After completing this chapter you should be able to:

e Write down a complex number, z, in modulus-
argument form as either z = r(cos 6 + i sin 6) or
z = re,
where ris the modulus of zand 6 is the argument of
zZ,and — 7 <0<

e Apply de Moivre’s theorem
o to find trigonometric identities

o to find roots of a complex number

Represent loci and regions in the Argand diagram
Apply transformations from the z-plane to the
w-plane

Further complex
numbers

In this chapter you will build on and develop further
the work learnt on complex numbers in FP1. You will
be applying complex numbers to both trigonometry
and coordinate geometry.

The image of a Mandelbrot set, first seen in 1980 is
a set of points generated using complex numbers.
These points are plotted on the Argand diagram to
give an image whose boundary forms a fractal. No
matter how many times you magnify the boundary
you will continually find new patterns, new images
and new rich geometrical structures emerging.



Further complex numbers

3,1 You can express a complex number in the form z = r(cos 6 + i sin 6)

The modulus-argument form of the complex number z = x + iy is

z = r(cos 0 + isin 6) It is important for you to remember this formula.

where

B 1, a positive real number, is called the modulus and

B 0, an angle such that when —7 < 0 < =, @ is called the principal argument.

Y1 From the right-angled triangle,
x =rcos fand and y = rsin 6.
r=|z| = /x? + y?

Y Note that 6, the argument, is not unique. The argument
6 [ of z could also be 0 = 27, 0 + 4, etc.

2(x, y)

To avoid duplication of 6, we usually quote 6 in the range
—m < 0 < 7z and refer to it as the principal argument,
‘arg’, ie. 0 = arg z.

z = r(cos 6 + isin 6) is correct for a complex number in any of the Argand diagram quadrants.

Example [£}

Express z = —/3 + i in the form r(cos 6 + i sin ), where —7 < 6 < .

Sketch the Argand diagram, showing
the position of the number.

1 Nrgz
T a Here z is in the second quadrant so the

v3 O X required argument is (7 — «).

= Find r and 6.

Therefore, z = 2(005 b + i sin 5—77) Apply z = r(cos 6 + i sin 6)
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Express z = —1 — i in the form r(cos 6 + i sin 6), where —7 < 6 < 7.

Sketch the Argand diagram, showing
the position of the number.

C a 10 x
1 Here z is in the third quadrant so the
' arg z required argument is —7 + .

(-1, —1)

r=y(—12+ (12 =v2

0=argz=—7+ tan' (%)Z_W‘F%:—%’- Find r and 6.
Therefore, z = V2 (005 (—ZTW) + i sin (—5777) Apply z = r(cos § + i sin 6)

3,2 You can express a complex number in the form z = re'’,

In chapter 6, (and in your formula book), you will find the series expansions of cos 6 and cos 6.
They are

4 —1)\r p2r
02, 0" 60 L Do

=]1-—=4+—=—-—=+4+...... + ...
os6=1-21* 4 "6l @)

_p_ P ¥ (—1) ¢!
sin 0 = 3] + 51 7] + @i

Also, for x € |, the series expansion of e* is

_ x2  x3  xt %
e"—1+x+Z+§+I+§+ ...... + =+ ......

It can be proved that the series expansion for e* is also true if x is replaced by a complex number.
If you replace x in e* by i6 the series expansion becomes

i0)> (10  9)* (i)  (i0)°
St e T T oE T

262 | 303 | ite* | i%6° , i%0°
or Tar T A Tar ter

2 103 4 105 6
6= 16>, 0", i0° 6>

el =1+i6+

:1+16_Z_§+4! ﬁ 6! ......
— _6* 6t 6 o0 00



Further complex numbers

By comparing this series expansion with those of ® and @ you can write e’ as

This formula is known as Euler’s relation.
It is important for you to remember this result.

el = cos 0+ isin 6

You can now use Euler’s relation to rewrite z = r(cos 6 + i sin 6) as

7 = reif This is the exponential form of the complex
number z.

where r = |z| and 0 = arg z.

I 3 |

Express z = 2 — 3i in the form re!’, where —7 < 6 < m.

Sketch the Argand diagram, showing the
position of the number.

Y
7 L
ON\a ' X
/argzi
'3
: 9 _3 Here z is in the fourth quadrant so the
22, =3) required argument is —a.
F= /(2T ()2 = V13
0=argz=—tan" (%) = —0.98 (2dp) Find rand 6.

Therefore, z = V13 ¢~ 098

Apply z = re®’.

In Chapter 8 of Core 2, you learnt the following properties which will be helpful to you in this
chapter:

cos (—6) = cos 6 and sin (—6) = —sin 0

Example [}
Express

— 1 . . i — ﬂ'_ . . ﬂ' . io _ <
az \/Z(cos 1 isin 10) bz=5 (cos g —ising )mtheformre where —7 < < .

_ T T
a z \/5(00510 |5m10)

Compare with r(cos 6 + i sin 6).

50,r=\/§and0=%.

Therefore, z = V2 €0 Apply z = rei.




b z=5(coag—i5ing)

/ Apply cos (—6) = cos 6 and sin (—6) = —sin 6.

Z= 5(606 (—g) + isin (—g)) *——— Compare with r(cos 6 + i sin 6).

= = 0
So, r=5and 0 X

Therefore, z = Be & Apply z = re'.

3
Express z = v2 e 4 in the form x + iy, wherex €[ Jandy €[ |.

2 =3 6% Compare with re".
=V2and = 5—77
z=V2 (005 STW + isin %T) Apply r(cos 6 + i sin 6).
1 o 1 37 _ _ 1
2 —+ti— Appl cos————and sin =% = ——.
z' 2 PPy % 472
Therefore, z = —1 + i Simplify.
Example 3
237
Express z = 2e 5 in the form r(cos 6 + i sin 6), where —7 < § < 7.
257 :
z=2e 5 Compare with re'’.
So,r=2and = 2577
5
— 2w - iy - i Continue to subtract 27 from f until 27 < 6 < =

5 5 5

- om om
z \/E(coe = + i sin 5)

Apply z = r(cos 6 + i sin 6).
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Example

Use €'’ = cos 0 + i sin 6 to show that cos 6 = 2(e' + ™).

e’ = cos 6+ isin 6 @
0 =¢7% = cos (—6) + i sin (—6)
So, e "= cos 0 —isin b )

Adding ® and @ gives T ———— Use cos(—6) = cos @ and sin(—6) = —sin 6.

e+ e =2cos 6. Divide both sides by 2.

Hence, cos 6 = 1 (¢ + ¢7%), as required.

1 Express the following in the form r(cos 6 + i sin 6), where —7 < 6 < 7. Give the exact values
of r and 6 where possible, or values to 2 dp otherwise.

a7’ b -5i c V3 +i d2+2i e 1-i
f -8 g3 —4i h -8 + 6i i 2-V3i

2 Express the following in the form x + iy, wherex €[ Jandy €[ _|.

a 5(cosg+ising> b %(cos%’#isin%’)
c 6(Cos%7+isin%7) d 3(COS(—2?7T) +isin(—23—77))
e 2\/§(C05<—g) +isin(—g)) f —4(cos%7+isin—%”)

3 Express the following in the form re'’, where —m < § < 7. Give the exact values of r and 6
where possible, or values to 2 dp otherwise.

a -3 b 6i c —2/3 - 2i

d -8+i e 2-5i f —2/3 +2/3i
o T - T o T

g\/g(cosz+1smz) h8(cosg 151n6) i 2(cos5 151n5)

4 Express the following in the form x + iy wherex €[ Jandy €[ |.

s . i
a el b 4e™ c 3V2e4
i _mi ST
d 8e® e 3Je 3 feo
) 37 _4m
ge™ h 3/2e 4 i 8e 3
5 Express the following in the form r(cos 6 + i sin ), where — 7 < § < =&
16m, 177, _9m,
aeb b 4e 5 c Se 8

6 Usee'’ = cos 0 + isin 6 to show that sin 6 = % (el — e 1),




3.3 You need to know how multiplying and dividing affects both the modulus and
argument of the resulting complex number.

For the following proofs you need to apply the following identities found in the Core 2 and
Core 3 sections of your formula book:

sin (6, = 6,) = sin 6, cos 6, = cos 6, sin 6, @
cos (6; = 6,) = cos 6, cos 6, * sin 6, sin 6, ©

cos? 6, + sin? 6, = 1 (6]

Multiplying complex numbers z; and z,
If z; = ry(cos 6, + isin 6,) and z, = r,(cos 0, + isin 6,), then

712, = 11(cos 6; + i sin 6;) X ry(cos 6, + i sin 6,)

rir,(cos 6; + isin 6;)(cos 6, + i sin 6,)

r11,(cos 6, cos 6, + i cos 6, sin 6, + isin 6, cos 6, + i? sin 6, sin 6,)
= r11,((cos 6; cos 6, — sin 6, sin 6,) + i(sin 6; cos 6, + cos 6, sin 6,))
= 1,1,((cos 0, cos 0, — sin 0, sin 6,) + i(sin 6, cos 6, + cos 6, sin 6,))
= nry(cos(0, + 6,) + isin(6; + 6,)), using identities @ and (®.

Therefore the complex number z,z, = ryr,(cos(6; + 6,) + isin(6; + 6,)) is in a modulus-
argument form and has modulus r,r, and argument 6, + 6,.

Also, if z, = r,e'” and z, = r,e'” then

212, = (re")(re'®)
= et it

— rlrzei(‘)l +6,)

Therefore the complex number z,z, = r;r,e'® %

rr, and argument 6; + 6,.

is in an exponential form and has modulus

Dividing a complex number z; by a complex number z,
If z; = ry(cos 6, + isin 6,) and z, = r,(cos 0, + isin 6,), then

z; _ ry(cos 0, + isin 6;)
Z2  ry(cos 6, + isin 6,)

r,(cos 6, + i sin 0,)
r,(cos 6, + isin 6,)

ri(cos 6; +1isin 6;) _ (cos 6, — isin 6,)
r,(cos 6, + isin 0,)  (cos 6, + i sin 6,)

r,(cos 6, cos 6, — i cos 6, sin 6, + i sin 6, cos 6, — i? sin 6, sin 6,)
r,(cos 6, cos 6, — i cos 6, sin 6, + i sin 6, cos 6, — i? sin 6, sin 6,)

r1((cos 6, cos 6, + sin 6, sin 6,) + i(sin 6, cos 6, — cos 0, sin 6,))
r,(cos? 0, + sin? 0,)

= % (cos(6, — 6,) + isin(6; — 6,)), using identities @), B and (®.
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Therefore the complex number% = :—; (cos (6; — 6,) +isin(6, — 6,) is in modulus-argument

.
form and has modulus r—; and argument 6, — 0,.

