ > p,, lie, and so on.
We obtain a system of nested intervals of length tending to zero (fig. 117).
The left-hand endpoints of these intervals form an increasing sequence
of numbers, which remains bounded; the right-hand endpoints form a
decreasing sequence which is bounded below. Thus these sequences tend
to limits & and &,. Now there exist intervals of arbitrarily small length
in our system, and the limit points must both lie inside all of them. It
follows that the two limit points must coincide: & = ¢, = ¢. Itiseasy
to see that &, is also the limit of the sequence {¢{"}.

174. We need to evaluate the product

w222 (-2

where py, p,, . . ., p, are all the prime numbers not exceeding the integer
N. Taking natural logarithms, we find

lnH‘N’=ln(1—i)+ln (l—l)—f—"'—Hﬂ (l—i)-
21 § 23 py/
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X

Fig. 118

The natural logarithm In (1 — (1/p,)) is equal to the area of the curvi-
linear trapezoid APM,;Q; taken with a negative sign (fig. 118). It is
bounded by the x axis, the hyperbola y = 1/x, and thelinesx = 1 — (1/p)
and x = [ (see the definition of the function F on p. 30 and problem
154). But the area of the curvilinear trapezoid APM,Q; lies between the
areas of the rectangles APM,Q, and AP/M,Q,. Now

S(APM,/Q)=AP - QA =1" 1_1 ,
3

and
S(APMQ) = QMQA = —— = L
1L —Q@/p) p pi—1

so that

1—<—In(1——l-) < 1 .

p; p; pi —1
Let us write

—~In (1 —l) =l+ﬁ,-
pi p;

where

1 1

p— 1 p. ppi— 1D )
The formula for In IT™®) now assumes the form

0<g <

lnnt.\')z_(_l__[__l__;,.w-{——l-) — B+ B4+ B
F 2R Pr

or, if we write 1/p; + 1/p; + -+ + 1/p, — InIn N = £ (see 173b),
O™ = —InlnN — ™ — B+ B+ + B).
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As N — oo, the number &%’ tends to a limit ¢ (see Mertens’ second
formula, problem 173). We show that the sum 8, + . + -+ + B8, also
tends to a limit as N — oo. Since every g, is positive, the sums increase
with r. Therefore, to show that the sums tend to a limit, it is sufficient to
show that they are bounded above. But

8 < 1 < 1
' pip; — 1) (Ps_l)z,
so that
Bt 4+ 8 < 1 + L +“'+—'—1—
(P — 1)2 (p: — 1)2 (r, — 1)2
<ptpttE<z

(See problem 169.) So $, + Bz + - -+ + B, does tend to alimitas N— o0.
Thus as N — oo, the sum

InOW 4+ IninN=—™ —B,+ B+ +8)
tends to a limit a:
mO¥Y 4+ InlnN—>a.

On eliminating the logarithms, we find that
N N-—é,
from which the required result follows on writing ¢ for €°:

™~ ¢fin N.
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HINTS AND ANSWERS

101. Yes.

102. A network can be constructed which contains seven lines and satisfies
the conditions of the problem.

103a. Select a line g, and suppose it contains n + 1 stops. Show that (1)
there are exactly n + 1 lines through every stop not lying on a; (2) every
line contains exactly n 4 1 stops; (3) there are exactly n 4 1 lines
through each stop on the line a.

b. Use the result of part a.

104b. Show first that every point of intersection of two of the seven lines
must be one of the seven points (and that every line joining two of the
seven points must be one of the given lines).

105. The proof is by contradiction: suppose that the conclusion is false
and that outside one of the n lines (say MN) there exist other points of
intersection of the lines. Show that, given any one such point of inter-
section, it is always possible to find another, lying closer to MN. This
will imply that there are an infinity of points of intersection, and this
clearly cannot happen.

106. If the points are not all collinear, consider a triangle T with minimal
altitude formed by them. By hypothesis there are at least three points of
S on the line containing the base of 7. Using this fact, derive a contra-
diction by showing that there is a triangle with an altitude smaller than
that of T.

107. Use mathematical induction, making use of the result of problem 106.

108. There are six possible configurations consisting of four points which
satisfy the conditions of the problem. These are

(1) The vertices of a rhombus, one of whose diagonals has the same
length as a side.