Also, if z; = re'” and z, = r,e'® then
Z, rlewl
r,e

n eifio =10

_n ol 16,
Iy

=N Giei- )
§)

LT b . . r
Therefore the complex number Z—; = r_; e~ % is in an exponential form and has modulus r—;
and argument 6, = 6,.

In summary, you need to learn and apply the following results for complex numbers z; and z,:

B |217)] = |z]|z)] When you multiply z, by z,
e you multiply their moduli and
B arg (z:2) = arg () + arg (2,) i

e add their arguments as shown.

n _lzl
Z2 |zz| When you divide z;, by z,
e you divide their moduli and
B arg (;_;) = arg (z;) — arg (2,) e subtract their arguments as shown.
PENIY 8 |
S ) .

X .

Express 3(cos 1y Tisingd 4(cos {5 +isin 12) in the form x + iy

o ) ™ ™
5(005 7 + i sin (coe + i sin 12)
— 4T 5 Apply the result,
=) (605( 2) 51”( " 12)) 2,2, = nry(cos(fy, + 6,) + isin(6; + 6,)).
S 77. . .
=12 (coa = +isin §) Simplify.
=12 (0 +i(1)) Apply cos 5 = 0 and sin 7= 1.

= 12i




’ —f Example B

= 2(3) (coa (15 2577) + i sin (%

-ofcs (-5) + 150 (-3

a
. x/i(cos 12+151n 12)
Xpress < S
Z(COS %T +isin ?77)

\/E(coe— + i ain —)

2(005 “Z 4+ igin —)

27 2T :
Express Z(COS 15 +isin ﬁ) X 3((:05 5 —isin ?) in the form x + iy.

27 27

Z, = 3| cos &~ — isin =~

2 2 5 5

2(005 B el E) X 5(605 5 ) elly 5 ) must be written in the form
Z, = ry(cos 6, + isin 6,).
2 2
= TF X =4 + —
2(009 5 i sin 15) 5(005( 5 ) [5[}’1( 5 ))

Use cos(—6) = cos 0 and
sin(—6) = —sin 6.

2) )
5
Apply the result,
— 212 = r1r2(COS(9-| i 02)
+isin(0, + 6,)).

Apply cos (—%) 12
n(-3)= -7

in the form x + iy.

By applying the result,

_ 5_77>) — 4_ %(cos(61 — 0,) + i sin(6, — 6)).

6) Z;
Simplify.
Apply cos (—3777) = —% and
in(-37) = - L
sn (-32) = L
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1 Express in the following in the form x + iy.

a (cos 20 + isin 26)(cos 30 + i sin 36)

37, i 37 87 . . . 8w
b (COSH+ISIHH)(COSH+ISIHH)

c 3(C05g+ i sin g) X Z(COS% +isin %)

d \/E(cos (I—ZT’) +isin (_—277)) X \/§(cos7§“r i sin g)

—_

e 4{cos [=57) + tsin [597] x 5 cos (537 + sin (37

9 18
f 6(C051+isinl) X S(Cosﬂ+isin7—7) Xl(cosz—”Jrisinz—W)
10 10 3 3 3 5 5
g (cos 40 + isin 46)(cos 0 — isin 0)
g . T T _iin T
h 3(Cosﬁ+1smﬁ) X \/f(cosg 151n3)
2 Express the following in the form x + iy.
cos 560 + isin 560
Ccos 20 + isin 26
T 4isin®
\/E(cos 5 *isin 2)
1 T i ocin T
E(cos 7 Tisin Z)
T | s owin T
3(COS 3 +isin 3)
¢ S ;o S
4(cos 6 +isin ?)
d os 260 —isin 26
cos 30 + isin 36
3 zand w are two complex numbers where
z=-9+3V3i, |w| = \/§andargw=i—g.
Express the following in the form r(cos 6 + i sin 6),
a z b w, c w, dzZ,

where — 7 < 0 < m.




3.4 You need to be able to prove that [rcos 0 + i sin 0)]" = r"(cos nd + i sin no)
for any integer n.

If z = r(cos 6 + i sin 6), then
72=2zXz=r(cos 0+ isin #) X r(cos 6 + i sin 6)
rr(cos 6 + 6) +isin (0 + 6))

r’(cos 26 + i sin 20), By applying the result,
Z2Zy = r1r2(COS(91 aln 02) i iSin(01 ar 02))

23 =72 X z=r*cos 20 + isin 26) X r(cos 6 + isin 6)
r’r(cos 20 + 0) + isin (20 + 0))

r¥(cos 36 + i sin 36) By applying the result,

3(cos 360 + isin 36) X r(cos 6 + i sin 6) 712, = nr(cos(ty + 0;) + i sin(6h + 62))
= rr(cos 36 + ) + isin (30 + )

= r*(cos 46 + isin 40) By applying the result,
212y = I‘1r2(COS(91 + 92) + iSin(01 + 02))

=73 X7z

The above results show that

o z! = [r(cos  + isin 6)]' = r(cos 6 + i sin 6)

o 72 = [r(cos 0 + isin 0)]> = r*(cos 20 + i sin 26)
o 73 = [r(cos 0 + isin 6)]*> = r*(cos 30 + i sin 36)
o z* = [r(cos 6 + isin 6)]* = r*(cos 40 + i sin 46)

Therefore it follows that the general statement for any positive integer, n is

B 7" =[r(cos 0 + isin 6)]" = r"(cos n6 + i sin nb) This is de Moivre’s theorem.
It is important for you to

It will be shown that de Moivre’s theorem is true for any integer n. ~ femember this result.

Proof of de Moivre’s theorem when n is a positive integer

You can use the method of proof by induction (found in FP1) to prove that
[r(cos 6 + isin 6)]" = r'(cos nf + i sin nd) is true for all positive integers.

n = 1; LHS = [r(cos 6 + isin 6)]' = r(cos 6 + i sin 6) 1. Basis Step
RHS = r'(cos 10 + i sin 16) = r(cos 6 + i sin 6)

As LHS = RHS, de Moivre’s theorem is true for n = 1.

Assume that de Moivre’s theorem is true forn =k, k € [_|'. 2. Assumption Step
ie.  [r(cos 6 + isin 6)]F = *(cos kO + i sin k6)

With n = k + 1, de Moivre’s theorem becomes: 3. Inductive Step

[r(cos 6 + isin 6)]*"! = [r(cos 6 + i sin 6)]* X r(cos 6 + i sin 6)

r*(cos k6 + i sin k6) X r(cos 6 + i sin 6) —— by assumption step
= r**1(cos k6 + i sin k6)(cos 6 + i sin 6)

**1(cos k@ + 6) + isin (k@ + 6)) ——— from section 3.3

= r**Y(cos(k + 1)0 + i sin (k + 1)6)

Therefore, de Moivre’s theorem is true when n = k + 1.
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If de Moivre’s theorem is true for n = k, then it has been

4. C lusion St
shown to be true forn = k + 1. onclusion Step

As de Moivre’s theorem is true for n = 1, it is now also true
foralln ... 1and n €[ | by mathematical induction.

Proof of de Moivre’s theorem when n is a negative integer

We will now prove that [r(cos 6 + i sin 6)]" = r"(cos n +i sin n6) is true for all negative integers.
If n is a negative integer, it can then be written in the form n = —m, where m is a positive integer.
LHS = [r(cos 6 + i sin 0)]" = [r(cos 6 + i sin )] ™

_ 1
[r(cos 6 + isin 6)]™

_ 1 Applying de Moivre’s theorem for
r"(cos mf + i sin mo) positive integer m.
1 (cos m6 — i sin m#)

N r(cos mé + i sin m@)  (cos m6 — i sin méo)

_ cos mé — isin mé Difference of two squares.
r"(cos? m@ — i? sin? m6)

Identity cos® mé + sin> m = 1
(cos m6 — i sin m#) /

1
" (cos? m0 + sin? mo) ~m

L
=71 " (cos mo — i sin mo)

Using cos 6 = cos(—6) and

=r " (cos (—m@) + isin (—m@))———  sin 6= —sin(—0).

= 1" (cos nf + i sin ng) = RHS Applying m = —n.

Therefore, we have proved that de Moivre’s theorem is true when # is a negative integer.
Also for,
n=0; LHS = [r(cos 6 + isin 6)]° = 1
RHS = 7° (cos 0 + isin 0) = 1(1) = 1

As LHS = RHS, de Moivre’s theorem is true for n = 0.
Therefore we have proved that de Moivre’s theorem is true for any integer n.
de Moivre’s theorem can also be written in exponential form.
If z = r(cos 6 + isin 6) = re"

7" = [r(cos 6 + i sin §)]" = [re?]"

= 7'(e")" = r'e!" Applying (x%)° = x.

= r*(cos n6 + i sin no)

Therefore [reiﬁ]n = leind . This is de Moivre’s theorem,
stated in an exponential form.
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Example K]

97 4 isin 97
(COS 17 + 1sin 17

2 277)3 '

Simplify
cos 77 — isin 3=

cosv-l-lamﬁ
2w _ . . 2m\°
(coeﬁ i sin 17)

[coo 57 +ion )

o100 5]

I 4 i gin 20
00617 i sin 7

_2m\ _ i ginf 27V’
[ 2] 10 2]

45 . A5

_ coomg tisin=gm >
_6_77) Yisi (_6_77)
605( | oln 17

17
457 _677') n iem(45ﬂ' _ _677)

- 606(—17 77 17

Slar Slar

17

= Uyl i 2000
(070}2) 17 1 5N 17

= cos 5T + i sin Sb/
= cos m + isin aw— N

5
(005 ?—;T + i sin ‘?—;T)

Therefore, > o3 = —1.
T _ i gin &7
(005 W 1 oln 17 )

2(1,V3)

argz |

Apply cos(—6) = cos 6 and
sin(—6) = —sin 6 to the denominator.

Apply de Moivre’s theorem to both the
numerator and the denominator.

By applying the result,

j—l = cos(fy — 6,) + i sin(6, — 6)).
Simplify.

Subtract 27 from the argument.

Apply cos = —1 and sin 7= = 0.

Express (1 + v3i) in the form x + iy wherex €[ Jandy €[ ].

Firstly you need to find the modulus and
argument of 1 + v/3i.

You may want to draw an Argand
diagram to help you.
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r=vi2+ (VB3)° = V& = Find r and 6.
0=argz=tan (g) =

So, 1+ V3i = 2(0067—T+ i sin 7—7)

Apply z = r(cos 6 + i sin 6).

DJ|=]

3 5}
7 _ 17
(1+v3i)' = [ (0055 + i sin 5)]
=2 (606 %T + isin 7%7) Apply de Moivre’s theorem.
= 512(005 %T + i sin %T) \ Subtract 27 from the argument.
_ 1, (V3)). 7 _ 1 andsin T = Y3
512(7 (7)) Apply cos 37 and sin 3~ 2"
Therefore (1 + V31)° = 256 + 256V3!.
1 Use de Moivre’s theorem to simplify each of the following:
a (cos 6 +isin 6)° b (cos 30 + isin 36)*
5 8
c (cos6+1s1n6) d(cos3+1s1n3)
27 2T s 15
e (cos?+1sm?) f (cos 10+1smﬁ)
cos 50 +isin 50 (cos 26 + i sin 26)7
8 C0s26 +isin 26 (cos 460 + isin 46)3
; 1 . (cos 260+ isin 26)*
(cos 20 + i sin 26)® (cos 30 + i sin 36)®
cos 56 + isin 56 cos § —isin 0
cos 30 + isin 360 Ccos 20 — isin 26
(cos %T + isin %T)
2 Evaluate 2
_ T
(cos 3 i sin 13)
3 Express the following in the form x + iy where x €[ Jandy €[ ].
a (1+1i)p b (-2 + 2i) c (1-i)F
d (1- /308 e (2-131) f (-2/3 -2i)°

4 Express (3 + 3i)’ in the form a + bv/3i where a and b are integers.
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3.5 You can apply de Moivre’s theorem to trigonometric identities.

your formula book.

Express cos 36 in terms of powers of cos 6.

(cos 6 + i sin 6)° = cos 30 + i sin
= cos® 0 + °C, cos? 0 (i sin 6)
+ 2C, cos 0 (i sin 0)? + (i sin 6)°

Equating the real parts gives

@+b)'=a"+"Ca" 'b+"Cra" P’ +"Cya" b +

——
= ¢0s° 0 + 3i cos? 0 sin O + 32 cos O sin? O + i° sin® 9/

c0s° 0 + 3icos® 0sin 0 — 3 cos Osin® @ —isin® @ e———

You need to be able to apply the following binomial expansion found in the Core 2 section of

de Moivre’s theorem.

Applying the binomial
expansion to

(cos 6 + i sin 6)> where
a = cos §and b = isin 6.

Simplify.

Applying i2 = —1 and
=i,

0530 = cos® 6 — 3 cos 0 sin? 0
= c0s° 0 — 3 cos 0 (1 — cos® 6)

=052 0 — 3 cos O+ 3 cos® 0

Express
sin 66

a cos 66 in terms of powers of cos 6, b =——,
sin 6

(cos 0 + isin 6)° = cos 60 + i sin 60 «

= c0s® 0 + °C, cos® (i sin 0)
+ ©C, cos* H(i sin 0)?
+ ©C, cos® (i sin 0)°
+ ©C, cos? H(i sin 6)*
+ ©C5 cos (i sin 6)° + (i sin 6)°

= c05% 0 + Gi cos® O sin O + 152 cos* O sin?  «¥—-——
+ 201 cos® 0 sin® 0 + 15i* cos? O sin* 0
+ 6i° cos 0 sin® 6 + i sin° 0

= c05° 0 + Gi cos® O sin O — 15 cos* O sin® @ ———F——
— 20i c0s® 0 sin® 0 + 15 cos? 0 sin* 0
+ Gi cos 0 sin® 0 — sin® 0

=4 c0s° 0 — 3 cos 6 \
Therefore, cos 30 = 4 cos® ;M

Note for the LHS that the
real part of

cos 360 + isin 360 is cos 36.
Apply sin2 § = 1 — cos? .
Multiplying out brackets.

Simplify.

0 # nm, n €| | in terms of powers of cos .

de Moivre’s theorem.

Applying the binomial
expansion to (cos 6 + i sin 6)3
where a = cos § and b = i sin 6.

Simplify.

Applying i = =1,3 = =i, i* =1,
=i, andi® = —i.




a Equating the real parts gives
‘

cos 66 =

c0s® 0 — 15 cos” 0 sin® 0
+ 15 cos? 0 sin* 0 — sin® 0

cos® 6 — 15 cos* 0 (1 — cos® 0) ————

+ 15 cos? §(1 — cos? )?
— (1 — cos? 0)°

cos® 0 — 15 cos* 6(1 — cos? 0)
+ 15 cos® (1 — 2 cos? 6
+ cos* 0) — (1 — 3 cos” 0

+ 3 cos* 6 — cos® 0)

c0s® 0 — 15 cos® O + 15 cos®  ————

+ 15 cos® 0 — 30 cos”* 0
+ 15 c0s® 0 — 1 + 3 cos? 6
— 3 608" 0 + cos® 6

32 c0s® 0 — 48 cos* 0

+ 18 cos? 6 — 1

Therefore, cos 60 = 32 cos® @ — 48 cos™* 6

+ 18 cos? 6 — 1.

b Equating the imaginary parts gives

¢
sih 60 = 6 cos® O sin O — 20 cos® 0 sin® 0

50 EN60 _ 5 05 9 — 20 cos? O sin? 6

sin 6

Therefore,

+ 6 cos O sin® 6

+ 6 cos 0 sin* 0

T

= 6 c03° 0 — 20 cos® O(1 — cos? 6)

+ 6 cos O(1 — cos? 6)?

= 6 c0s° 0 — 20 cos® O(1 — c0s? ) —r——

+ G cos O(1 — 2 cos? 6
+ cos” 6)

=6cos° 0 — 20 c0s° 0+ 20 cos® e

+ G cos 0 — 12 cos® 0
+ 6 cos® 0

=32 cos°®  — 32 cos® 0 + 6 cos ———

—

sin 66 _ 32 cos® 0 — 32 cos® 0 + 6 cos 6.

sin 0

Further complex numbers

Note for the LHS that the real
part of cos 66 + i sin 66 is
cos 66.

sin2 =1 — cos? 6,
sin* 6 = (sin? 6)? and
sin® 6 = (sin? 6)3.

Multiplying out brackets.

Applying a cubic binomial
expansion.

Expand brackets.

Simplify.

Note for the LHS that the
imaginary part of
Ccos 66 + isin 60 is sin 66.

Dividing both sides by sin 6
gives

sin* 6 = (sin? 6)? and
sin2 @ =1 — cos? 6.

Multiplying out brackets.

Expand brackets.

Simplify.




Now we will investigate finding trigonometric identities for sin” # and cos” § where n is a
positive integer.
Applying de Moivre’s

If z=cos 0 + isin 6, then theorem.

| .. -1 _ _ s i . .

7 =2 =(cosf+isinf) " = (cos(—16) +isin (—16)) = cos § 151n6~ﬁ

It follows that Using cos 6 = cos(—6)
and —sin 6 = sin(—0).

Z+%=C050+iSin0+C050—iSin0=2C050

1 Applying de Moivre’s
2—7=C050+isin0—(cosO—isin f) = 2isin 0 theorem.

Applying de Moivre’s

7" = (cos 6 + isin )" = cos nf + i sin nb theorem.

2_1” =7"=(cos §+isin 6" = (cos(—nb) + isin(—nh)) = cos nh — isin na-—’
It follows that Using cos 6 = cos(— )
and —sin 0 = sin(—#).
z"+Z—1n= cos nf + isin nf + cos nf — i sin nf = 2 cos no
z" —Z—lnz cos n6 + isin nf — (cos nh — i sin nf) = 2i sin no

To summarise, you need 1

z+%=2c050 7"+ = = 2 cos nb
to be able to apply %
these results: zZ-— % =2isin § 7" — zl" = 2isin n6

Example [H

Express cos® 6 in the form a cos 56 + b sin 36 + C cos 6,
where a, b and ¢ are constants.

5
(z+1) = (2 c0s )7 = 32 coc® 6 Applying z + 1 = 2 cos 6.
=7 +562(1) +5¢, 2(L) +°c, A1)
12 \z 2=\ 5c\z Applying the binomial
+5C (1 )4 + (1 )5 expansion to (z + 1—)5
+2\z z “/
1 : 1 where a = zand b = .
=P+ 524(_) + 1025(_) + 1022(—)
z Z z
o)+
=A+6P+102+90+5 4+ 1 Simplify further.
z 2 2
= (2L + l) b 5(25 uE i) + 10( + l) Group 2" and - terms.
7+ 2 i Pe

= 2c05 560 + 5(2 cos 30) + 10(2 cos ) —F—— Applying 2" + 1? — 2 cos ne.

S0, 32 c05° 0 = 2 cos 50 + 10 cos 36 + 20 cos 0\

59— 1 5 5
and cos” 0 = 1z cos 50 + = cos 30 + £ cos 9\

Put LHS = 32 cos® § = RHS.

_ 1 _ 5 _
a—ﬁ,b——andc—



Further complex numbers

Example T3

Prove that sin3 6 = —% sin 36 + % sin 6.

Applying z — 17 = 2isin 6.
’ / Applying the binomial i
(z — ) = (2i sin 0)°> = &i° sin® = —&i sin® 0 PPlying the binomial expansion

z to (2—17) where g = z and
R R R

z
= P+ B2 (—% ¥ 5z(i) + (—%) . simplify.