(2) and (3) The vertices of a deltoid (a quadrilateral having two
pairs of adjacent equal sides), the two diagonals of which are
equal in length to one of the pairs of sides. The deltoid may be
convex or concave.

199
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(4) The vertices of a square.

(5) The three vertices and the center of an equilateral triangle.

(6) The vertices of an isosceles trapezoid whose sides are equal in
length to the shorter base and whose diagonals are equal to the
longer.

The possible values of the ratio b/a are

V3V2 13,42 ad 11+ V3.

(Here b is the greater of the two distances.)
b. The possible values of n are

n = 3: the vertices of an isosceles triangle;
= 4: the six configurations of part a;
n = 5: the vertices of a regular pentagon.

109a. One can give many examples of configurations of N points satisfying
the conditions of the problem. In finding some of these, it is convenient
to use the fact that if ¥ and v are positive integers, then

x=2u, y=|ut—1?, z=ut+1?

are the sides of a right triangle.

b. Show that if O, P, Q are three noncollinear points of the plane,
then there are at most two possible positions for a point A such that the
differences AP — A0 and AQ — AO have preassigned values. It follows
that there exist only a finite number of points whose distances from O,
P, and Q are all integral.

110. The lattice squares decompose M into pieces. Translate these pieces
so that they all lie in one lattice square and use the fact that their total area
is >1.

111a. Starting with the given parallelogram, construct an infinite network
of congruent parallelograms, including the given one, and covering the
whole plane without overlapping. Then show that the parallelograms of
this network can be divided into pieces which can be rearranged to form
the squares of the original network.

b. Show that if a polygon with vertices at lattice points is divided
into two smaller polygons, whose vertices are also lattice points and for
which the formula holds, then it holds for the large polygon as well. Then
divide the given polygon into triangles which contain no lattice points
except their vertices. By the result of part a, the formula holds for each
of them.

112. Shrink the set X to half its linear dimensions by applying the trans-
formation (x,y) — (x/2,y/2). Apply problem 110 to the set K’ thus
obtained.
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113. Suppose the radius p of the trees is greater than &. Draw through
the center of the orchard an arbitrary straight line cutting the boundary
in M and N, and construct a rectangle of width 2p having MN as the
longer midline. By Minkowski’s theorem (see problem 112) it follows
that within this rectangle there are at least two points at which trees are
planted, and these trees will block the view from the center in each of
the directions OM and ON.

If the radius of all the trees is less than 1/4/2501, then we can actually
construct a ray through O not blocked by a tree.

114. Use mathematical induction.

115, Start coloring the lines in accordance with the conditions of the
problem. In part a, no trouble can ever arise. In part b, we may come to a
line / whose four neighbors have already been colored, each with a different
color. Show that in that case we can recolor some of the lines so as to
release a color for /.

116. It is not hard to show that there are an odd number of 12-segments
on the 12-side of T: on the remaining sides of T there are no such
segments. Next, count the number of 12-sides of the small triangles.
The number of such sides which belong to 123-triangles has the same
parity as the number of 12-sides on a side of T. Since the latter is odd, so
also is the former (and therefore certainly not zero).

b. The theorem is formulated as follows:

Suppose a tetrahedron T, with vertices marked 1, 2, 3, 4, is divided
into a number of smaller tetrahedra in such a way that any two of the small
tetrahedra do not touch at all, or touch at a common vertex, or along a
common edge (but not part of an edge), or on a common face (but not
part of a face). Suppose further that all the vertices of the small tetrahedra
are numbered 1, 2, 3, or 4, in such a way that every vertex on the ijfk-face
of T is numbered i, j, or k, and every vertex on the ij-edge of T is
numbered i or j. Then at least one of the small tetrahedra is numbered
1234,

117. Use mathematical induction to prove the following somewhat
stronger assertion: If an arbitrary polygon M is divided into triangles in
such a way that no two triangles touch along part of a side of one of them,
and if an even number of triangles converges at each vertex, then all the
vertices may be numbered 1, 2, or 3 in such a way that the vertices on the
boundary of M are all numbered 1 or 2 and the small triangles are all
numbered 1, 2, 3.