7
Simplify further.
TP
— (25 _ i) _ 5(2 _ 1) e GrOUpz"and1?terms.
z z
= 2i sin 30 — 3(2i sin 0) « Applying 2" — 1? = 2i sin né.

S0, —8iein® = 2isin30 — Gisin o—ou_ |

and sin® 6 = —% sin 36 + %m 0 —_

Divide both sides by —8

Put LHS = —8i sin® § = RHS.

Example

a Express sin 6 in the form d cos 46 + e cos 26 + f, where d, e and f are constants.

b Hence find the exact value of f(; 2 sin* 6dé.

i 1 .
. Applying z — 5 = 2isin 6.
a (z-1)=(2isin 6)4 =164 oin4 6 =16 5in4 6~ ‘

=5+ 4C 23( —12) S 22( —%)2 Applying the binomial expansion
1\3 114 to(z—%)4wherea=zand
+40s2(—3) + () b= 1

Z

z
= A+ 4 (—1;) * 622(?) 11— simplify.

Simplify further.

—f-—42+6-24 i./
2z  Z 1
= (A 1 _al 2+ 1 +6/ GFOUpz”and?terms.
(#-%) 47+ 2]
=2 co5 40 — 4(2 cos 20) + ©+ APP'yingZ"+1—=2cosn6.

z"
S0, 16i sin* 6 = 2 cos 460 — & cos 20 + 6\
Put LHS = 16 sin* § = RHS.

A | _ 1 3
and sin 0—500540 500529"'5 \
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3

Use your answer from
part a.

A :f§(1 _1 é)
b fo«sm 0460 i 500540 200620—1-8&!0

_ [

=35 sin 40 — % sin 20 + % 9]3 *— coskfintegrates to
1

1 : % ( ) % sin k6.
= (—5in277——61r1 T+ (X ) — (0)
2 © &\2
\ Insert in limits and
= (O — 0 %") - (0) subtract.

g'A' :5_77
60/(; sin® 0460 5"

‘

Use applications of de Moivre’s theorem to prove the following trigonometric identities:
1 sin 36 = 3sin § — 4sin3 ¢

2 sin 56 = 16 sin® § — 20 sin® 6 + 5 sin

3 cos 760 = 64cos’ §— 112 cos® 6 + 56 cos® 6 — 7 cos 6

4 cos* 0= (cos40—4cos 26+ 3)

5 cos’ 6= (sin 50 — 5 sin 36 + 10 sin 6)

6 a Show that 32 cos® 6§ = cos 66 — 6 cos 40 + 15 cos 26 + 10.

b Hence find /; B cos® 6 d6 in the form am + bv/3 where a and b are constants.

7 a Use de Moivre’s theorem to show that sin 46 = 4 cos3 6sin 6§ — 4 cos 6 sin3 6.

4 tan 0 — 4 tan3 6

1 — 6tan? 0 + tan* ¢

¢ Use your answer to part b to find, to 2 dp, the four solutions of the equation
xt+4xd - 6x2—4x+1=0.

b Hence, or otherwise, show that tan 460 =

3,6 You can use de Moivre’s theorem to find the n*" roots of a complex number.

In this section we will apply the following results:

1 As the argument 6 is not unique, the complex number z = r(cos 0 + i sin ) can also be expressed in
the form z = r(cos(0 + 2kw) + isin(6 + 2km)), where k = |:|
2 de Moivre’s theorem states that [r(cos 6 + i sin 6)]" = r"(cos nf + i sin n6), wheren € [_|.

Note that it can be proved (but is beyond the scope of the FP2 unit) that de Moivre’s theorem is
also valid when # is a rational number (i.e. n €[ _)).




Further complex numbers

Example [

a Solve the equation 73 = 1. b Represent your solutions to part a on an Argand diagram.

. Firstly we need
a Simplyr=1tland0=argz=0 y to find both the

modulus and
argument of 1.
Apply
r(cos @ + i sin 6). , 21,0 Find rand 6.
0 x
60, Z5 = 1(006 O + isin O) I’(COS(0 + 2/(77)
722 = (cos(0 + 2km) + i sin(O + 2km)) e | T isin(0+ 2km)
Hence, z = [(cos(2km) + i sin(O + 2/<7T))]% Take the n'" root.
_ 2k T i ([ 2y
60, Z = C09 (T) + I 91N (T) Apply de Moivre’s
o ‘  theorem.
k:OZ120050+[5|HO=1 Now we need to
find the three roots.
k=1, 22—0052577+1em 2577 —%-I— ig._
o - Change the value of
k=—125 = coe( 3 ) + i sin (T) \ k to find the three
roots where the
= _1_ i@ argument lies in the
2 2 interval —7 < 0 < 7.
b Plot the plots z; = 1, z,, Z; and z3 are the
_ 1.3 cube roots of unity.
=5 + i > and
__1_.3
Z="5 15 on Thr: points z, Izz a}nd
g 75 lie on a circle o
the Argand diagram. radius 1 unit.
X
We can also write The angles between
the three cube roots each of the vectors
of 1as 1, w and «?, 4 zzz:nd 2
where are =%, as shown on
1 N V&) the Argand diagram.
L
2= X l ﬁ)( -1 + ﬁ)
o w X w= ( > > > i >
_1_1 _ 1 _ 5
2z V3i \/— 3i— <
= _z - 5\/5[
Also further note that
e o = o and
o 1+wt w 1 > > > 2\/5 0)
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Solve the equation z* = 2 + 2/3i.

It 22, 2V3)
2\/§
W=
0 2 X
r=V@2+ (/3 =VAT 2 =4
_ _ -1 2\/5)27_7
0 = arg z = tan (—2 %

So, Z* = 4(606 % + i sin %)

= 4(005%4— 2/<7T> + i sin (7—7

5+%ﬂ

Hence, = [4 (coe (%T + 2I<77> + i sin (%T + 2/(77)

e

1
]4,

I<=O,z=\/§<coa12+[5m12)

_ _ 7 777')
k=1,z \/E(ooe E + i sin =

- _ — =D . —B5r - |
k 1, z \/E(coe<12)+15m(12 ))

- 1= — N 2 i ([ =il
k= —1,z @(coa( 7 )+[5m( T ))._

_ 7 777')
So z=+V2 <coa 5 + i sin 12) \/5(005 B + i sin "

72 on (55 15057

—Nar I ik
and \/E(coe( B )+|9m (T))

P T 5 i
or z=V2e2 \2e12,\/2e 2 and V2e 12 .

Firstly we need to find both
the modulus and argument
of 2 + 2/3i.

Find r and 6.

Apply r(cos 6 + i sin 6).

r(cos(6 + 2k)
+ i sin(0 + 2km)).

Take the n'" root.

Apply de Moivre’s theorem.

Simplify and note
V2V2V2V2 = 4,

Now we need to find the
four roots.

Change the value of k to
find the four roots where
the argument lies in the
interval —mr <0< 7

Solutions in the form
r(cos 0 + i sin 6).

Solutions in the form re®.



Example PX)

Solve the equation z* + 4v2 + 4v2i = 0.

2+ 4/2 + 4/2i = 0.

2= —4/2 — 4/2i
y
4v2
L J x

4\/2 N arg z

2(—4V2, —4V2)
r=V(—av2)? + (—4v2)? = V32 + 32 = V64 = &
0=argz= -+ tan” (%) = —7r+7ZT= —5%7

S0, 22 = 8(005 (—5777) + i ein (—5777))

2= 8(006 (—BTW-I- 2/<7T) + i sin (—%T-i- 2/<7T>)o—

Hence, z = 8(005 (—% I 2k77) + i sin (—%T I 2/<7T))];’-—
| [EErem|  ([ETtam||.
= (&) | cos % + i sin —
6O,z=2(coe(—g+%7) +]5m(_7ZT_|_ 2277))
I<=O,z=2(cos(—%)+i5in<—%)).
l<=1,z=2(005?—g+15m%7)-
k=—-1,z= 2(005 (—111—;') + i sin (_1277)).

So z= 2(005 (_727) + i sin (—g)) 2(606?—;- + i sin %T)

—MNar . (=N
and 2(005( > )+|5m( o ))
—i S —Ni

or z=2e4,2¢2 agnd2e 2 . —— —7 —r-—- —— |

Further complex numbers

Make 23 the subject.

First we need to find
both the modulus and
argument of 2 + 2/3i.

Find rand 6.

Apply r(cos 6 + i sin 6).

r(cos(6 + 2kr)
+ i sin(0 + 2km)).

Take the n root.

Apply de Moivre’s
theorem.

Now we need to find
the three roots.

Change the value of k
to find the three roots
where the argument
lies in the interval
—rT< =< m

Solutions in the form
r(cos 6 + isin ).

Solutions in the form
re'’.




1 Solve the following equations, expressing your answers for z in the form x + iy, where
x€[ Jandy e[ ]
az-1=0 bzZ2-i=0 c 73=27
dz+64=0 e z*+4=0 f 2+8i=0

2 Solve the following equations, expressing your answers for z in the form r(cos 6 + i sin 6),
where —7r< < 7.

az=1 bz+16i=0 c z25+32=0
dzB=2+2i e 24 +2/3i=2 f 8+16/3 +16i=0

3 Solve the following equations, expressing your answers for z in the form re'’, where r > 0
and —7 < 0 < . Give 6 to 2dp.

az=3+4 b 22 =V11 - 4i c z4=—-V7 +3i

4 a Find the three roots of the equation (z + 1)3 = —1.
Give your answers in the form x + iy, wherex €[ Jandy €[ ].

b Plot the points representing these three roots on an Argand diagram.
¢ Given that these three points lie on a circle, find its centre and radius.

5 a Find the five roots of the equation z°> — 1 = 0.
Give your answers in the form r(cos 6 + i sin 6), where —7 < 6 < 7.
b Given that the sum of all five roots of 2> — 1 = 0 is zero, show that
21 477) 1

COos (?) + Cos (? =

o
6 a Find the modulus and argument of —2 — 2//3i.

b Hence find all the solutions of the equation z* + 2 + 2V3i = 0.
Give your answers in the form re'’, where r > 0 and —7 < 6 < .