118. First of all, if there are gaps between two neighboring polygons
(filled up by other polygons), then attach the gaps to the polygons. This
will give a new decomposition of the square in which the boundary between
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neighboring polygons consists of a single line. Then consider the polygon
M containing the center of the square (the polygon of rank one), the poly-
gons neighboring M, (polygons of rank two), the pelygons neighboring
polygons of rank two (polygons of rank three), and so on. Show that if
all the small polygons have no more than five neighbors, then there are no
polygons of the fifth or higher ranks. This is impossible, since polygons
of the first four ranks cannot touch the sides of the square.

119. Show that if the curve has no chord parallel to 4B and of length
either a or b, then it has no chord parallel to 4B of length a + b. For the
proof, use the fact that the hypothesis is equivalent to the statement that
the curve has no point in common with the congruent curve obtained by a
parallel displacement a distance a or b to the right.

For the proof of the second half, suppose a lies between 1/n and
1/(n 4 1) (where n is some integer). Construct a continuous curve having
no chord parallel to 4B and of length lying strictly between 1/n and
I/(n + 1). (For the construction of an example the reader should first
try small values of n.)

120a. Let 4B be a side of the convex polygon M of unit area, and C a
point of the polygon at maximal distance from AB. Show that M is
contained in a parallelogram of area < 2, one of whose sides contains 4B
and two of whose sides are parallel to AC.

b. Consider a parallelogram APQR circumscribed about the triangle
ABC of area one, so that B lies on PQ and C on RQ: show that its area
is = 2.

121a. Inscribe in the given polygon a triangle A4,4,4; of maximum
possible area, and consider separately the cases where the area of this
triangle is >4 and =< §.

b. Show first that it is impossible to circumscribe a triangle of area
less than two about a square of area 1. Then show successively that the
result continues to hold for a rectangle as well as the square, and a
parallelogram as well as a rectangle. Use the fact that under orthogonal
projection all areas are changed in the same ratio.

122a. Suppose the line / does not intersect M. Let A4 be a vertex of M as
near as possible to /, and B a vertex as far as possible from /. Let 1", /,,
and /,’ be lines parallel to / dividing 4B into four equal parts. Let [,
(nearest to A) intersect M in P and @, and let /,’ intersect M in R and S.
Show that the area of one of the triangles ARS and BPQ is at least §
the area of M.

b. Find a triangle inscribed in a regular hexagon, one of whose sides
is parallel to the side AB of the hexagon, and of maximum area.

123a. Use induction on the number » of progressions. In the proof, it
is useful to know that the greatest common divisor d of two integers a
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and b can be written in the form d = pa + gb, where p and g are integers
{not necessarily positive). The second assertion is proved by producing
three progressions, each pair of which has a term in common, but such
that all three do not have a term in common.

b. Showthatifthe common differences of two of the given progressions
are incommensurable, then they have only one term in common (which
therefore must belong to all the other progressions). If the common
differences are all commensurable, then the problem can be reduced to
one in which all the progressions consist of integers. The result of part a
can then be applied.

124a. Direct attempts to construct sequences of 1’s and 2’s without
repetitions will rapidly lead to a contradiction.

b. We introduce the following notation. Let A be some sequence of
I's and 2’s. Then A is the sequence obtained from A by replacing each 1
by the pair 12 and each 2 by the pair 21. Consider now the following
sequences of 1’s and 2°s:

I, =12,
L=1I =12 21,
L=1L=12 21 21 12,
L=I,=12 21 21 12 21 12 12 21,
—I,=1221 21 12 21 12 12 21 21 12 12 21 12 21 21 12,

I

Show that none of the sequences I, contains a block of digits occurring
three times in a row.

125a. As in the solution to problem 124b, construct sequences Jo, J; =
Jo, . . . in which J, is obtained from J, by substituting blocks of digits for
the digits of /,, as follows:

0—02
1— 0121
2 — 0131
3—03.
Thus
Jo =01,

Jy=J, =02 0121,

J,=J,=02 0131 02 0121 0131 0121,

Jo=J,=02 0131 02 0121 03 0121 02 0131 02 0121,
0131 0121 02 0121 03 0121 02 0121 0131 0121,
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Show that none of the sequences J,, contains a block of digits occurring
twice in a row.

b. We intreduce the following notation. For any sequence A of
digits 1, 2, 3 we denote by A4 the sequence obtained from 4 by substituting
certain blocks of digits for the digits of 4 as follows:

Ifin 4 a 1 stands in an odd-numbered position, replace it by 123, and
if in an even position, by 321. Similarly, if 2 stands in an odd position,
replace it by 231; otherwise replace it by 132. If 3 stands in an odd
position, replace it by 312; if in an even position, by 213. Consider now
the following sequences:

K, = 123,
K, =R, =123 132 312,
K, =K, =123 132 312 321 312 132 312 321 231,

Prove that none of the sequences X, K,, K, . . . contains a digit or block
of digits occurring twice in a row.

126. Define the number T = T, by the following construction. First
write down n 1's in a row. Since we are not allowed to have two identical
sequences of n digits in T, the next digit must be a 0. Now continue
writing zeros as long as this is possible, that is, until a further zero would
introduce two identical sequences of n digits. At this stage write a 1.
Now continue writing zeros for as long as possible. Continue in this way,
always writing zeros if possible and ones if not, until we are stuck (that is,
until we reach a point where whatever we write we obtain two identical
n-sequences). At this stage we have completed the construction of T,.
For clarity we give a number of examples.

T, = 11001.

After the two initial 1’s we write two zeros, after which we cannot write
any more zeros, and so write a 1. At this stage T, stops; we cannot write
a zero (or we get two sequences 10), and we cannot write a 1 (or we get
two sequences 11). Inexactly the same way we can construct the sequences

Ty = 1110001011,

T, = 1111000010011010111,
and so on.

It is not difficult to check that every pair (triple, quadruple) occurs
once in Ty(T,,T,). The proof of the corresponding property of T, is by
induction on the number of 1’s at the end of the n-sequence which we
are considering.
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127. It is convenient to prove the following more general theorem: if
there are mn cookies, n each of m different flavors, and if they are put into
m boxes so that each box contains n cookies, then it is possible to choose
one cookie from each box so that the chosen cookies all have different
flavors. For n = 1 and n = 2 this theorem is almost obvious. Prove it
by induction on ».

128. Assume that the theorem is true for <<m boys. Now consider
separately the following two cases:

(1) Any & boys, where k£ < m, have at least X + 1 acquaintances.
(2) Thereis a set of k boys (k < m) who have exactly k acquaintances.

In each case use the induction hypothesis.

129. Let A and B be two nonnegative integers. We write them to base 2
in the form 4 = (a,a,_," - ag), B = {(byb,_, - - by). This means that
A=a2"+a,,2"*+---+a,and B=5,2"+ b, 271 4 -+ b,
wheré the digits a, and b, are either 0 or 1 (we can suppose that at least
one of the “leading digits” a,, b,, is equal to 1, but they need not both
be 1) . We define the Nim sum A @& B to be the integer C = (¢,c,_1 " * " €,
where ¢; is 0 or 1 according as a, + b, is even or odd. For example, if
A =21, B=13, then 4 = (11011), B = (01101), so C = (10110) = 22.
The Nim sum is obtained by adding 4 and B in the base 2, but without
“carrying”.

Show that if the squares of the board are numbered as described in
the problem, then the number in the (4 4 1)st row and the (8 + D)st
column is 4 @ B.

130. Suppose the three piles contain a, b, and ¢ matches, respectively.
Write these numbers to base 2 and consider the sum of the last digits, the
sum of the next to last digits, etc. If at least one of these sums is odd, then
the first player can win. If not, then he loses to correct play by his
opponent.

131. Let x be the number of matches in the first pile and y the number in
the second pile. Suppose for definiteness that x < y. Expand x and y in
the F-system as explained on pp. 15-16. Then the first player loses if and
only if x ends in an even number of zeros (possibly none), and y = x0
(meaning that the expansion of y is obtained from that of x by adding a
zero at the end). For example, the first few losing positions are
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or in the F-system,

x 1 100 101 1001

¥y 10 1000 1010 10010.

132, Use De Moivre’s formula
(cos « + isin a)® = cos na + i sin na.

133. Use the formula of problem 132b.

To solve the second part of the problem, use the fact that cos ¢
assumes its maximum and minimum values when ¢ is a multiple of =, and
the value 0 when ¢ = #/2 4 kw, where k is any integer (not necessarily
positive).