7 a Find the modulus and argument of V6 + v2i.
b Solve the equation. Give your answers in the form re'’, where r > 0 and -7 < § < .

3.7 You can use complex numbers to represent a locus of points on an Argand diagram.

A locus of points is a set of points which obey a particular rule. Examples of loci are:

e acircle

Locus of points.

The locus of points which are all the same
distance from a point O, is a circle, centre O.

The Cartesian equation of a circle with centre (a, b) and radius ris (x — a)* + (y — b)* = r*



e a perpendicular bisector

Ae.
. —

\\‘B

Example PY]

If z = x + iy represents the variable point P(x, y) and z, =

Further complex numbers

~————— Locus of points.

The locus of points which are all
equidistant from both the point A
and the point B is the perpendicular
bisector of the line segment AB.

x; + iy, represents the fixed point

A(xy, 1), what does |z — z;| represent on an Argand diagram?

y
P(x, y)
zZ— 21
z
Alxy, y1)
21
(0] X

|z — z| is the modulus or length of the vector AP,

From the Argand diagram,
OP = zand OA = Z.

Hence, ﬁ’ = H)) + 55
= _Z'I + z
=7 — Z'|

So z — z, represents the
vector AP

Therefore |z — z| represents the length of the line joining
the fixed point A(z, y;) to the variable point F(x, y). Put
simply |z — z| represents the distance between the fixed

point A(z, y;) and the variable point F(x, v).

Example P¥]
Iflz— 5 3i =3,

a sketch the locus of P(x, y) which is represented by z on an Argand diagram,
b use an algebraic method to find the Cartesian equation of this locus.

|z — 5 — 3i| can be written as

|z = (5 + 3i)| and this represents the
distance between the fixed point A(5, 3)
and the variable point P(x, v).

As this distance is always equal to 3, then
the locus of P is a circle centre (5, 3),
radius 3.




/CH’APTE-R 3

Z can be rewritten as z = x + iy.
= +y-5-3(=3 Group the real and imaginary parts.
= |(x—5)+i(y—5)|=5-/

2 2 _
= (=5 +Wy-3) =3 —— Apply Pythagoras’ theorem.
Hence the Cartesian equation of the

; — BB _ 22 —
locus of Fie (z = 5)* + (y = 3)* = 9. "~ This equation could have been written
down.

It follows that
|z — z;| = ris represented by a circle centre (x;, y;) with radius r, where z; = x; + iy;.

|

Give a geometrical interpretation of the locus of points z, represented by
alz-3i=4 b|z-(2+3i) =35 c|z—3+5i=2 d|2-51-2=3

Applying |z — z;| =1,

a z — i = 4is acircle centre (0, 3), radius 4. *—_ where z, is the centre

b |z— (2 + 3i)| = Bis a circle centre (2, 3) and radius b. of the circle and r
, ; , , — is the radius of the
¢ |z— 3+ 5i| = 2is a circle centre (3, —5) and radius 2. il

d |2 — 5i — z| = 3 can be rewritten as
(=1)(z— 2 +5)| = 3
= |(—1||z—2+§q=5 = |z—2+5i|=3—"__ Apply [=1] = 1.
S0 |2 — Bi — 2| = 3is a circle centre (2, —5) and radius 3. Applying |z — z| = .

Apply |2125| = |z3]|z,].

Example Pl
If |z| = |z — 6i],
a sketch the locus of P(x, y) which is represented by z on an Argand diagram,

b use an algebraic method to find the Cartesian equation of this locus.

(0, 6)

|z| represents the distance from the origin
y=3 to P. |z — 6i| represents the distance from
3 the point (0, 6) to P. As |z| = |z — 6i|, then

\ P is the locus of points which are equidistant

from the points (0, 0) and (0, 6). Therefore
the locus of P is the perpendicular bisector
o x of the line joining (0, 0) and (0, 6), which
has equation y = 3.




Further complex numbers

Z can be rewritten as z = x + iy.

|7 |Z| = |Z - 6]’ /

= \x A iy\ = |x = 6i] / Group the real and imaginary parts.
[x +iy| = |x +iy — 6)
x2+y2=x2+(y—6)2'/
X2+ yr=x*+y* — 12y + 36
By=tor=——-—--__. .. Simplify.
Hence the Cartesian equation of the

locusof Fisy =3.*—————— This equation could have been written

down.

Remove the moduli.

Expand brackets.

Gy

Example PH

Iflz—3|=|z+1|

a use an algebraic method to find a Cartesian equation of the locus of z,

b sketch the locus of z on an Argand diagram.

al |z= 3= [z / Z can be rewritten as z = x + iy.
= |x+iy—3=x+iy+i / Group the real and imaginary parts.
= [(x=3)+iyl=|x+(y+1) . N
emove the moduli.
= k=32 +yE=x2+ @y +12e— |
= x¥-6x+9+tyP=x2+y?+2y+1 Expand brackets.
= —6x+9=2y+1~\
Simplify.
=

—ox + &6 =2y »\
Hence the Cartesian equation of the locus Simplify further.

ofzisy = —=3x + 4.

y The locus of z has the equation
y=-3x + 4.

When x = 0, y = 4, and when y = 0,
= %. So the locus of z goes through
the points (0, 4) and (%, 0).
3,0
N x

The locus of z is the perpendicular
bisector of the line segment joining
(0, —1) to (3, 0).

©, -t

o
:
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It follows that

|z — z;| = |z — z,| is represented by a perpendicular bisector of the line segment joining the
points z; to z,.

If|z—6]=2z+ 6 — 9i,
a use algebra to show that the locus of z is a circle, stating its centre and its radius.
b sketch the locus of z on an Argand diagram.

|
/ Z can be written as z = x + iy.
a |z—-6|=2z+6 - 9j / Group the real and imaginary
Ix +iy—6|=2z+iy + 6 — 9j / parts.

((x = 6) +iy| = 2|(x + 6) + i(y — 9)|

4

=
& x-0)+ iy|2 _ 22|(x £ 6)+iy - 9)’2 b Square both sides.
= (x—06)2+y?= 4[(x + 62+ (y - 9)2] Remove the moduli.
= x2—12x + 36 + y? = 4[x? + 12x + 26 Expand brackets.
+ y* — 18y + 81]
= x*F—-12x+ 26 + y* = W Expand brackets on the RHS.
+ 4y? — 72y + 324
= 322+ 60x + By? — T2y + 432 = 0 . Rearranging and collecting terms.
= x*+20x +y* — 24y + 144 = O~—————— Divide both sides by 3.
= (x +10)* =100 + (y — 12)* — 144

+ 144 =0 Complete the square on x and
ony.

= (4102 + (y — 12)2 = 100
Hence the locus of z is a circle G@HN Circle: (x —a)* + (y — by = r?

_ . with (a, b) = (=10, 12) and
(=10, 12), radius 10. F=10.

Locus of z as required.

|z — 6| represents the distance
from the point A(6, 0) to P(x, ).
|z+6 —9i =|z— (=6 + 9|
represents the distance from the
point B(—6, 9) to P(x, ).

|z — 6| = 2|z + 6 — 9i| gives

AP = 2BP. This means that P is the
locus of points where the distance
AP is twice the distance BP.

It is not obvious, however, from
the outset that the locus of points
is a circle. This is why we used
algebra in part a to show this!

It follows that if

|z — z;| = M|z — z,|, where A > 0, A # 1, then it may be more appropriate to apply an
algebraic method to find the locus of points, z, represented by this equation.



Example

If arg(z — 2) =

Find the Cartes1an equation of this locus.

Y
locus
of P
@ % >
0 A(2,0) x
arg(z — 2) = %T
= agx+iy—2) =

= arg((x — 2) +iy)

=

=

jﬂ/

ST

Hence the Cartesian equation of
the locus of Pisy = V3x — 2V3.* T

Example P33
If arg(z + 3 + 2i

_ 3w
4/

Find the Cartesian equation of this locus.

Y
locus
of z
a0 x
2N
(_3I _2)

Further complex numbers

sketch the locus of P(x, y) which is represented by z on an Argand diagram.

x — 2 is represented by the vector from the fixed
point A(2, 0) to the point P(x, v).

As arg(z — 2) =
points where the vector AP makes an angle of Tin

then the locus of P is the set of

an anti—clockwise sense from the positive x- aX|s

The locus of P is referred to as a half-line.

Z can be rewritten as z = x + iy.

Group the real and imaginary parts.

Remove the argument.

As the locus is a half-line, this equation is restricted
forx...2,y..0

sketch the locus of z on an Argand diagram.

z + 3 + 2i can be written as z — (=3 — 2i) and this
represents the vector from the fixed point (=3, —2)
to the variable point (x, v)

As arg(z + 3 + 2i) = 27 then the locus of z is the
half-line from (-3, —2) making an angle of == 37T

an anti—clockwise sense from a line in the same
direction as the positive x-axis.




/CH’APTE-R 3

z can be rewritten as z = x + iy.
al’@(z+5+2i)=5T7T / !
= arg(x +iy +3+2i) = %T Group the real and imaginary parts.
= arg((x +3) +iy +2) = 5777/

(y + 2) . (5_77_)/ Remove the argument.
(x + 3) 4 \

= y+2=-1x+23)

377') _
tan (—4 1.
Hence the Cartesian equation of

As the locus is a half-line, this equation is restricted
the locus of Pis y = —x — 5. .

forx<-3,y..-2

It follows that

arg(z — z;) = 6is represented by a half-line from the fixed point z; making
an angle 0 with a line from the fixed point z; parallel to the real axis.

You need to know and be able to apply the following circle theorems:

e Angles subtended at e The angle in a semi-circle e The angle subtended the
an arc in the same is a right angle. centre of the circle is twice
segment are equal. the angle at the circumference.

P A
Q

[P
) A

A B

B A B
/APB = ZAQB ZAPB = 90° /AOB = 2 X /APB
APB = AQB APB = 90° AOB = 2 X APB

'

tors(7=5) = §

a sketch the locus of P(x, y) which is represented by z on an Argand diagram,

b find the Cartesian equation of this locus.