134. The polynomial x* — }, whose deviation from zero is $.

135. Consider the polynomial
1
23—1

where P,(x) is any polynomial of degree n with leading coefficient 1 whose
deviation from zero on the segment [— 1,4 1] does not exceed (#)*~!. Risa
polynomial of degree < n — 1. Find points where R must be positive
and points where it must be negative, and deduce that the curve y = R(x)
cuts the x axis at least n times. This means that the polynomial R of degree
less than » has at least » roots. It follows that R = 0, that is, P,(x) =
(3)*'T,(x). Examine separately the cases where the deviation from
zero of P,(x) is less than ()" and equal to ().

R(x) = Pu(x) — T (x),

136. The required polynomials are 2T,(x/2), where n is arbitrary and T,
are the Tchebychev polynomials (see problem 133); the deviation from
zero of all of them on the interval {—2,+2} is 2. The result of problem
135 is used in the solution.

137. The polynomial
(x —0Xx —2D(x —3)--(x—n)

n_!{(x — D = Yx = x—m)
z n! 11 (n — D!
+(x—0)(x—1)(x_3).‘.(x_n)
21(n —2)!
+...+(x—0)(x—IXx;'Z)"-(x—-n—l)}’

whose deviation from zero is n!/2".
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For the proof, use the formula

P(x) — (_l)nP(O) (X _ 1)(X —_ 2)(X — 3) e (x — n)

n!
_ —0)x —2(x —3) - (x —n)
—1y=ip(1) &
+ (—D)"P(D) =i
_ —0)x —1D)x—3)---(x —n)
_1 n- 2P 2 (x
+ (=1)"*P2) 31— 2)1
EEPI _i_P(n)(xHO)(x—l)(x _n,Z).”(x —n _1),
where P is an arbitrary polynomial of degree »n, and P(0), P(1), P(2),...,P(n)
are the values it assumes at the points 0, 1, 2, 3, . . ., n, respectively.

138. If there is no point M on a line segment of length / such that
MA, - MA, -+ - MA, > 2(I{4)", then A;, A, ..., A, all lie on the
segment, at distances (//2) cos #{2n, (I/2) cos 3=[2n, (1/2) cos 5=[2n, . ..,
(1/2) cos (2n — 1)n[2n from its center.

For the solution, use the geometric representation of complex num-
bers: if the points A4;, A,, ..., A, correspond to the complex numbers
%, %g, ..., %, and M to the complex number z, then the product
MA, - MA, - -+ MA, is equal to the absolute value of the polynomial
(@ — )z — %)z — ag) * - * (z — =) of degree n with leading coefficient
1. Now use the result of 136.

139. Use the geometric interpretation of the sine and the tangent as twice
the area of certain triangles connected with the unit circle.

140. (4)" sin «/sin («/2"). Multiply the expression by sin («/2").

141a. (2m1+ l)x"‘ — (2m3+ l)x”‘-l + (2”’5_*— l)xn—z — e =0.

Use the formula of 132a, taking n = 2m + 1.

n__ n n—1_(n) n—2 (n) n—3 (n) n—4 __ .. =
b. x (])x 2x +3x +4x 0.

Use the formula for cot nax which follows from the formula of problem
132¢.
¢, d. The equations

(2714)(1 _ X)m_l _ (2’")(1 _ x)m_zx + (2}")(1 _ x)m—axz — =0
1 3 5
and
2m 2m
respectively. Use the formulas of problem 132a and b, putting n = 2m.
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142a. Use the result of 141a.
b. Follows from the identity of part a.
¢. Use the result of problem 141b.

143. Use the results of problems 14lc and d.
144a. In the identity of problem 140 put « = #/2 and let n — o
b 33
47

145a. Use the result of problem 139a, together with 142a and b.
b. 7#/90. Determine the sum of the fourth powers of the cotangents
and cosecants of the angles #/(2m + 1), 27/2m + 1), ..., mm{(Zm + 1).