Using
arg(51) = arg(z)) — arg(zy).

a arg(zz:g) =arg(z — 6) — arg(z — 2) = 7ZT

Let L, be the half-line satisfying arg(z — ©) = 6
and let L, be the half-line satisfying arg(z — 2) = ¢

U
So it follows that 6 — ¢ = ZZT OK arsér(]?_ 6) — arg(z - 2) =

T
4



0 A(2, 0)

From AABF, it follows that
BPA + FAB = FPBD

B(6, 0)

D

X

= 5%A+¢=9» 
= BPA=0-¢

PA=T
= BFA N |

As 0 and ¢ vary, the angle BPA is constant and is

y
Locus
of P
P(x, y)
0 B(6, 0) x
b
y
Locus
Of P A
0 A2, 0) B(6, 0) x

Further complex numbers

All points on L, satisfy
arg(z — 6) = 6.

All points on L, satisfy
arg(z — 2) = ¢.

Therefore the point P is
found lying on both L; and
m

L, where 6 — ¢ = 4

As P lies on L, and L,, it
is found where L; and L,
intersect.

The exterior angle of a
triangle is the sum of the
two opposite interior angles.

From diagram, PAB = ¢ and
PBD = 6

Usin90—¢=7ZT ®

P can vary but BPA must
an

always be I

From circle theorems, angles
in the same segment of a
circle are equal.

Therefore as P varies, BPA
o

will always be equal to y

So, it follows that P must lie
on an arc of a circle cut off
at A(2, 0) and at B(6, 0).

PA=T . ADB=T
BPA = 7 = AOB = Z as

the angle subtended at
the centre of the circle
is twice the angle at the
circumference.

As OA and OB are both radii,
then the radius,
r= 0OA = OB.

This implies that AOAB is
isosceles and

AB= OBA=T
OAB = 0BA = 7.
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Let X be the midpoint of

AB. Hence AOB = 7%and

XOA = OAX = g. So AOAX
is isosceles AX = OX = 2.

AN
|

% Il 1] %
Ll Ll
Hence the Cartesian A(2,0) X4, 0) B(6, 0) O has coordinates (4, 2) and
«—2—> _ _
equation of the locus r=v22+22 =8,

: — 42 _ 22 — . ———— Thelocus is the part of the
of Pie (x =4)° + (y — 2) &, where y > 0. circle where iy > 0.

If arg(z _Z 41) = %T' sketch the locus of P(x, y) which is represented by z on an Argand diagram.

arg(z —Z4i) =argz — arg(z — 4i) = § — ¢ ——— where arg z = 6 and arg(z — 4i) = ¢.

L as arg

z __m
z—4 2

Hence,

0-¢=72

—¢ The locus of P is the arc of a semi-circle
«~————— passing through the points (0, 0) and
(4, 0), as shown.

L7 p———  Theangle at Pis always g, because the
angle in a semi-circle is a right-angle.

0 % It follows from the diagram that at
P-p+0=0—¢= %T, as required.

Example EY]

Given that the complex number z = x + iy satisfies the equation |z — 12 — 5i|] = 3, find the
minimum value of |z| and maximum value of |z|.

The locus of zis a circle centre C(12, 5),

. radius 3.

3 Y

€1z, 5) |z| represents the distance from the origin
X to any point on this locus.
|Z|min @Nd | Z|max are represented by the
distances OX and OY respectively.
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The distance, OC = V122 + 52 = 13,

|2} = OC — CX=15—5=10.‘\.
|z|max O= OC + CY =13 + 3 = 16. The radius r = CX = CY = 3.

The minimum value of |z| is 10 and the
maximum value of |z is 16.

1 Sketch the locus of z and give the Cartesian equation of the locus of z when:

alz=6 b |z = 10 clz-3=2
d|z+3i=3 e |z—4i=5 flz+1=1
glz—1-i=5 h|z+3+4i| =4 i [z-5+6i=5
j 12z2+6—-4i=6 K |[3z2-9-6i =12 1 3z2-9-6i =12

2 Sketch the locus of z when:

=T =T - =T
aargz=y b arg(z + 3) i c arg(z — 2) 5
darg(z+2+Zi)=—g earg(z—l—i)z%r f arg(z+3i) ==
g arg(z—1+3i) = 23—77 h arg(z — 3 + 4i) = —g i arg(z + 4i) = —%TW
3 Sketch the locus of z and give the Cartesian equation of the locus of z when:
a|z—6/=|z-2 b |z + 8| = |z — 4]
c |z| = |z + 6 d |z + 3i| = |z — 8]
e |z—2-2i=|z+ 2+ 2i fz+4+1i=|z+4+6i
glz+3-35i=|z—-7 - 3i h|z+4-2i=|z-8+ 2i
lz+6—1i lz+6—1i
om0 s T
K|z+7+2i=|z-4-3i 1 |z+1-6i]=1]2+31—Z
4 Find the Cartesian equation of the locus of z when:
az—7z=0 bz+z2=0
5 Sketch the locus of z and give the Cartesian equation of the locus of z when:
al2-—2z=3 b |5i—-2z=4 c|3-2i—2=3

6 Sketch the locus of z and give the Cartesian equation of the locus of z when:
a|z+ 3] =3z 9 b |z - 3| =4z + 1]
c |z—1i=2z+i d|z+2-7i=2z~-10 + 2i
e |z+4-2i=2z—-2-5j f |z| =212 — ¢
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10

11

12

13

14

Sketch the locus of z when:

N ol
o) =)
e arg(z) — arg(z — 2 + 3i) =7§T f arg(i ; ;11) _ g

Use the Argand diagram to find the value of z that satisfies the equations
|zl = 5and arg(z + 4) = g

Given that the complex number z satisfies |z — 2 — 2i| = 2,

a sketch, on an Argand diagram, the locus of z.
Given further that arg(z — 2 — 2i) = g,
b find the value of z in the form a + ib, wherea €[ Jandb e[ |.

Sketch on one Argand diagram the locus of points satisfying

a |z — 2i| =z - 8i, barg(z—l—i)=g.

The complex number 7 satisfies both |z — 2i| = |z — 8i|, and arg(z — 1 — i) = ZZT
¢ Use your answers to parts a and b to find the value of z.

Sketch on one Argand diagram the locus of points satisfying

alz—3+2 =4 barg(z—l):—g.

The complex number z satisfies both |z — 3 + 2i| = 4 and arg(z — 1) = —g.

Given that z = a + ibwherea €[ Jandb e[ ],
¢ find the exact value of a and the exact value of b.

On an Argand diagram the point P represents the complex number z.
Given that |z — 4 — 3i| = §,

a find the Cartesian equation for the locus of P,

b sketch the locus of P,

¢ find the maximum and minimum values of |z| for points on this locus.

Given that arg(z + 4) = 7§T'

a sketch the locus of P(x, y) which represents z on an Argand diagram,

b find the minimum value of |z| for points on this locus.

The complex number z = x + iy satisfies the equation |z + 1 +i| = 2|z + 4 — 2i|.
The complex number z is represented by the point P in the Argand diagram.

a Show that the locus of P is a circle with centre (—5, %)

b Find the exact radius of this circle.
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T m
3 2
a find the value of z in the form a + ib, wherea €[ Jand b €[ ],
b Hence, find arg(z — 8i).

15 If the complex number z satisfies both arg z = 5 and arg(z — 4) =

16 The point P represents a complex number z in an Argand diagram.
Given that |z + 2 — 2/3i| = 2,
a sketch the locus of P on an Argand diagram.
b Write down the minimum value of arg z.

¢ Find the maximum value of arg z.

17 The point P represents a complex number z in an Argand diagram.

a

Given that arg(z) — arg(z + 4) = 3

is a locus of points P lying on an arc of a circle C,

a sketch the locus of points P,

b find a Cartesian equation for the circle C,

¢ find the coordinates of the centre of C,

d find the radius of C,

e find the finite area bounded by the locus of P and the x—axis.

3.8 You can use complex numbers to represent regions on an Argand diagram.

Example E¥)

a Shade in, on separate Argand diagrams the region represented by

i|z—4-2i<2, ii [z—4|/<|z-6| iiiOsarg(z—Z—Zi)sg.
b Hence on one Argand diagram shade in the region which satisfies
lz—4-2i<2,

|z — 4] <|z — 6
Osarg(z—Z—Zi)sg.
a i |z—4-2|=2

|z — 4 — 2i| < 2 represents a circle centre

di 7 @4 )rdu2

|z — 4 — 2i| < 2 represents the region on

2 E4 2) the inside of this circle.
0 4 x |z — 4 — 2i| < 2 represents the boundary

and the inside of this circle.




|z — 4| = |z — 6] is represented by the
i |z—4<|z- ¢ line x = 5. This line is the perpendicular

/ bisector of the line segment joining (4, 0)
to (6, 0).

’ :
I
|
! |z — 4| < |z — 6| represents the region
1 x < 5. All points in this region are closer to
1 (4, 0) than to (6, 0).
|
1

0 4 $ 6 X Note this region does not include the line
) x = 5. S0 x = 5 is represented by a dashed
:x — 5./ line.

i 0<arg(z—2— 2i) sg.

y arg(z — 2 — 2i) = 727 is the half-line shown
.—/’/ .
from the point (2, 2).

arg(z — 2 — 2i) = 0 is the other half-line

/ shown from the point (2, 2).

2
2,2) O<arg(z—2-2)< 727 is represented by
the region in between and including these
[9) 2 x two half-lines.

b |z—4-2]=<2
and
Osarg(z—2—2i) <

z— 4| <|z - 6|

)
T

The line arg(z — 2 — 2i) = 7Z'rand the circle

|z — 4 — 2i] < 2, both go through the
point (4, 4).

The region shaded is satisfied by all three
of |z—4-2i<2,|z-4|<|z- 6] and

O$arg(z—2—2i)sg.

(0]

1 On an Argand diagram shade in the regions represented by the following inequalities:
a |z <3 b |z -2i>2 clz+7..|z—1 d|z+6/>z+2+ 8
e 2=<|z[<3? f 1<|z+4i<?? g3<[z—-3+5i<?? h2z..|z-3
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A\

2 Theregion R in an Argand diagram is satisfied by the inequalities |z| < 5
and |z| < |z — 6i|. Draw an Argand diagram and shade in the region R.

3 Shade in on an Argand diagram the region satisfied by the set of points P(x, y), where

|z+1—i|s1and0<argz<%T7T.

4 Shade in on an Argand diagram the region satisfied by the set of points P(x, y), where

|z <3 andgs arg(z + 3) < .

5 a Sketch in on the same Argand diagram:
i thelocus of points representing [z — 2| = [z — 6 — 8],
ii the locus of points representing arg(z — 4 — 2i) = 0,
g
5"
The region R is defined by the inequalities |z — 2| < |z — 6 — 8i| and arg(z — 4 — 2i) <

iii the locus of points representing arg(z — 4 — 2i) =
o
5
b On your sketch in part a, identify, by shading, the region R.
6 a Find the Cartesian equations of:
i the locus of points representing |z + 10| = |z — 6 — 4V2i],
ii the locus of points representing |z + 1| = 3.
b Find the two values of z that satisfy both |z + 10| = |z — 6 — 4/2i| and |z + 1| = 3.

¢ Hence shade in the region R on an Argand diagram which satisfies both
|z+ 10| <|z— 6 —4/2i|and |z + 1] < 3.

3.9 You can apply transformations that map points on the z-plane to points on
the w-plane by applying a formula relating z = x + iy tow = u + iv.

Example EE}

The point P represents the complex number z on an Argand diagram where |z| = 2. T}, T, and T;
represent transformations from the z-plane, where z = x + iy, to the w-plane where w = u + iv.
Describe the locus of the image of P under the transformations:

aT;;w=z-2+ 4, b T,:w=3z c Tpw=1z+1i

o [z =2

This is the locus of P in the z-plane before
any transformations have been applied.

y
2
Firstly the locus of P in the z-plane is a circle
centre (0, 0), radius 2.
!/




Rearrange to make z the subject.
a Tpw=z—2+4 /
= w+2—4i=z Apply.the modulus to both sides of the
) / equation.
= |wt2—4i=|g

= |wt2-—4i=2 Apply |z] = 2.

The image of P under T;is |w + 2 — 4i| = 2.
This is represented by a circle centre (=2, 4),
radius 2.

Therefore the transformation T;:
w = z — 2 + 4i, represents a translation of

Z by the vector ( _ﬁ)

_ Apply the modulus to both sides of the
wl| = 122 egl.ﬁ)a{ion.

= wl=leld—0u |
= |wl=03)2) =6 .\ Apply |212;| = |z]|z,|.

" Apply |3] = 3 and |z]= 2.

6

The image of P under T,is [w| = 6. This is
represented by a circle centre (6, 6), radius 6.

Therefore the transformation T,: w = 32,
represents an enlargement of z by scale
factor 3 about the point (0, 0).

Rearrange to make 152 the subject.

Apply the modulus to both sides of the
equation.

Apply [212;| = |z]|z,].
Apply |3| = 3 and |z| = 2.

The image of P under T;is |w — i| = 1. This is
represented by a circle centre (0, 1) radius 1.

Therefore the transformation T5: w = %z +1,
represents an enlargement of z by scale
factor % about the point (0, 0), followed by a

translation by the vector (? .
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It follows that

e W=7z + a+ ibrepresents a translation with translation vector (Z ), where a, b €[ _].
o w = kz represents an enlargement scale factor k centre (0, 0), where k >0 and k €[ |

e w=kz + a + ib represents an enlargement scale factor k centre (0, 0) followed by a translation

with translation vector (g), where k >0anda, b, k € |:|

Example ¥

For the transformation w = z2, where z + x + iy and w = u + iv, find the locus of w when z lies
on a circle with equation x? + y? = 16.

Represents x? + y2 = 16.

|Z|:40*

w=2z2 = |w|=|Z Take the modulus of each side of the equation.

= Ww=lzlzl——L
= W= — |
= w=16—L_

Hence the locus of wis a circle Circle centre (0, 0), radius 16.
centre (O, 0), radius 16.

Apply |12, = |z]|z,|, where z; = z, = z

Apply |z| = 4.

PETIY3 5

The transformation T from the z-plane, where z = w + iy, to the w-plane where w = u + iv,
Siz +1i
z+ 1’
Show that the image, under T, of the circle |z| = 1 in the z-plane is a line [ in the w-plane.
Sketch / in on Argand diagram.

is given by w = z# -1

_Diz +i
W z+ 1

= Wz+1)=5iz+i
Rearrange the transformation equation
= wz+w=5iz+i o a
=571 to make z the subject of the
= wz—Dbiz=i—w equation.
= zw—5)=i—w
= z= W
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Take the modulus of each side of the equation.
_li—w /
Z =
| ‘w — 51‘

So,
Z |21
o A I|—1=—,andz=1.
Logolizel T ARVl
lw — 5i|
= ‘W B 5" = ‘I B W‘ - Rearranging‘
> W=l = D= l— |
- |W _ 5” _ |(_1)||(W _ [)| Take out a factor of —1 on the RHS.
= |w—5i=|w—i
Apply |212| = |21]| 23]
v
200, 5) ——Apply [-1] = 1.
v=3 ;
As we are working in the w-plane we plot u
against v.
10,1 [w — 5i| = |w —i| is in the form
0 u [w — wy| = |w — w,| and represents the points
on the perpendicular bisector of the line joining

(0, 1) and (0, 5).

Therefore the image of |z| = 1, under T, Therefore the line / has equation v = 3.

is the line [ with equation v = 3.

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv,
3z—-2
z+1'
Show that the image, under T, of the circle x*> + y? = 4 in the z-plane is a circle C in the w-plane,
stating the centre and radius of C.

is given by w = z# —1.

_Jdz—2
i A

wz+1)=3z—-2
. Rearrange the transformation
wz+w=23z—2 ) 37-2
equation w = S to make z the

w+2=53z— wz
wt2=2z3-w

w+ 2
35— w

x? + y? = 4 can also be written as |z| = 2. —————

subject of the equation.

¢$ el

=z

x? + y? = 4 is an equation of a circle
centre (0, 0) radius 2. So |z| = 2.



wt 2| _  /4
50, |4 12| = I
lw + 2| e —————
|2 = wl

lw+ 2| =2|3 — wl+—
lw+ 2| = 2|—1||w — 3
|w + 2| =2|w—5|7
u+iv+2=2u+iv->3+——" |

|(u+2)+iv|=2|(u—3) + iv| —

(u+t2)+ivF=24u—-3)+ivfo—moo |

(u+2)2+v2=4[(u—5)2+v2]-\
u2+4u+4+v2=4[u2—6u+9+v2]-\

u2+4u+4+v2—24u+56+4v2\
AU — 28U+ 32+ 32 =0

2 _ 28 2 4 32 —
u sutvit =0
_ 14\2 _ 196 2 4 32 _
(u 3) o TV T3 O\

L TR R O

—14\2 4L 2 =100
<“ 5>+V 9

Therefore the image of x* + y? = 4, under T, is

the circle C with centre (% O) and radius g.

Example

A transformation T of the z-plane to the w-plane is given by w =

Further complex numbers

Take the modulus of each side of the
equation.

Z |21
A I|—1= ,and and |z = 2.
PPY || = 1] 2]
Rearranging.
Apply |[=1] = 1.

w can be written as u + iv.

Group the real and imaginary parts.
Square both sides.

Remove the moduli.

Expand brackets.

Expand brackets on the RHS.
Rearranging and collecting terms.
Divide both sides by 3.

Complete the square on u and on v.

Circle: (u — a)® + (v — b)?2 = r?2 with

(a, b) = (%4, 0) =andr=%.

iz—2

1_Z,z¢1.

Show that as z lies on the real axis in the z-plane, then w lies on the line / on the w-plane.

Sketch I on an Argand diagram.

iz—2
11—z
wil —z)=iz—2

W:

Y

w— wz=iz— 2

w+2=wz+ iz

¢ ey

Rearrange the

transformation equation
iz—2
1-z

subject of the equation.

w = to make z the
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_ iv+ 2
S0,z = uut-”i/v—:- i -j
_(U+2)+[V0—|
= ET O F ity
N _wt2)+iv]  [u—i(vt D]
[utilv+ D] [u—ilv+ 1]
_u(ut+2)—iut+2)(v+ 1) Fiww +v(v+ )
R u2+(v+1)2A
L, u(u+2)+v(v+1)}+iuv—(u+2)(v+1)}
vt + (v +1)2 v+ (v +1)2 \
So,
P ulut+2) + v(v+1) fJuv—(u+2)(v+1)
CTYE W+ (v + 12 W+ (v + 1) }'7

As z lies on the real axis then y = 0. So,

_ ulu+2)+v(v+1) w—(u+2)(v+1)
x +i0 =
v+ (v +1)2 vt + (v +1)?
— (u+ +
Hence,O=W (ut2)lv 1)-
v+ (v +1)?
= w—(ut2)(v+1)=0
= w—(w+tut+2v+2)=0
= w—uw—u—2v—2=20
= —u—2=2v
So w lies on the line [ with 6quationv=—%u—1.-
v
-2 0] u
\\

w can be written as u + iv.

Group the real and

the imaginary parts on
both the numerator and
denominator.

Multiply the numerator
and denominator by the
complex conjugate of
u+i(v+1).

Multiply out brackets
using i2 = —1. Apply
difference of two squares.

Group the real and the
imaginary parts.

z can be written as x + iy.

Sety = 0, as z lies on the
real axis.

Equating the imaginary
parts.

Multiply both sides by
u? + (v+ 1)

Manipulate to make v the
subject.

As we are working in
the w-plane we plot
u against v.

The line [ has equation
v=—Ju—1and cuts the

coordinate axes at (—2, 0)
and (0, —1).
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1

For the transformation w = z + 4 + 3i, sketch on separate Argand diagrams the locus of w when
a zlies on the circle |z| = 1,

o

b z lies on the half-line z = >

c zlies on the liney = x.