146a. The solution is similar to that of problem 145a.

b ™
g
147. Consider the following two expressions, which are suggested by
Wallis’ formula:

sin 2#/4m sin 2w/4m sindn/4m sind4m/dm  sin Qm — 2)n/dm
sin w/4m sin 3w/4m sin 3w/4m sin 5w/dm sin 2m — 3)w/dm

% sin 2m — wjdm
sin(2m — Dw/4m

and

sin 27r/4m sin 4w/4m sin 4x/4m sin 6m/4m  sin 2m — w/2m
sin 3w/4m sin 3w/4m sin Sw/4m sin S#/dm sin(2m — )=/4m

sin 2mx/4m
sin (2m — Dmfdm’
Then use the result of problem 139b.

aS
148. —.
3

149a. 2.
a
b. 2sin®-.
sin® 5

150a. (b™tt — a™Y{(m + 1). Divide the side 4D of the curvilinear
trapezoid ABCD (where OA = a, OD = b) into segments 4AM,, MM,,
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MMs,, ..., M, ;D in such a way that

—_— = P = e =

a OM, OM, oM, ;"
pm+t
m+1 :
151. If 04, = a;, OD, = b,, OA; = a;, OD, = b,, divide the segments
Ay D, and 4,D, into n equal parts and replace the curvilinear trapezoid by
a stepped figure.

152. Use the result of problem 151.

b.

153. Use the fact that F(z) is a continuous and increasing function of its
argument z.

154. Show first that for any «, F(2*) = «F(2).
155. 3In2 — 2 (use problem 154).

156. 2In 2 — 1. The outcome of the experiment can be described by the
point (x,y), where x is the smaller of the two segments obtained by
breaking the rod the first time, and y is the fraction then broken off from
the bigger segment. (Thus0 =< y =< 1.) The possible outcomes (x,y) form
a rectangle R, and the problem is to find the area of the subset of R formed
by the favorable outcomes.

157. Apply the result of problem 149b.

158a. Use the result of problem 154.
b. 1/ln a. Use the result of part a.
¢ Ina. Use the result of problem 154.

159a. (@® — 1)/(In @). The proof requires the result of problem 158¢c.

b. (¢Ind — b 4 1)f(Ina). This result may be deduced from the
formula of part a or established independently by the method used for the
solution of 150a. (See the hint to that problem.) If the second method
is used, the result of problem 158c will be needed.

160. 4 In a (log, b)®2. The solution to this problem is analogous to the
second solution of problem 159b.

161. Use the result of problem 150b.

162a. It is sufficient to show that if n > m, then niln(l + 1/n) >
mln (1 4 1/m). Use the result of problem 154.

b. Showthat (n + Din (1 + /) > (n + 2)In (1 + 1/(n + 1)); use
the result of problem 154,

163. Consider separately the cases where z is positive and negative; use
the result of problem 154,
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164. Use the result of problem 163.

165. Evaluate the area of the curvilinear triangle bounded by the x axis,
the curve y = In x, and the line x = » using two different methods. In
one case start by considering the area of a trapezoid inscribed in the
curve, in the other, circumscribed. Use the result of problem 159b.

166a. The solution is based on that of 165.
b. Use Wallis’ formula (problem 147).
167. Use the result of problem 154.
168. Use the result of problem 160.
169. Use the result of problem 150a.
170. Estimate by two different methods the value of the quantity (2:) =
% . Specifically, show that

< (2") <2
n

and

nv(zn)—r(n) < (2") < (Zn)r(zn)'
n

171. Let py, p,, ..., p, be all the primes not exceeding the integer N;
suppose the prime decomposition of N! is of the form N! = p,p," - -+ p.*r.
Then, as may easily be shown,

o [ [ [2]

£ 3

where [x] is the integer part of x. Using this expression, we may obtain
an estimate for log N! in which the sum (log 2)/2 + (log 3)/3 4 (log 5)/
5 4 +++ + (log p)/p required by the problem appears. It will also be
necessary to use Tchebychev’s theorem (problem 170).

The second estimate for log N! may be obtained from the result of
problem 165. Finally, compare the two estimates obtained for log N!.

172a. Express the numbers by, b,,..., 5, in terms of the numbers
By, B,, ..., B, and substitute for them in the sum S.

q" q" —1

b (1) - -4 ——,

g—1 (q¢—1°

n’q"  (2n—1)g"+1  2q" —2
q—1 (g—1° (q—1

2



Hints and answers 211

173. Apply the formula of problem 172atothesumj +§ + 3 + ¥ 4 ---
+ 1/p and use Mertens’ first theorem (problem 171). It will also prove
necessary to use certain estimates similar to those of problem 167.

S0 96-D0- 362
RN AT
+1n(1 —1—11)—2—"'—1-111 (1—11’).

To obtain an estimate for the right-hand side, use the geometric definition
of the natural logarithm (see problems 151-154). Finally, use Mertens’
second theorem (problem 173).
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