A transformation T from the z-plane to the w-plane is a translation —2 + 3i followed by an
enlargement with centre the origin and scale factor 4. Write down the transformation T in
the form w = a z + b, where a, b € C.

For the transformation w = 3z + 2 — 5i, find the locus of w when z lies on a circle centre O,
radius 2.

For the transformation w = 2z — 5 + 3i, find the locus of w as z moves on the
circle |z — 2| = 4.

For the transformation w = z — 1 + 2i sketch on separate Argand diagrams the locus of w
when:

a z lies on the circle |z — 1] = 3,
b z lies on the half-line arg(z — 1 + i) = g,

c zlies on the liney = x.

1

For the transformation w = 2% 0, find the locus of w when:

a zlies on the circle |z| = 2,

T

b zlies on the half-line with equation arg z = Iy

¢ zlies on the line with equationy = 3x + 1.

For the transformation w = 72,

a show that as z moves round a circle centre (0, 0) with radius 3, w moves twice round a
circle centre (0, 0) with radius 9,

b find the locus of w when z lies on the real axis, with equationy = 0,
¢ find the locus of w when z lies on the imaginary axis.

If z is any point in the region R for which |z + 2i| < 2,
a shade in on an Argand diagram the region R.

Find the corresponding regions for w where:
bw=z-2+5j

c w=4z+ 2 + 4i,

d |zw + 2iw| = 1.
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1
2-7
and radius in the z-plane is a line / in the w-plane. Sketch ! in on Argand diagram.

For the transformation w = z # 2, show that the image, under T, of the circle centre O

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv, is

given by w = %, z# 0.

a The transformation T maps the points on the circle |z — 4| = 4, in the z-plane, to points
on a line / in the w-plane. Find a Cartesian equation /.

b Hence, or otherwise, shade and label on an Argand diagram the region R of the w-plane
for which |z — 4| < 4.

The transformation, T, from the z-plane, where z = x + iy, to the w-plane where w = u + iv,

- _ 3
is given by w = 57 + 2.

Show that under T the straight line with equation 2y = x is transformed to a circle in the
w-plane with centre (2, 3) and radius 3v2.

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv,

—iz+i

z+ 1’

a The transformation T maps the points on the circle with equation x> + y? = 1 in the
z-plane, to points on a line / in the w-plane. Find a Cartesian equation .

is given by w = z# —1.

b Hence, or otherwise, shade and label on an Argand diagram the region R of the w-plane
for which |z] < 1.

¢ Show that the image, under T, of the circle with equation x> + y? = 4 in the z-plane is a
circle C in the w-plane. Find the Cartesian equation of C.

The transformation, T, from the z-plane, where z = x + iy, to the w-plane where w = u + iv,
15z — 3i
3z—-1"
The circle with equation |z| = 1 is mapped by T onto the curve C.
Show that C is also a circle and find its centre and radius.

is given by w = z# 1.

The transformation T from the z-plane, where z = x = iy, to the w-plane where w = u + iv,

L _ 1 s

is given by w 7172 # —i.

a Show that the image, under T, of the real axis in the z-plane is a circle C, in the w-plane.
Find the Cartesian equation of C;.

b Show that the image, under T, of the line x = 4 in the z-plane is a circle C, in the w-plane.
Find the Cartesian equation of C,.

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv,

4

isgivenbyw=2z+-,z#0.

Show that the transformation T maps the points on the circle |z| = 4 to points in the interval
[—k, k] on the real axis, stating the value of the constant k.
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16 The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv,

1
z+3

Show that the line with equation 2x — 2y = 7 = 0 is mapped by T onto the circle C. State
the centre and the exact radius of C.

is given by w = z# =3.

Mixed exercise [F]

cos 3x + i sin 3x)2 o . .
1 Express ( cosx —isinx ) in the form cos nx + i sin nx where 7 is an integer to be found.

2 Use de Moivre’s theorem to evaluate

. 1
a (1-1i° TEEERYT
(3 - 31)
3 a If z=r(cos 6 + isin 0), use de Moivre’s theorem to show that z"+ 2_1" = 2 cos né.
3
b Express (22 + 2_12) in terms of cos 66 and cos 26.

¢ Hence, or otherwise, show that cos® 20 = a cos 66 + b cos 26, where a and b are constants.

d Hence, or otherwise, show that fo ° cos?20d0 = k/3 , Where k is a constant.

4 a Use de Moivre’s theorem to show that cos 56 = cos 6(16 cos* 6 — 20 cos? 6 + 5).

b By solving the equation cos 56 = 0, deduce that cos? (%) =3 ‘; \/§
¢ Hence, or otherwise, write down the exact values of cos? (%T ), cos? (%) and cos? (2—3 )

5 a Express 4 — 4iin the form r(cos 6 + isin ), where r > 0, —7 < 6 < 7, where r and 6 are

exact values.
b Hence, or otherwise, solve the equation z°> = 4 — 4i leaving your answers in the form
z = Re*™, where R is the modulus of z and k is a rational number such that -1 <k < 1.

¢ Show on an Argand diagram the points representing your solutions.

6 a Find the Cartesian equations of
i thelocus of points representing [z — 3 +i| = |z -1 — ],
ii the locus of points representing |z + 2| = 2v2.
b Find the two values of z that satisfy both |z — 3 +i| = [z — 1 — i| and |z + 2| = 2/2.
¢ Hence on one Argand diagram sketch:
i thelocus of points representing |z — 3 +1i| = |z — 1 — i],
ii the locus of points representing |z + 2| = 2v2.
The region R is defined by the inequalities |z — 3 +i| ... |z — 1 —i| and |z + 2| < 2V2.
d On your sketch in part ¢, identify, by shading, the region R.




a Find the Cartesian equation of the locus of points representing |z + 2| = 12z — 1I.

b Find the two values of z that satisfy both |z + 2] = 12z — 1l and arg z = ?ZT
¢ Hence shade in the region R on an Argand diagram which satisfies both |z + 2I ... 12z — 1I

and%sarg2$m

The point P represents a complex number z in an Argand diagram.
Giventhat|z+1—1i/ =1

a find a Cartesian equation for the locus of P,
b sketch the locus of P on an Argand diagram,
c find the greatest and least values of |z,

d find the greatest and least values of |z — 1].

Given that arg (u) T

-6 ) 2
a sketch the locus of P(x, y) which represents z on an Argand diagram,

b deduce the exact value of |z — 2 — 4i|.

Given that arg (z — 2 + 4i) = ZZT,

a sketch the locus of P(x, y) which represents z on an Argand diagram,

b find the minimum value of |z| for points on this locus.

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u = iv, is
given by

wol

71 z+ 0.

a Show that the image, under T, of the line with equation x = % in the z-plane is a circle C
in the w-plane. Find the Cartesian equation of C.

b Hence, or otherwise, shade and label on an Argand diagram the region R of the w-plane
for which x ... .

The point P represents the complex number z on an Argand diagram.
Given that |z + 4i| = 2,

a sketch the locus of P on an Argand diagram.

b Hence find the maximum value of |z].

T,, T,, T; and T, represent transformations from the z-plane to the w-plane. Describe the
locus of the image of P under the transformations

aT;:w=2z b T,:w =iz,

c Ty w= —iz, d Tgw= 2z



Further complex numbers

14 The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv,

z+2

z+1i’

a Show that the image, under 7, of the imaginary axis in the z-plane is a line / in the w-
plane. Find the Cartesian equation of 1.

z # —i.

is given by w =

b Show that the image, under T, of the line y = x in the z-plane is a circle C in the w-plane.
Find the centre of C and show that the radius of C is 1 V10.

15 The transformation, 7, from the z-plane, where z = x = iy to the w-plane where w = u + iv,

4 -7 :
= 7 #+ —i.
z+1i’ 7

The circle with equation |z| = 1 is mapped by T onto a line I. Show that / can be written in
the form au + bv + ¢ = 0, where g, b and c are integers to be determined.

is given by w =

16 The transformation, 7T, from the z-plane, where z = x + iy, to the w-plane where w = u + iv,

‘o o _ 15z - 3i 1
is given by w = 3,1 , 2 F 3
Show that the circle with equation |z| = 1 is mapped by T onto the circle C. State the centre
of C and show that the radius of C can be expressed in the form % vk where k is an integer to

be determined.

az+b
zZ+c’

17 A transformation from the z-plane to the w-plane is defined by w =
wherea, b,c €[ ].
Given that w = 1 when z = 0 and that w = 3 — 2i when z = 2 + 3,
a find the values of g, b and ¢,

b find the exact values of the two points in the complex plane which remain invariant
under the transformation.




Summary of key points

"

A complex number, z, can be expressed in any one of three forms:
o z=x=1y
e z=1(cos 6+ isin 6)

o 7z =re

where r = |z| = &% + y? and 6 = arg z.

For complex numbers z; = ri(cos 6; + isin 6;) and z, = r,(cos 6, + isin 6,),
[ ] lez = TITZ(COS (01 AF 02) F l Sln (61 AF 02))

Z] T .
z_; = r—; (cos (6, — 6,) +isin (6; + 6,))
o [212] = |24]|2,]

o arg(z; +z,) = arg (zy) + arg (z,)
4| _ |zl
22l |z,
arg (z, — zp) = arg (z;) — arg (z)

If z = r (cos 6 + isin 6), then de Moivre’s theorem states for n €[ | that
7" = [r(cos 6 + isin 0)]" = r"(cos né + i sin no).

To express either sin” 6 or cos” 0 in terms of either cos k6 or sin k6 you need to be able to
apply the following identities:

z+%=2cos¢9 z”+ln=2cosn0
z
I A
z—5=2ising z' — = = 2isin no
z

You need to recognise the following loci:

‘ «——— Thelocus of zis a circle, centre z;, radius r.
X

o [z—z|=7




Further complex numbers

The locus of z is represented by the
~——— perpendicular bisector of the line segment
joining the points z; to z,.

/
70 :

o arg(z—2z;) =16

Y The locus of z is represented by a half—line
from the fixed point z; making an angle 60
with a line from the fixed point z; parallel to
the real axis.

for the fixed points z; = x, + iy, z, = x, + iy, and variable point z = x + iy.
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